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Part |I: Basics and
Martingales



Basic Definitions and Preliminaries

We assume as given a complete probability space (22, F, P)
We are given a filtration (F)o<t<oo

A filtration is a family of o-algebras (F)o<t<oo that is
increasing: Fs C F; if s < t.

A filtered complete probability space (2, F, P, (Ft)o<t<co)
is said to satisfy the usual hypotheses if

1. (i)Fo contains all the P-null sets of F;
2. (i)Fe = NuseFu, all £, 0 < t < oo; that is, the filtration
(Ft)o<t<oo is right continuous

We always assume that the usual hypotheses hold



A random variable T : Q — [0, 00] is a stopping time if the
event {T <t} € Fi, every t, 0 <t < o0.

Theorem: The event {T < t} € F;, 0 <t < oo, if and only
if T is a stopping time.

Proof: Since {T <t} =\ euysel T < u}, any € >0, we
have {T <t} € (\,o¢ Fu = Ft, so T is a stopping time

For the converse, {T < t} = J;u 0l T <t — €}, and

{T <t—e} € Fi, hence also in F;. O

A stochastic process X on (2, F, P) is a collection of
random variables (X¢)o<t<oo-

The process X is said to be adapted if X; € F; (that is,
Fi-measurable) for each t. We must take care to be precise
about the concept of equality of two stochastic processes.



Two stochastic processes X and Y are modifications if
X: = Ys ass., each t.

Two processes X and Y are indistinguishable if a.s., for all t,
X: = Yt

If X and Y are modifications there exists a null set, N¢, such

that if w ¢ N, then Xi(w) = Y¢(w). The null set N; depends
on t. Since the interval [0, 00) is uncountable the set

N o |J N¢ could have any probability between 0 and 1,
t<oo

and it could even be non-measurable.

If X and Y are indistinguishable, however, then there exists
one null set N such that if w ¢ N, then X¢(w) = Y¢(w), for all
t.



A stochastic process X is said to be cadlag if it a.s. has
sample paths which are right continuous, with left limits.

(The nonsensical word cadlag is an acronym from the French
“continu a droite, limites a gauche”.)

Theorem: Let X and Y be two stochastic processes, with X
a modification of Y. If X and Y have right continuous paths
a.s., then X and Y are indistinguishable.

Cadlag processes provide natural examples of stopping times

Let X be a stochastic process and let A be a Borel set in R.
Define
T(w) =inf{t >0: X € A}.

Then T is called a hitting time of A for X



Theorem: Let X be an adapted cadlag stochastic process;
and let A be an open set. Then the hitting time of A is a
stopping time.

Proof: It suffices to show that {T <t} € F;, 0 <t < oc.
But

{T<t}= |J {Xeh}

seQn[o,t)
since A is open and X has right continuous paths.
Since {Xs € A} = X L(N) € Fs, the result follows. 0

For an adapted, cadlag process the hitting times of open sets
and of closed sets are stopping times



More on stopping times

e Theorem 5 [Stability Properties of Stopping Times]: Let
S, T be stopping times. Then the following are stopping
times:

1. SAT =min(5,T)
2. SV T =max(5,T)
3.5+ T

4. oS, where oo > 1

e Let T be a stopping time. The stopping time o-algebra,
F. is defined to be

{Ne F:AN{T <t} eF, all t >0}

e Theorem 6: Let T be a finite stopping time. Then F7 is the

smallest o-algebra containing all cadlag processes sampled at
T. That is,

Fr = o{X7; X all adapted cadlag processes}.



e Theorem 7: Let X be adapted and cadlag. If
AXT1l{T<00y =0 as. for each stopping time T, then AX is
indistinguishable from the zero process.

e Corollary: Let X and Y be adapted and cadlag. If
AXT1{Tco0)
= AYT1l{7.o as. for each stopping time T, then AX and
AY are indistinguishable.



Martingales

A real valued, adapted process X = (X;)o<t<oo is called a
martingale (resp. supermartingale, submartingale) with
respect to the filtration (F¢)o<t<oo if

1. X; € L}(dP); that is, E{|X;|} < o0;
2. If s <t, then E{X;|Fs} = Xs, a.s. (resp. E{X;|Fs} < X,
resp. > X;)

Martingales are only defined on [0, 00); that is, for finite ¢t and
not t = co. It is often possible to extend the definition to
t=o00
A martingale X is said to be closed by a random variable Y if
E{|]Y|} <ocoand X; = E{Y|F:}, 0 <t <0
Note that an r.v. Y closing a martingale is not necessarily
unique.



e Theorem: Let X be a supermartingale. The function
t — E{X:} is right continuous if and only if there exists a
modification, Y, of X, which is cadlag. Such a modification is
unique, up to indistinguishability

e The above theorem is proved using Doob’s Upcrossing
Inequalities. If X is a martingale then t — E{X;} is constant,
and hence it has a right continuous modification.



The Martingale Convergence Theorem

The Martingale Convergence Theorem is one of the major
theorems of real analysis

Theorem [Martingale Convergence Theorem]: Let X be a
right continuous supermartingale, supg<;.oo E{|X¢|} < 0.
Then the random variable Y = Iimt_,oo_Xt a.s. exists, and
E{IY]} < o

Moreover if X is a martingale closed by a random variable Z,
then Y also closes X and Y = E{Z|\/gcic0o Ft}

A condition known as uniform integrability is sufficient for a
martingale to be closed.



e A family of random variables (U, )qca is uniformly
integrable if

lim sup/ | Uy |dP = 0.
oo {lUa|=n}

o Theorem: Let (U,)aca be a subset of L1. The following are
equivalent:

1.
2.

3.

(Ua)aea is uniformly integrable.

sup,ea E{|Ua|} < 00, and whatever € > 0 there exists 6 > 0
such that A € F, P(A) <4, imply E{|U,1A|} < e.

There exists a positive, increasing, convex function G(x)
defined on [0, 00) such that lim,_, Gix) = 400 and

sup E{G o |U,|} < co. The assumption that G is convex is
not needed for the implications (iii)=-(ii) and (iii)=(i).




Doob’s Optional Sampling Theorem

Theorem: Let X be a right continuous martingale which is
uniformly integrable. Then Y = lim;_, X; a.s. exists,
E{]Y|} < o0, and Y closes X as a martingale.

Theorem: Let X be a (right continuous) martingale. Then
(Xt)e>0 is uniformly integrable if and only if Y = lims_ X¢
exists a.s., E{|Y|} < 0o, and (X¢)o<t<oco IS @ martingale,
where Xoo = Y

The next theorem is one of the most useful martingale
theorems for our purposes.

Theorem [Doob’s Optional Sampling Theorem]: Let X be
a right continuous martingale, which is closed by a random
variable X,,. Let S and T be two stopping times such that

S < T as. Then Xs and X7 are integrable and

Xs = E{Xﬂfs} a.s.



Doob's Optional Sampling Theorem has a similar version for
supermartingales.

Theorem: Let X be a right continuous supermartingale
(martingale), and let S and T be two bounded stopping times
such that S < T a.s. Then Xs and Xt are integrable and

Xs > E{Xﬂfs} a.S. (:)

If T is a stopping time, then so is t A T = min(t, T), for each
t>0

Let X be a stochastic process and let T be a random time.

X T is said to be the process stopped at T if XtT = XinT.



e If X is adapted and cadlag and if T is a stopping time, then
X{§ = Xent = Xelppary + XTlpesT)

is also adapted.

e A martingale stopped at a stopping time is still a martingale,
as the next theorem shows.

e Theorem: Let X be a uniformly integrable right continuous
martingale, and let T be a stopping time. Then
XT = (XenT)o<t<oo is also a uniformly integrable right
continuous martingale.



Jensen’s Inequality

Corollary: Let Y be an integrable random variable and let
S, T be stopping times. Then

E{E{Y|Fs}Fr} = E{E{Y|FT}|Fs}
= E{Y|Fsnt}

Theorem [Jensen’s Inequality]: Let ¢ : R — R be convex,
and let X and ¢(X) be integrable random variables. For any
o-algebra G,

po E{X|G} < E{p(X)IG}.

Corollary: Let X be a martingale, and let ¢ be convex such
that ¢(X;) is integrable, 0 < t < co. Then ¢(X) is a
submartingale. In particular, if M is a martingale, then |M| is
a submartingale.

Corollary: Let X be a submartingale and let ¢ be convex,
nondecreasing, and such that ¢(X;)o<t<oo is integrable. Then
©(X) is also a submartingale.



Doob’s Martingale Inequalities

e Theorem: Let X be a positive submartingale. For all p > 1,
with g conjugate to p (i.e., % + % = 1), we have

Hsgp (Xelll,p < q sup [ Xell 1o -

e We let X* denote sup, |Xs|. Note that if M is a martingale
with My, € L2, then M| is a positive submartingale, and
taking p = 2 we have

E{(M")*} < 4E{MZ}.



Local Martingales

e For a process X and a stopping time T, X' denotes the
stopped process

X[ = Xent = Xeleery + XrlpesTy

e An adapted, cadlag process X is a local martingale if there
exists a sequence of increasing stopping times, T,, with
lim,_oo Tn = 00 a.s. such that Xt/\Tnl{T,,>0} is a uniformly
integrable martingale for each n. Such a sequence (T,) of
stopping times is called a fundamental sequence

e Example 1: Any cadlag martingale is a local martingale (take
Th =n)



e Example 2: Let (B;)o<t<oo be a Brownian motion in R3 with
By = x, where x # 0. Let u(y) = ﬁ a superharmonic
function on R3. As a consequence of It3's Formula (to be
shown later) one can show that X; = u(B;) is a positive
supermartingale (indeed, it is even a uniformly integrable

supermartingale)

o Next let T, =inf{t > 0: ||B|| < 1}. Outside of the ball of
radius % centered at the origin the function u is harmonic

e Again by It6's Formula one can show that this implies
u(BiaT,) is @ martingale. Since u(BiaT,) is bounded by n it is
uniformly integrable. On the other hand, if By = x # 0 then
lim;—o0 E{u(B )} = 0 as is easily seen by a calculation, while
E{u(Bo)} = H j- Since the expectations of a martingale are
constant, u(B;) is not a martingale.



 The reason we multiply Xia7, by 117,50} is to relax the
integrability condition on Xp.

e A stopping time T reduces a process M if M7 is a uniformly
integrable martingale

e Theorem: Let M, N be local martingales and let S and T be
stopping times

1.

kw0

If T reduces M and S < T a.s., then S reduces M,

The sum M + N is also a local martingale;

If S, T both reduce M, then SV T also reduces M;

The processes M T, /\/ITl{7->0} are local martingales;

Let X be a cadlag process and let T, be a sequence of
stopping times increasing to co a.s. such that XTnl{Tn>o} is a
local martingale for each n. Then X is a local martingale



e Corollary: Local martingales form a vector space.

e Theorem: Let X be a local martingale such that
E{X}} < oo for every t > 0. Then X is a martingale. If
E{X*} < oo, then X is a uniformly integrable martingale



The “Classical” Change of Variables Formula of
Stieltjes

e A process is called an FV process if it has sample paths which
are a.s. of finite variation on compact time sets

¢ Theorem [Change of Variables]: Let A be an FV process
with continuous paths, and let f be such that its derivative f’

exists and is continuous. Then (f(A¢))¢>0 is an FV process
and

F(Ad) — F(Ag) = /0 ' F(AL)dAS



e Proof: For fixed w, the function s — f'(As(w)) is continuous
on [0, t] and hence bounded. Therefore the integral
[ f/(As)dA exists.

e Fix t and let 7, be a sequence of partitions of [0, t] with
limp,—.c0 mesh(7,) = 0. Then

f(A) = f(A) = Y {f(Ay..) — f(Ay)}

te, tk+1€Tn

= Z f/(ASk)(Atk-H - Atk)’
k

by the Mean Value Theorem, for some Sy, tx < Sk < txi1

e The result now follows by taking limits. [



Change of Variables and v substitution in Calculus

e Integrate ffz xV/2x2 + ldx
Make the u substitution u = 2x%2 + 1: du = —4xdx
Recall the formula from Calculus

b u(b)
/ fu(x))u' (x)dx = /() f(u)du

0 1
1 1
/ X\/2X2+1dX:/ \ﬁzdu:——3
-2 9

3

Then

We have made the change of variable where

F(y) = Jg f(u)du
e and

Fu(t) = / F(u(s))du(s)

0
= f(u(s))d'(s)ds
0



Part 1l: Stochastic
Integration



Naive Stochastic Integration is Impossible

e First we “recall” the Banach-Steinhaus theorem
e It is also known as the Principle of Uniform Boundedness

e Theorem: Let X be a Banach space and let Y be a normed
linear space. Let {T,} be a family of bounded linear
operators from X into Y. If for each x € X the set {T,x} is
bounded, then the set {|| T.||} is bounded



e Let x(t) be a right continuous function on [0, 1], and let 7,
be a refining sequence of dyadic rational partitions of [0, 1]
with lim,_o mesh(m,) =0

e \What conditions on x are needed so that the sums

Sy = Z h(ti)(x(tkr1) — x(tx))

ti,tk+1€™n

converge to a finite limit as n — oo for all continuous
functions h?



e Theorem: If the sums S, converge to a limit for every
continuous function h then x is of finite variation

e Suppose then we want to construct a stochastic integral using
Riemann sums (N. Wiener)

e For example, suppose s — X(s,w) is right continuous (or
even continuous), a.s., can we have the sums

Z Htk (th+1 - ka)

ti,tk+1€mn[0,1]
converging to a limit in probability for every continuous
process H?

e Unfortunately the answer is that X must still have paths of
finite variation, a.s.

e Brownian motion, and continuous martingales in general, have
paths of infinite variation on compact time sets



Semimartingales

e A process H is said to be simple predictable if H has a
representation

Ht — H()].{O}(t) + Z HI']-(T;,T,‘+1](t)
i=1

where 0 =T; < ... < Thy1 < o is a finite sequence of
stopping times, H; € Fr, with |Hj| < oo as., 0<i<n

e The collection of simple predictable processes is denoted S



e Let X be a stochastic process. An operator, Ix induced by X
should have two fundamental properties to earn the name
“integral”

1. The operator Ix should be linear
2. The operator should satisfy some version of the Bounded
Convergence Theorem

e A particularly weak form of the Bounded Convergence
Theorem is that the uniform convergence of processes H” to
H implies only the convergence in probability of Ix(H") to
Ix(H)



