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We consider assortment optimization problems when customers choose under a mixture of independent
demand and multinomial logit models. In the assortment optimization setting, each product has a fixed
revenue associated with it. The customers choose among the products according to our mixture choice model.
The goal is to find an assortment that maximizes the expected revenue from a customer. We show that we can
find the optimal assortment by solving a linear program. We establish that the optimal assortment becomes
larger as the relative size of the customer segment with the independent demand model increases. Moreover,
we show that the Pareto-efficient assortments that maximize a weighted average of the expected revenue and
the total purchase probability are nested in the sense that the Pareto-efficient assortments become larger as
the weight on the total purchase probability increases. Considering the assortment optimization problem with
a capacity constraint on the offered assortment, we show that the problem is NP-hard even when each product
consumes unit capacity so that we have a constraint on the number of offered products. We give a fully
polynomial-time approximation scheme. In the assortment-based network revenue management problem, we
have resources with limited capacities and each product consumes a combination of resources. The goal is to
find a policy for deciding which assortment of products to offer to each arriving customer to maximize the
total expected revenue over a finite selling horizon. A standard linear programming approximation for this
problem includes one decision variable for each subset of products. We show that this linear program can be
reduced to an equivalent one of substantially smaller size. We give an expectation-maximization algorithm
to estimate the parameters of our mixture model. Our computational experiments indicate that our mixture
model can provide improvements in predicting customer purchases and identifying profitable assortments.

Keywords: Assortment optimization, choice model, multinomial logit.

1. Introduction

Over the past decade, the use of discrete choice models to capture the choice process of customers
has received significant attention in the revenue management literature. By using discrete choice
models, we can capture the fact that if a product is unavailable, then some customers may
substitute for this product, whereas others may simply leave the system without making a purchase.
A growing body of literature indicates that using choice models to capture the substitution
possibilities between products can provide significant improvements in the expected revenues

(Talluri and van Ryzin 2004, Vulcano et al. 2010, Dai et al. 2014). However, an inherent tension
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is involved in picking a choice model to capture the choice process of the customers. A more
sophisticated choice model may capture the choice process of the customers more faithfully, whereas
a simpler choice model may result in tractable optimization problems when finding the optimal

assortment of products to offer or prices to charge.

We consider assortment optimization problems under a mixture of independent demand and
multinomial logit models. The multinomial logit model is arguably one of the most prevalent choice
models for capturing customer choice behavior. It is based on random utility maximization, so
each customer associates a random utility with each product and the no-purchase option, choosing
the available alternative with the largest utility. In the independent demand model, a customer
arrives into the system with a particular product in mind. If this product is unavailable, then
she leaves without a purchase. The independent demand model has been a reliable workhorse,
because it is relatively simple to estimate and often yields tractable models for making operational
decisions (van Ryzin 2005). In this paper, we mix these two very common demand models, which is,
perhaps, the most natural approach to simultaneously improve the modeling flexibility of both the
independent demand and multinomial logit models. Some customers make a purchase under the
independent demand model, whereas others do so under the multinomial logit model. The demand

emerges as a mixture of the choices of the customers in these two segments.

Technical Contributions: We give algorithms for assortment problems, characterize the

structure of optimal assortments, and check the prediction effectiveness of our choice model.

Assortment Optimization. In the assortment optimization problem, we have a fixed revenue

for each product. Customers choose among the offered products according to our mixture choice
model. The goal is to find an assortment of products that maximizes the expected revenue
obtained from a customer. We show that we can solve a linear program (LP) to find the optimal
assortment (Theorem 3.2). Thus, the assortment optimization problem under our mixture choice
model is efficiently solvable. Assortment optimization problems under mixtures of choice models
are notoriously difficult. For example, the assortment optimization problem under a mixture of
just two multinomial logit models is NP-hard (Rusmevichientong et al. 2014). To our knowledge,
our paper is the first to give an efficient method for assortment optimization under a mixture of
choice models. Our LP has three novel components. First, it uses decision variables whose values
depend on whether different pairs of products are offered. Second, its objective function is, on the
surface, quite different from the objective function of the assortment problem. Third, the objective

function of the LP at its extreme points gives expected revenues of different assortments.

Combinatorial Algorithm. We show that if it is optimal to offer a given product, then it is

optimal to offer all other products with smaller preference weights in the multinomial logit model or
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larger purchase probabilities in the independent demand model, all else being equal (Theorem 3.3).
Besides shedding light on the structure of the optimal assortment, this result allows us to give a
combinatorial algorithm for assortment optimization. Both the combinatorial algorithm and the

LP formulation become useful throughout the paper.

Comparative Statistics and Pareto-Efficiency. We show that the optimal assortment becomes

larger when the relative size of the independent demand segment increases or when the revenue of
each product increases by the same additive amount (Theorem 4.1). To see the implication of the
first comparative statistic, the customers in the independent demand segment are inflexible. If the
product they have in mind is unavailable, then they leave without a purchase. So, if the relative
size of the inflexible customer segment increases, then it is optimal to offer a larger assortment.
To see the implication of the second comparative statistic, the expected revenue is a firm-centric
objective. For the two choice models that we mix, maximizing the total probability of purchase is
equivalent to maximizing the expected utility of the customer (Sumida et al. 2019). Thus, the total
probability of purchase is a customer-centric objective. Using the second comparative statistic, we
show that the Pareto-efficient assortments that maximize a weighted sum of the expected revenue
and the total probability of purchase are nested in the sense that the Pareto-efficient assortments

get larger as the weight on the total probability of purchase increases.

Capacity Constraints. We study the assortment optimization problem with a capacity constraint,

where each product occupies a fixed amount of capacity and there is a constraint on the total
capacity consumption of the offered products. We show that the problem is NP-hard even when
each product occupies unit capacity so that we have a constraint on the number of offered products
(Theorem 5.1). Motivated by our complexity result, we give a fully polynomial-time approximation
scheme (FPTAS) under a capacity constraint (Theorem 5.2). Our FPTAS uses the connection of
our assortment optimization problem to a variant of the knapsack problem. We also build on the
approach that we use to develop our FPTAS to give a heuristic for the assortment optimization
problem under a capacity constraint. Thus, our FPTAS guides the design of a heuristic as well.
Lastly, we give an efficiently computable upper bound on the optimal expected revenue under a
capacity constraint. Our heuristic performs remarkably well. In a numerical study, we compare the
performance of our heuristic with the upper bound on the optimal expected revenue. The average

optimality gap of the heuristic comes out to be 0.15%.

Network Revenue Management. We consider assortment-based network revenue management

problems, where we have resources with limited capacities and the sale of each product consumes
a combination of resources. The goal is to find a policy for deciding which assortment of products

to offer to each arriving customer to maximize the total expected revenue over a finite selling
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horizon. We consider a previously proposed LP approximation in which the decision variables are
the probabilities with which we offer each subset of products to the customers. Thus, the number
of decision variables increases exponentially with the number of products. We show that if the
customers choose according to our mixture choice model, then we can immediately reduce the LP
approximation to an equivalent compact LP whose numbers of decision variables and constraints
increase only quadratically with the number of products (Theorem 6.1). We can recover an optimal

solution to one LP formulation by using an optimal solution to the other.

Fitting the Choice Model. We give an expectation-maximization algorithm to estimate the

parameters of our mixture model and show that we can parameterize our mixture model as a
function of product features, such as price, weight, brand and color. The number of product
features is often smaller than the number of products in consideration, so parameterizations as a
function of product features yield a more parsimonious representation. We fit our choice model
to a real-world dataset to predict the choices of diners among sushi varieties. Our mixture model
provides significant improvements over using the independent demand or multinomial logit model
alone. Thus, there is practical benefit in mixing the two choice models. We also compare our mixture
model with the exponomial and Markov chain choice models. Our mixture model consistently
performs better than the exponomial model. The number of parameters in the Markov chain choice
model is significantly more than that in our mixture model, so the Markov chain choice model can
be prone to overfitting when we have limited data. Under limited data, our mixture model indeed

provides improvements over the Markov chain choice model in predicting customer purchases.

Discussion of the Mixture Model: Our mixture model does not significantly complicate
the parameter estimation and assortment optimization problems under the independent demand
or multinomial logit model, while increasing the flexibility of these two choice models to capture
the customer choice behavior. As we also observe in our numerical experiments, our mixture
model can provide improvements over more sophisticated choice models, such as the Markov chain
choice model, especially when we have limited data, so that more sophisticated choice models
with larger numbers of parameters end up being prone to overfitting. We can efficiently estimate
the parameters of our mixture model by iteratively maximizing concave likelihood functions in
an expectation-maximization algorithm, we can parameterize our mixture model as a function
of product features, and we can give efficient algorithms to solve the corresponding assortment
optimization problems. Due to its parsimonious nature, our mixture model can avoid overfitting. All

these characteristics enhance the practical viability of our mixture model.

In our expectation-maximization algorithm, we estimate the parameters of our mixture model

by iteratively maximizing concave likelihood functions that one would maximize when estimating
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the parameters of the independent demand and multinomial logit models. Thus, estimating the
parameters of our mixture model brings minimal burden. We can parameterize our mixture model
as a function of product features. Such a parameterization reduces the number of parameters from
being proportional to the number of products in consideration to being proportional to the number
of product features. If a new product with no past purchase history is introduced, then using
product features allows us to estimate the choice probability of the new product, as long as we know
the features of the new product. While the independent demand and multinomial logit models
enjoy similar parameterizations, to our knowledge, there is no work on parameterizing the Markov
chain choice model as a function of product features. Also, the assortment optimization problem
under our mixture model is efficiently solvable. A natural approach to enhance the prediction
ability of the multinomial logit model is to mix multinomial logit models, but if we mix even just
two multinomial logit models, then the corresponding assortment problem is NP-hard. Thus, our

mixture model uniquely possesses the practical benefits from a variety of choice models.

Related Literature: Gallego et al. (2004) and Talluri and van Ryzin (2004) show that the
optimal assortment under the multinomial logit model is revenue-ordered, including a certain
number of products with the largest revenues. This structure does not hold under our mixture
choice model. Rusmevichientong et al. (2010), Wang (2012) and Jagabathula (2016) examine the
assortment optimization problem under the multinomial logit model with various constraints on
the offered assortment. Bront et al. (2009), Mendez-Diaz et al. (2014) and Rusmevichientong et al.
(2014) show that the assortment optimization problem under a mixture of multinomial logit models
is NP-hard even when there are only two multinomial logit models in the mixture. The authors
give approximation schemes and integer programming formulations. Desir et al. (2016) show that
it is NP-hard to approximate the problem within a factor of O(1/m!~¢) for any € > 0, where m is

the number of multinomial logit models in the mixture.

Researchers have developed LP formulations for assortment optimization problems. Gallego
et al. (2015) work with the generalized attraction model, whereas Feldman and Topaloglu (2017)
work with the Markov chain choice model. Both papers give LP formulations for the assortment
optimization problem. One can build on these LP formulations to obtain compact LP formulations
for network revenue management problems. The multinomial logit model is a special case of both
the generalized attraction and Markov chain choice models, but our mixture of independent demand
and multinomial logit models is not a special case of these choice models. Thus, we resort to
entirely different techniques to obtain the LP formulations in our paper. Topaloglu (2013) gives a
compact formulation for a nonlinear program that appears when jointly making product stocking

and assortment decisions under the multinomial logit model. Sumida et al. (2019) give an LP
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for assortment optimization under the multinomial logit model when there are constraints on the

offered assortment that can be captured by a totally unimodular constraint matrix.

Kunnumkal and Martinez-de-Albeniz (2019) study assortment optimization problems under the
multinomial logit model when there is a cost for offering a product. The objective functions in their
problem and our problem can both be expressed as the sum of a linear function and a fraction
with linear numerator and denominator. The linear function takes negative values in their problem,
capturing the cost of offered products, whereas the linear function takes positive values in ours,
capturing the expected revenue from the independent demand segment. Interestingly, due to this

difference, their problem is NP-hard, whereas ours is solvable in polynomial time.

Motivated by online retail where customers examine search results page by page, Flores et al.
(2019), Feldman and Segev (2019) and Liu et al. (2019) develop extensions of the multinomial
logit model that allow the customers to incrementally view the products. Wang and Sahin (2018),
Feldman and Topaloglu (2018) and Aouad et al. (2019) incorporate consideration sets, where each
customer focuses only on the set of products in her consideration set and chooses within the
consideration set under the multinomial logit model. Aouad et al. (2018b) and Aouad and Segev
(2019) focus on dynamic assortment optimization problems under the multinomial logit model,
where the offered assortments are dictated by the inventory remaining on the shelf. We focus our
literature review on the multinomial logit model. For work under other choice models, we refer to
Farias et al. (2013), Aouad et al. (2016), Aouad et al. (2018a) and Feldman et al. (2019) for the
preference list-based choice model, Blanchet et al. (2016) for the Markov chain choice model, Davis
et al. (2014), Gallego and Topaloglu (2014), Feldman and Topaloglu (2015) and Li et al. (2015) for
the nested logit model, and Zhang et al. (2019) for the paired combinatorial logit model.

Incorporating customer choice into network revenue management problems is an active area of
research. Gallego et al. (2004) and Liu and van Ryzin (2008) give an LP approximation for these
problems. The number of decision variables in their LP approximation increases exponentially
with the number of products. Under our mixture choice model, we are able to reduce the size of
their LP dramatically. Other approaches to these problems are based on approximating the value
functions. For such approaches, we refer to Zhang and Cooper (2005), Zhang and Adelman (2009),
Kunnumkal and Topaloglu (2010), Tong and Topaloglu (2013), and Vossen and Zhang (2015).

Organization: In Section 2, we formulate our assortment optimization problem. In Section 3,
we give the LP formulation for the problem. In Section 4, we give comparative statistics for the
optimal assortment. In Section 5, we examine the problem with capacity constraints. In Section 6,
we give a compact LP for the network revenue management problem. In Section 7, we present
computational experiments to test the prediction ability of our mixture model, as well as an

expectation-maximization algorithm for parameter estimation. In Section 8, we give conclusions.



Yufeng Cao, Paat Rusmevichientong, Huseyin Topaloglu; Mixture of Independent Demand and Multinomial Logit Models 7

2. Problem Formulation

The set of products is N ={1,...,n}. There are two customer segments. The customers in the first
segment make their purchases according to the independent demand model. In the independent
demand model, we use 6; > 0 to denote the probability that a customer is interested in product 1.
If we offer the subset S of products, then a customer in the first segment purchases product i € S
with probability ;. It is possible to have ), _\ #; <1, in which case, with probability 1 — ). . 0;, a
customer in the first segment is not interested in any of the products, so we interpret this customer
simply as a browser. The customers in the second segment make their purchases according to the
multinomial logit model. In the multinomial logit model, we use v; > 0 to denote the preference
weight of product 7. We normalize the preference weight of the no-purchase option to one. We let
V(S) = _,cvi to capture the total preference weight of the products in the subset S. In this case,
if we offer the subset S of products, then a customer in the second segment purchases product
i € S with probability v;/(1 4 V(S)). The probability that an arriving customer is in the first
segment is A € (0,1). With the remaining probability 1 — A, an arriving customer is in the second
segment. Therefore, if we offer the subset S of products, then a customer purchases product

i €S with probability A0; + (1 — \) —Z . If a customer purchases product i, then we obtain a

1+V
revenue of r;. Our goal is to find a subset, or an assortment, of products to offer that maximizes

the expected revenue from a customer, yielding the assortment optimization problem

max{Zm <)\9 +(1-=2X) 1+V(S)> } (Mixture)

€S

Thus, the choice probabilities in the problem above are driven by a mixture of the independent

demand and multinomial logit models, each with weights A and 1 — A, respectively.

Working with such a mixture of independent demand and multinomial logit models introduces
nontrivial challenges. If we do not have the independent demand model in the mixture, then we
can express the expected revenue under the multinomial logit model as a fraction whose numerator
and denominator are both linear functions, allowing us to use fractional programming techniques
when solving the assortment optimization problem. We lose this fractional structure in the Mixture
problem, but we will show that we can still solve this problem efficiently. Also, under only the
multinomial logit model, there exists an optimal assortment that is revenue-ordered, where we offer
a certain number of products with the largest revenues. We lose the revenue-ordered structure of
the optimal solution in the Mixture problem. To demonstrate that revenue-ordered assortments are
not necessarily optimal for the Mixture problem, consider a problem instance with n=3, A=1/2,

(r1,r2,73) = (50,10,5), (61,02,05) = (0.05,0.25,0.7) and (vy,vs,v3) = (0.5,5,0.01). In Table 1, we
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Assort. Exp. Rev. Assort. Exp. Rev.
z 0 {12} 8.27
{1} 9.58 {1,3} 11.29
{2} 5.42 {2,3} 7.16
{3} 1.77 {1,2,3} 10.01

Table 1 Expected revenue provided by all possible assortments.

show the expected revenue provided by each assortment. The optimal assortment is {1,3}, which
does not offer the product with second largest revenue, but offers the product with the smallest
revenue. In this problem instance, noting that 63 = 0.7, a customer in the independent demand
segment is interested in product 3 with a relatively large probability, so we offer product 3 to
exploit this relatively large probability. Also, noting that v, = 5, a customer in the multinomial
logit segment associates a relatively large preference weight with product 2, but the revenue of
product 2 is much smaller than that of product 1. Thus, product 2, if offered, attracts a significant
fraction of the customers in the multinomial logit segment while providing much smaller revenue
than product 1, so we do not offer product 2. In the next section, we show that, roughly speaking,
an optimal solution to the Mixture problem prioritizes product ¢ when 6;/v; is larger, so a larger
value for #; and a smaller value for v; make product ¢ more attractive to offer, which is consistent
with the observation from Table 1. Next, we discuss the relationship of our mixture model to

random utility maximization and other choice models.

Connections to Random Utility Maximization and Other Choice Models. Under random utility

maximization, a customer associates random utilities with the products and the no-purchase
option, choosing the available alternative with the largest utility. Both the multinomial logit and
independent demand models are compatible with random utility maximization. In the multinomial
logit model, the utility of product ¢ has the Gumbel distribution with location-scale parameters
(i, 1), whereas the utility of the no-purchase option has the Gumbel distribution with location-scale
parameters (0, 1). All utilities are independent. In this case, if we offer the subset S of products, then
a customer purchases product ¢ with probability e*i/(1+ > . ge/). In the independent demand
model, let X be a random variable with support N, taking value ¢ with probability 6;. Using 1(-)
to denote the indicator function, the utility of product i is 1(X =1i). The utility of the no-purchase
option is 1/2. Thus, with probability 6;, a customer associates a utility of 1 with product 7, a utility
of 1/2 with the no-purchase option and a utility of zero with all other products, in which case, she

purchases product ¢ if it is offered, but leaves without a purchase if not.

By the discussion above, our choice model is a mixture of choice models that are compatible
with random utility maximization, so it is compatible with random utility maximization as well.

Furthermore, we can express our choice model as a mixture of multinomial logit models. Consider
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a mixture of multinomial logit models with n + 1 segments indexed by N U{0}. For each i € N,
a customer in segment ¢ associates a preference weight of w; with product ¢ and a preference
weight of zero with all other products. A customer in segment 0 associates the preference weights
{v; :j € N} with the products. An arriving customer is in segment ¢ with probability A «;, where
we have ). ;= 1. An arriving customer is in segment 0 with probability 1 — A. In this case,

if we offer the assortment S of products, then a customer chooses product ¢ with probability

Aoy T+ (1=X) [ES Pt If we choose a; = Soen and w; = [ S 1for alli € N, then the
last choice probability becomes Af; + (1 — ) 75—~ o which is the choice probability of product ¢
JjE J

under our choice model. Being able to express our choice model as a mixture of multinomial logit
models is not surprising, as any choice model that is compatible with random utility maximization
can be expressed as a mixture of multinomial logit models (McFadden and Train 2000). Here, we
use 1+ 1 segments in the mixture of multinomial logit models and the assortment problem under
a mixture of multinomial logit models is particularly difficult to approximate when there are too
many segments (Desir et al. 2016). Thus, expressing our choice model as a mixture of multinomial
logit models does not yield efficient algorithms. In Appendix A, we show that it is impossible to

express our choice model as a mixture of multinomial logit models with two segments.

The multinomial logit model displays the independence of irrelevant alternatives property, which
refers to the fact that if we add some product k£ to an assortment, then the purchase probabilities
of products i and j already in the assortment decrease by the same relative amount. In other
words, using ¢¥N'(S) to denote the choice probability of product i out of assortment S under

. . . AN (sULRY) YN (SU{RD) - :
the multinomial logit model, we have N ) = ]quNL(S) for k¢ S and 4,7 € S. Thus, adding
i j
product k into an assortment cannibalizes on the demands of products ¢ and j by the same relative

amount, which should not hold when, for example, product k is similar to product ¢ but not similar
to product j. Our choice model does not display this property. For € € (0,1), consider our choice
model with n =3, A=1/2, (6,,0,,03) = (1 —¢€,€%,¢ — €%) and (v1,vs,v3) = (€,€,1/€). Using ¢M*(S)

to denote the choice probability of product ¢ out of assortment S under our choice model, we

Mix —1 Mix
o (23))  doeble/Ut2ete D] which approaches one as € — 0, whereas we have W =
2 ’

oMx({1,2}) 1—e+[e/(142€)] . ‘
+e/ (142t o1™({1,2,3}) o5™({1,2,3})
oM ({1,2) o8 ({1,2})

have

and

o pyTew Yy )], which approaches zero as ¢ — 0. Therefore,

dramatically different, indicating that adding product 3 to the assortment {1,2} may cannibalize

may be

on the demands of products 1 and 2 to drastically different extents. One manifestation of the
independence of irrelevant alternatives property is the red bus-blue bus paradox (McFadden 1980).

In Appendix B, we discuss this paradox within the context of our choice model.

As discussed in the introduction, the multinomial logit model is a special case of the Markov
chain choice model. An example in Appendix C shows that our mixture of independent demand

and multinomial logit models is not a special case of the Markov chain choice model.
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3. Assortment Optimization

We show that we can get an optimal solution to the Mixture problem by solving an LP. Using the
decision variables z, * = {z;:i1 € N} and y ={y;; : 4,7 € N}, we consider the LP

[ax { > <[)‘ 0i+(1—A) Uz‘] T+ A0y v yij) : (Assortment LP)

2
(xo,m,y)ERX]Ri—HL iEN JEN
To+ E V; Xy = 1
iEN
xZ; S ) Vi € N,

Yij <z Vi,jEN, yi; <x; Vi’jEN}'

Before showing that we can obtain an optimal solution to the Mixture problem by using the

Assortment LP, we provide some intuition regarding this LP.

Given a solution S C N to the Mixture problem, we construct a solution (Zy,Z,y) to the
ﬁ@’ z; = 1(i € S)Tp and Yy = 1(i € S,j € S) . Since
ZieN/Ui Z/E\l = 57\0 ZieN/Ui 1(7/ S S) = 5’5\0 V(S), we have fo + ZiEN viﬁs\i = 5’5\0 (]. + V(S)) = 1, so the
solution (Z,,,y) satisfies the first constraint in the Assortment LP. Noting that 1(i € S) <1,
1(ieS,jeS)<1(ieS) and 1(i € S, j € §) < 1(j € §), the solution (Zo,#,y) also satisfies the

Assortment LP by setting Z, =

remaining constraints in the Assortment LP. Since Z; = 1(i € 5) , and Y =1(i € S, j €8z, for

the Assortment LP, the solution (Zg,Z,¥y) provides an objective value of

Zn([)\&i—k(l—)\)v,} 1€ 8)+ 16, v 1(i€§7]'€§)> Zo

iEN JEN

:Zm<[wi+(1—x)ui] +A0D ;1) e§)> 1(i € S) %

:iEZNTi (/\ei (1+V(S))+(1—>\)Uz’>1(i65)§7\0:;\[ﬂ <)\91‘+(1—>\) H‘:'(,?))l(iGS), (1)

which is the objective function of the Mixture problem evaluated at S. Thus, given a solution S to
the Mixture problem, we can construct a feasible solution (Zg,Z,y) to the Assortment LP and the
objective values provided by the two solutions for their respective problems match. To show that
the Assortment LP is equivalent to the Mixture problem, we need to show the converse statement as
well, which is what we do next. In the chain of equalities above, observe that collecting the terms

Ab; and AO;> v v;1(j € S) as A6;(1+ V(S)) and noting that Z, = we get the purchase

1
1+V(S)’
probability of product ¢ in the independent demand segment.

To establish the converse statement, we use the next lemma, which shows an important property

of the basic feasible solutions to the Assortment LP. The proof is in Appendix D.
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Lemma 3.1 (Extreme Point Solutions) Let (Zo,Z,y) be a basic feasible solution to the

Assortment LP. Then, we have Z; € {0,Zo} for alli€ N.

In the next theorem, we use Lemma 3.1 to show that we can obtain an optimal solution to the

Mixture problem by using an optimal solution to the Assortment LP.

Theorem 3.2 (LP Formulation) For a basic optimal solution (xj,x*,y*) to the Assortment LP,
let S*={ie N:xf>0}. Then, S* is an optimal solution to the Mixture problem.

Proof. Let S be an optimal solution to the Mixture problem providing the optimal objective value Z
and z, be the optimal objective value of the Assortment LP. In (1), given the solution S to the
Mixture problem, we construct a feasible solution to the Assortment LP with the objective value of Z,
80 2z > z. On the other hand, by Lemma 3.1, we have z} = xj for all i € S* and z} =0 for
all i € N\ S*. Since (x§, x*,y*) is a feasible solution to the Assortment LP, by the first constraint, we
get Tf+ D o Uiy =1, 80 x5 = HV;(S) =z for all € S*. In this case, by the last two constraints,

we also get y;; < for all 4,5 € S*. Lastly, if i € 5% or j € S*, then 27 =0 or z; =0, so we

1
14V (S*)
have y;; = 0. Let Q* = {i € S* : r; <0} and recall that 2 is the optimal objective value of the
Assortment LP, whereas Z is the optimal objective value of the Mixture problem. Noting that z} =0
when i ¢ S* and y;; =0 when i ¢ S* or j ¢ S*, evaluating the objective function of the Assortment

LP at its optimal solution (zj,x*,y*), we get

2p = Z 7 <|:)\91‘+(1_)\)Ui:| x; +A0; Z ij:j)

i€s* jes*

=Y )\9 +(1—A }a; + )0, Zv]yw>+2r ({/\9 + 1—/\)1)1}3: + 20, Zvjy”>

i€5\Q* ( jES* i€Q* jes*

(a) )\ At U =Mooy QZ ) Zn<[)\9+ 1—)\)1)2}%2‘4-)\91'2%9;‘)

165*\@* GS* 1EQ* JjES*

_ Z ri [ A+ (1 1—|—VS* )4‘27”1([)\9 + 1—)\)@@}1‘ + )0, Zvjym>

€S \Q* €Q* jes
< T )\9i+(1—)\)*>—|— 7“1()\94— L—Nu | i + A0, vyl)
ieS;Q* ( 1+ V(S*\Q*) ZGZQ:* { ] ;%9:* 3 Yij
(< z—i—ZrZ({)\@ + 1—)\)@1}1‘ + A6, Zvjym>

ieQ* jeS*

Here, (a) holds since r; > 0 and =} = for all i € S\ Q" and y;; <

since S* \ Q* is a feasible but not necessarily an optimal solution to the Mixture problem.

TVEn vy Whereas (b) holds
For the moment, assume that Q* # @. Using the definition of S* and @Q*, we have =} > 0 and

r¥ <0 for all i € Q*. Thus, using the fact that A0, + (1 — \)v; > 0, along with Q* # &, we obtain
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>icqr Ti (N0 + (1= A)vi) xf + X035 v y5;) <0, in which case, the chain of inequalities above
yields zp < 2, contradicting the fact that 2, >z, which we established at the beginning of the
proof. Therefore, we must have Q* = &. Since Q* = @, all of the sums over the index set Q* in
the chain of inequalities are zero, so noting that zp > Z, all of the inequalities in the chain of
inequalities above must hold as equalities. In particular, since (b) holds as an equality and Q* = &,
the objective value provided by the solution S*\ Q* = S* for the Mixture problem is z, which implies

that S* is an optimal solution to the Mixture problem. |

The proof above also shows that the Mixture problem and the Assortment LP have the same
optimal objective values. In Theorem 3.2, the revenues of the products can be negative. We will
use this theorem when studying network revenue management problems, where the revenues of
the products will be adjusted by the opportunity costs of the capacities used by the products, so
some products may have negative revenues. When we focus only on solving the Mixture problem,
we can a priori drop from consideration all products with non-positive revenues, since the expected

revenue from any assortment does not degrade when we drop such products.

Characterization of an Optimal Assortment:

We give a characterization of an optimal solution to the Mixture problem to intuitively suggest
that there exists an optimal solution that prioritizes product ¢ when 6, /v, is larger. This result also
allows us to give a combinatorial algorithm for the Mixture problem. In the rest of this section,
if there are multiple optimal solutions to the Mixture problem, then we choose any one that has
the largest cardinality. Furthermore, for notational brevity, we let R(S) = E{%&;;Z, which is the

expected revenue from the multinomial logit segment when we offer the assortment S. In the next

theorem, we give a characterization of an optimal solution.

Theorem 3.3 (Characterization of an Optimal Assortment) Letting S* be an optimal
solution to the Mixture problem with the largest cardinality, we have
) R(S*)—1r;
S* — {zGN AT 0, > (1_)\)%1(4—‘/)(5*)}'
Before we give a proof for the theorem above, we consider its implications. Rearranging the
terms, we have Ar;60; > (1 — A)v; 1500 T (14 V(7)) 2 R(S*), in
which case, by the theorem above, we have S*={i€ N : r; [1+ A0 (1+ V(5*)] = R(S5*)}. So,

(1=X)v;

if and only if r; [1 +

for two products i and j such that r; =r; but 6;/v; > 60;/v;, if we have j € S*, then i € S* as
well. Thus, among products having the same revenue, an optimal solution prioritizes the product
that has the larger independent demand probability to preference weight ratio. Similarly, for two

products ¢ and j such that 6;/v; =6, /v; but r; > r;, if we have j € S*, then we have i € S* as well.
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In other words, among products having the same independent demand probability to preference

weight ratio, an optimal solution prioritizes the product that has the larger revenue.

We can also use Theorem 3.3 to construct a combinatorial algorithm for the Mixture problem. By
the discussion in the previous paragraph, there exists an optimal solution S* to the Mixture

problem that satisfies S*={i€ N:r; [1+ (1:%)'” (1+V(S*)] = R(S*)}. If we knew the value of

V(S*), then letting t = V(S*), we could index the products such that r(1+ (1:6\);“ (1+1t)) >

ro(1+ (1:\%”2 (1+t)>...2r,(1+ (11\231% (1+1)), in which case, an optimal assortment would be

of the form {1,...,i} for some i € N. Thus, we would obtain an optimal assortment by checking
the expected revenue from O(n) candidate assortments, each of which is of the form {1,... 4} for

some i € N. To deal with the fact that we do not know the value of V' (5*), we adopt an approach

20;
(1=X)v;

of t. The n lines {g;(-) : : € N'} intersect at O(n?) points. Let t! <¢* <... <t¥ with K = O(n?) be the

from Rusmevichientong et al. (2010). Note that g¢;(t) = r;(1 + (1+1)) is a linear function
intersection points of the n lines {g;(-) : 4 € N}. That is, for each k =1,..., K, we have g;(t") = g;(t*)
for some 4,5 € N. Letting t° = 0 and t¥*! = oo for notational uniformity, for each ¥ =0,..., K,
if ¢ takes values in the interval [t* ¢*™!), then the ordering between the values {g;(t):i€ N}
does not change. To capture this ordering, let the permutation (o¥,...,o%) € N™ be such that
9ok (£) = g (t) > ... = gop (t) for all £ € [¢*,2"11). In this case, if we know that V(S*) € [t*,t*+1), then
an optimal assortment is of the form {o¥,... 0%} for some i € N. Thus, we can obtain the optimal
assortment by checking the expected revenue from O(n?) candidate assortments, each of which
is of the form {o¥,...,0F} for some i € N, k=0,..., K. Below is the proof of Theorem 3.3. The

auxiliary lemma that we give for the proof also becomes useful later in the paper.

Proof of Theorem 3.3. In the next lemma and throughout the rest of the paper, we let

A(S) = %, which we view as a weighted average of the revenues of the products in S.

Lemma 3.4 (Comparison with Independent Demand Revenue) Letting S* be an optimal

solution to the Mixture problem, for any K, L C N with KNS* =@ and L C5*, we have

R(S") - A(K) R(S*\ L) — A(L)
T A 0> (1- N V(L) 1+ V(5

i€l

A i < (1-N)V(K)

€K

Proof. For any S, K C N with K NS =g, we can express R(SU K) as a convex combination of
R(S) and A(K). In particular, noting the definitions of R(S) and A(S), we have

TR S I 14+ V(S V(K
R(SUK):ZZESTU ZzeKTv _ + ( ) (S) ( ) ( )
1+ V(SUK) 1+ V(SUK) 1+ V(SUK)
Since K NS = &, we have 15‘;2/5(5;() + 1+¥E§JK) =1, in which case, the chain of equalities above

implies that R(SUK) is a convex combination of R(S) and A(K'). We write the objective function
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of the Mixture problem as A >_._.7;0; 4+ (1 — A) R(S). Since S* is an optimal, but S* U K is only a

€S

feasible, solution to the Mixture problem, we obtain

0> {Aznﬂi—k(l—)\)R(S*UK)}—{AZri9i+(l—)\)R(S*)}

1€ES*UK i€S*

. 14+ V(5" * V(K *
Q A;Kneﬁu—»{wms )+1+V((MA(K)—R(S )}

R(S") — A(K)

EAY 0= =NV T

ieK
where (a) follows by noting that > . e x7i0i =Y cq«Ti0i = Y ;i i 0i and expressing R(S* U K)

as a convex combination of R(S*) and A(K), whereas (b) follows by rearranging the terms.

The chain of inequalities above shows that the first inequality in the lemma holds. The second

inequality follows similarly by expressing R(S*) as a convex combination of R(S*\ L) and A(L). B

Here is the proof of Theorem 3.3. Let H = {z EN A0, > (1= )N, Iff‘;();f; } First, we show
that if i € S*, then ¢ € H. Consider some i € S*. Since r; 0; > 0, by the definition of H, if r; > R(S*),
then we have i € H, as desired. Thus, we focus on the case with r; < R(S*). By the argument
at the beginning of the proof of Lemma 3.4, we can express R(S*) as a convex combination of
r; and R(S*\{i}), in which case, since r; < R(S*), we must have r; < R(S*) < R(S*\{i}). Also,
since i € S*, we have {i} C S*. Thus, using the second inequality in Lemma 3.4 with L = {i}, we
get AO;r; > (1— ), % >(1=X)v; Iff‘:();f)i, where the last equality holds since we have
R(S*) < R(S*\ {i}). The last chain of inequalities implies that i € H.

Second, we show that if i ¢ S*, then i ¢ H. Consider some ¢ ¢ S*. Since S* is an optimal solution to
the Mixture problem with the largest cardinality and i S, we have A > .. 7;0;+ (1 —A) R(S*) >
A es upiy i 0+ (1= A) R(S*U{i}), which is equivalent to R(S*) > 25 ri0;+ R(S*U{i}). Thus,
we have R(S*) > R(S*U{i}). By the argument at the beginning of the proof of Lemma 3.4, we can
express R(S*U{i}) as a convex combination of R(S*) and r;, so noting that R(S*U{i}) < R(S*),
we must have r; < R(S*U{i}) < R(S*). Also, since i ¢ S*, using the first inequality in Lemma 3.4
with K = {i}, we get A0;r; < (1 —A)v; % <(1=X)v; Iff;()g[;, where the last inequality
holds since R(S*) > r;. The last chain of inequalities implies that ¢ ¢ H. [ |

Our combinatorial algorithm allows us to solve the Mixture problem without using an LP, but

the Assortment LP is useful when we work with network revenue management problems.

4. Effect of Customer Segment Mix and Efficient Assortments

In this section, we give sensitivity results for the optimal solution for the Mixture problem. First,

we show that the optimal solution to the Mixture problem becomes a larger assortment in a nested
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fashion when the the likelihood of observing a customer in the independent demand segment
grows. In particular, for o > 3, if we solve the Mixture problem with A = a and A = 3, then the
optimal solution with A = « includes all the products in the optimal solution with A = 5. Second,
we show that the optimal solution to the Mixture problem becomes a larger assortment in a nested
fashion when the revenue of each product increases by the same additive amount. The latter result
has important implications when we want to find assortments that trade off expected revenue
with the probability of purchase, as well as when we implement policies in dynamic assortment
optimization problems through protection levels. Throughout this section, we focus on the Mixture

problem after increasing the revenue of each product by &, which is given by

max { Z(m +9) ()\ 0;+(1—=X\) 1+$(S)> } (Parametric Mixture)

ies
As a function of (A, 0), let S*(A,0) be an optimal solution to the problem above. If there are multiple

optima, then we choose any one that has the largest cardinality.

In the next theorem, we examine how an optimal solution to the Parametric Mixture problem

changes as a function of A and 9.

Theorem 4.1 (Sensitivity of the Optimal Assortment) There exists an optimal solution

S*(X,0) to the Parametric Mixture problem that satisfies the following properties.

(a) If a> B, then S*(«,0) 2 S*(5,0).
(b) 6 >0, then S*(A,0) 2.5*(A,0).

Before we give a proof for the theorem, we discuss its implications. To interpret the first part
of the theorem, note that the customers in the independent demand segment are not willing to
make substitutions. In particular, if such a customer is interested in product ¢ and this product is
unavailable, then she leaves without a purchase. In that sense, the customers in the independent
demand segment are inflexible. By the first part of the theorem, as the relative size of the inflexible
customer segment increases, to ensure that the customers in this segment can find the product

they are interested in, the optimal assortment becomes larger.

To interpret the second part of the theorem, letting Rev(S) =3, 47:i(A0; + (1 — \)
and Pur(S) =3, ¢ ()x@i +(1-X) HUTZ(S))
is Rev(S) + dPur(S). Thus, we maximize a linear combination of Rev(S) and Pur(S) in the

)
, the objective function of the Parametric Mixture problem

Parametric Mixture problem. Observe that Rev(S) is the expected revenue from assortment S,
whereas Pur(S) is the total purchase probability from assortment S. Maximizing Rev(S) ensures
that the expected revenue that the firm obtains is largest, whereas maximizing Pur(S) ensures that

the total probability that a customer purchases a product is largest. The parameter § characterizes
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Figure 1  Efficient frontier with n = 8, (r1,...,7rs) = (0.96,0.81,0.34,0.29,0.19,0.09,0.04,0.03), (61,...,0s) =
(0.15,0.20,0.09,0,0.16,0.15,0.07,0.18), (v1, ..., vs) = (0.40,0.35,0.54,0.10,0.11,0.21,0.12,0.04), A = 2.

the weight that we put on the total purchase probability relative to the expected revenue. Solving
the problem maxgscy {Rev(S) 4 §Pur(S)} for all possible values of 4, we can construct an efficient
frontier of all attainable expected revenue-total purchase probability pairs. By the second part of
the theorem, the Pareto-efficient assortments on the efficient frontier are nested, one assortment
always being included in another one. Since there can be at most n such nested assortments, there
can be at most n assortments on the efficient frontier. Also, the Pareto-efficient assortments get
larger as the weight that we put on the total purchase probability increases. In Figure 1, we consider
a problem instance with 8 products and show the expected revenue-total purchase probability pairs
for the assortments on the efficient frontier. We label each assortment by the products that are

included in the assortment. The assortments on the efficient frontier are nested.

Having nested Pareto-efficient assortments has other implications. Talluri and van Ryzin (2004)
investigate dynamic assortment optimization problems with a single resource, where we offer
assortments of products to customers arriving over time and the sale of a product generates a
revenue depending on the purchased product and consumes one unit of capacity of the resource. If
the assortments on the efficient frontier are nested, then we can implement the optimal policy by
associating a protection level for each product. In this case, it is optimal to offer a product only
when the remaining capacity of the resource exceeds the protection level of the product. On the
other hand, Ma (2019) studies assortment auctions, where each buyer submits a list of options she
is willing to purchase and the seller allocates a limited amount of inventory to buyers under only

probabilistic information about the preferences of the buyers. Having nested assortments on the
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efficient frontier plays an important role in giving a Myersonian characterization of the optimal

mechanism in these auctions.

Independent demand segment corresponds to the inflexible customers, so a possible conjecture is
that the optimal expected revenue in the Parametric Mixture problem decreases as the relative size of
the independent demand segment, measured by A, increases. We can come up with counterexamples
to demonstrate that the optimal expected revenue is neither increasing nor decreasing in A. In
particular, consider a problem instance with n =3, (ry,72,73) = (15,10,6), (0;,02,605) = (0.3,0.3,0.4)
and (v1,v2,v3) = (1,2,10). Letting z} be the optimal objective value of the Parametric Mixture
problem as a function of A, we have zj, =8.63, 25, =8.25 and 2j, =8.97. As A increases from
0.1 to 0.4, the optimal expected revenue decreases, but as A increases from 0.4 to 0.7, the optimal
expected revenue increases. In the rest of this section, we give a proof for Theorem 4.1. Lemma 3.4

used in the proof of Theorem 3.3 also plays an important role in the proof of Theorem 4.1.

Proof of Theorem 4.1. To show the first part, let S, = S*(«,0) and Sz = S*(5,0). We
need to show that S, D Ss. Letting ©(S) = 3, ¢
function of the Parametric Mixture problem with 6 =0 is AG(S)+ (1 — ) R(S). We claim that

r;0; for notational brevity, the objective

R(S3) > R(S,). Since S, is an optimal solution for the Parametric Mixture problem with A = o and
d =0, we have a ©(S,) + (1 — ) R(S,) > a©O(Ss) + (1 — o) R(S;). By the same argument, we have
BO(Ss)+ (1 =) R(Ss) > BO(S,) + (1 —B) R(S,). We multiply the first inequality with  and the
second one with «, so adding them yields [o(1—8) — 8 (1— )] R(S5) > [a(1-8)—B(1—a)] R(S,).
Since a > 3, we have a (1 — ) > 5 (1 — ), so the last inequality yields R(Sz) > R(S,) and the claim
holds. Let K = S3\ S,. If K =@, then S, D Ss, which is the desired result. To get a contradiction,
assume that K # @. Next, we claim that R(Sz\ K) — A(K) > R(S,) — A(K) > 0.

Since S, is an optimal solution with the largest cardinality for the Parametric Mixture problem
with A=« and § =0, we have aO(S,) + (1 — ) R(S,) > aO(S,UK) + (1 — a) R(S, U K), which
yields (1 —a)(R(Sa) — R(Sa UK)) >}, ,7:i0; >0, s0 R(S,) > R(S,UK). By the argument at
the beginning of the proof of Lemma 3.4, R(S, U K) is a convex combination of R(S,) and A(K),
so noting that R(S, U K) < R(S,), we must have A(K) < R(S,UK) < R(S,). In this case, since
R(Ss) > R(S,) by the claim in the previous paragraph, the last chain of inequalities also yields
A(K) < R(Sg). Similarly, R(Ss) is a convex combination of R(Sz\ K) and A(K), so noting the
fact that A(K) < R(Sjs), we must have A(K) < R(S5) < R(Ss \ K). Collecting the discussion so
far in this paragraph together, we have A(K) < R(S,UK) < R(S,) < R(Ss) < R(Ss \ K), which
implies that R(S3\K)— A(K) > R(S,) — A(K) >0 and the claim holds.

Since K = S5\ S,, we S, UK D S5, which implies that 14+ V (S, UK) > 1+ V(Ss) > 0. Thus,
noting that R(Ss \ K) — A(K) > R(S,) — A(K) > 0, we get Z8a)-AUK) - BER AR Op the

1+V(SqUEK) — 14V (Sg)
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other hand, since K = S5\ S,, we get KNS, =@ and K C S, so the first inequality in Lemma 3.4
with A=a and 5* =5, and the second inequality in Lemma 3.4 with A =/ and S* =S4 yield

aO(K) _ R(S.) — A(K) BOK)  R(S;\K)-A(K)

and

1-a)V(K) = 1+ V(S,UK) (1-pB)V(K) — 14+V(5s)
Since o > 3, we have 12~ > %, so by the two inequalities above, we get Ifis‘j*();aﬁ(g)) > R(Sfl‘fz;;(m,

R(Sa)—A(K) _ R(Sg\K)—A(K

) . .
TV (8.0K) = 19V (5)) at the beginning of this paragraph.

contradicting the inequality

To show the second part, we follow a similar outline that also builds on Lemma 3.4. We defer

the details of the proof of the second part to Appendix E. |

5. Assortment Optimization under a Capacity Constraint

We consider a capacitated version of the Mixture problem, where each product consumes a
fixed amount of capacity and there is a limit on the total capacity consumption of the offered
products. We show that the capacitated version of the Mixture problem is NP-hard even when
the capacity consumption of each product is one so that we limit the number of products in the
offered assortment. Following this complexity result, we give an FPTAS for the capacitated version
of the Mixture problem. We use ¢; to denote the capacity consumption of product i. If we offer the
assortment S, then the total capacity consumption of the offered products is ), ¢ c;. Letting C

be the limit on the total capacity consumption of offered products, we consider the problem

U;

S{Ilg&})\(ﬂ { Zm ()\ 0+ (1—X\) 1—|—V(S)> } (Capacitated Mixture)

S
Dies¢i <C ©

If we have ¢; =1 for all i € N and C is an integer, then the Capacitated Mixture problem finds an

assortment that maximizes the expected revenue while offering at most C products.

To study the complexity of the problem above, we use the following feasibility version of the

Capacitated Mixture problem, which we refer to as the MiIXTURE FEASIBILITY problem.

Mixture Feasibility: Given an instance of the Capacitated Mixture problem and a threshold K,

is there an assortment S C N with Zie 5 ¢; < C that provides an expected revenue of K or more?

We use a reduction from the following ParTiTION problem, which is a well-known NP-hard

problem (Section A3.2, Garey and Johnson 1979).

Partition: Given a set of items N = {1,...,n} and their rational-valued weights {w; :i € N}

that satisfy > .y w; =2, is there a subset S C N with |S| =n/2 such that ), w; =17

In the next theorem, we show that the Capacitated Mixture problem is NP-hard even when ¢; =1

for all ¢ € N so that we limit the number products in the offered assortment.
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Theorem 5.1 (Complexity under a Cardinality Constraint) The MIXTURE FEASIBILITY

problem is NP-complete even when we have c¢; =1 for all i € N.

Proof. Given an instance of PARTITION with the set of items N = {1,...,n} and weights {w; :i € N},
we define an instance MIXTURE FEASIBILITY as follows. The set of products is N. The revenue
and preference weight of product ¢ are r; =1 and v; = w;. Letting V,,., = max;cy v;, the purchase
probability of product ¢ is 6; = V. — v;. The relative size of the independent demand segment is
A= % The capacity consumption of product ¢ is ¢; = 1. The limit on the capacity consumption is
C =1, so we offer at most n/2 products. Lastly, the threshold is K = § 4 £ C' V;,.x. We show that
there exists an assortment S C N with |S| < C that provides an expected revenue of K or more if
and only if there exists a subset of items S C N with |S|=n/2 such that ), w; =1.

Noting that r; =1 for all i € N and A = %, the objective function of the Capacitated Mixture

problem is given by £ . 6; + %14‘:\(/6;)5)‘

Therefore, since {7 is increasing in z, there exists an

assortment S C N with |S| < C that provides an expected revenue of K or more if and only if there
exists an assortment S C N with |S| = C that provides an expected revenue of K or more. Since
0; = Vinax — v; and we need to offer an assortment S C N with |S| = C, the objective function of the

Capacitated Mixture problem becomes % Y ics(Vimax — v3) % 14‘:\(/5;)3) = %CVmaX — %V(S) +§ 14‘:‘(/5;)5)

Thus, noting that K = % + %CVmax, an assortment S C N with |S| = C provides an expected

revenue of K or more if and only if a subset of items S C N with |S| = C satisfies

1 1 4 V(S)
5 O Vmae = 5V + 5 79970

1 1
> = 70Vmax-
) _5+5

The inequality above holds if and only if 14‘:\(/?3) > 1(1+V(9)). Arranging the terms, the last

inequality is equivalent to (1 —V(5))? <0, which holds if and only if V(S)=1.

By the discussion in the previous paragraph, there exists an assortment S C N with |S| < C that
provides an expected revenue of K or more if and only if there exists a subset of items S C N with
|S| = C such that V(S) = 1. Noting that C' =n/2 and V(S) =, svi = Y ,cq Wi, it follows that
there exists an assortment S C N with |S| < C that provides an expected revenue of K or more if

and only if there exists a subset of items S C N with |S| =n/2 such that > _ w;,=1 |

ies
Motivated by this complexity result, we give an FPTAS for the Capacitated Mixture problem.

Our FPTAS continues to work when we do not necessarily have ¢; =1 for all ¢ € N.

Fully Polynomial-Time Approximation Scheme:

We borrow from ideas for developing an FPTAS for the knapsack problem (Desir et al. 2016). In
the rest of this section, we outline the steps of our FPTAS and defer the details to Appendix F. For
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fixed (p,q,s) € Ri, we consider finding an assortment .S with the smallest capacity consumption

that satisfies ), <m0 >q, > ;s

G(pqu = gg}%{zcz : 27"19221), anZq, E’UiSS}. (2)

icS i€S i€S €S

r;v; > qand )., v; < s, yielding the problem

2iesTivi > _4a
14+3egvi — 1+s?

If the assortment S is feasible to the problem above, then we have . _r; 6; > p and
so the assortment S yields an expected revenue of at least p from the independent demand segment
and an expected revenue of at least - from the multinomial logit one. Letting ©,;, = miney 0;,
Roin =min;en 7, Ruax = MaX;en 75, Vmin = min;eyv; and V.« = max,enyv;, for any non-
empty assortment S, we have > . o7 0; € [RuinOmins Rmax)s 2 ics i Vi € [Rumin Vinins "R max Vinax)
and ). oV € [Viin,NViax). In this case, using a A b = min{a,b} and a V b = max{a,b},
letting ¥ = (Rumin A1) (Vinin A Omin) and U= (Rpyax V 1) (nViax V1) for notational brevity, we have
YoiesTili € [1,7], D cgmivi € [v,7] and ), v; € [v,7]. Therefore, it is enough to consider the
values of (p,q,s) € [v,7]* in problem (2). We follow three steps.

In the first step, we relate problem (2) to the Capacitated Mixture problem. In particular, noting
that G(p,q,s) is the optimal objective value of problem (2), if G(p,q,s) < C, then there exists

an assortment S that satisfies ), o ¢; < C and this assortment provides expected revenues of at

least p and {I; from the two segments, yielding an objective value of at least Ap+ (1-2X) T

for the Capacitated Mixture problem. In this case, letting (p*,q*,s*) be an optimal solution to the

problem max, , oepz3 {AP+ (1= A) 12 5 Gp,g,s) < C}, we can show that Ap* + (1 —X) 1_’{9* is
the optimal objective value of the Capacitated Mixture problem. Also, if S* is an optimal solution
to problem (2) with (p,q,s) = (p*,¢*,s*), then S* is an optimal solution to the Capacitated Mixture

problem. However, computing (p*,¢*, s*) is difficult since G(p, q, s) is not convex in (p,q,s).

In the second step, we build a geometric grid over the interval [v,7] and consider the values of
(p,q,s) in the geometric grid. Using [-] and [-] to, respectively, denote the round down and up
functions, for a fixed accuracy parameter a > 0, we consider grid points that are integer powers of

. . . logv og T A~~~ .
1+ «, which are given by Grid ={(1+ )" : k= Llogﬁ#oﬂ ’Vlogl(lg—b—a 1}. Letting (p,q,3) € Grid® be
such that p <p* < (1+a)p, < ¢" < (14+a)gand - 5 < s* <5, we can show that if S is an optimal

solution to problem (2) with (p,q,s) = (p,q,S), then the expected revenue from the assortment S
deviates from the optimal objective value of the Capacitated Mixture problem by at most a factor
of 1 =3a and we have ), _sc¢; <C. However, solving problem (2) even at fixed (p,q, s) is difficult
since this problem is at least as difficult as the knapsack problem, which is NP-hard.

In the third step, we use a dynamic program to solve an approximate version of problem (2)

with (p,q,s) = (p,q,5). Expressing the first constraint in problem (2) as >, o 2= 7;60; > Z, in the

€S ap
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approximate version of problem (2), we replace the first constraint with >, o[2-r6;] > [%].

Similarly, we replace the second constraint with >, ¢[ - r;v;] > | 7] Lastly, expressing the third

constraint in problem (2) as ), ¢ v; < 2, in the approximate version of problem (2), we replace

i€S as ¢ =

the third constraint with ). _o| ™= v;| < [ﬂ In this case, the constraint coefficients and right
side values of all constraints in the approximate version of problem (2) are integers, which allows
us to solve the approximate version by using a dynamic program. Letting (p,q,3s) € Grid3 be as
in the previous paragraph satisfying p <p* < (1+a)p, ¢<¢* < (1 + )7 and ——5<s5" <5,
we can show that if S is an optimal solution to the approximate version of problem (2) with

(p,q,s)=(p,q,5), then the expected revenue from the assortment S deviates from the optimal

objective value of the Capacitated Mixture problem by at most a factor of 1 — 6a.

By the definitions of v and 7, there are O<1 R log( (Rmax V1) (nVmax V1) )) points in Grid. In

mln/\l)(vmln/\@mln)

the next theorem, counting the number of operations in the steps above, we give our FPTAS.

Theorem 5.2 (FPTAS under a Capacity Constraint) Letting z* be the optimal objective

value of the Capacitated Mixture problem, there exists an algorithm, where for any € € (0,1), the

(Rmax V1) (nVmaxV1)
(Rmin/\l)(vmin/\emin)

algorithm runs in O( log® ( )) operations and returns an assortment that is

feasible to the Capacitated Mixture problem with an expected revenue of at least (1 —€) z*.

The proof of Theorem 5.2 is in Appendix F. Another useful feature of our FPTAS is that we

can build on our FPTAS to develop effective heuristics and bounds, as discussed next.

Practical Heuristics and Bounds on the Optimal Expected Revenue:

Using the decision variables & = {z; : i € N} € {0,1}", where x; = 1 if and only if we offer

product i, we consider a relaxation of problem (2) given by the LP

é(qua :zgﬁf? {Zczﬂfz : Znﬂimizp’ vaiwizq, ZW%SS}- (3)

iEN ieN ieN
If we impose the constraint x € {0,1}" on the decision variables, then the problem above is
equivalent to problem (2). Since we impose the constraint « € [0,1]", we view the problem above
as an LP relaxation of (2). Other than the upper bound of one on the decision variables, there are
three constraints in problem (3). Thus, it is a simple LP exercise to show that there exist at most
three fractional decision variables in a basic optimal solution to problem (3). Thus, after solving
the LP in (3), we can construct eight possible binary solutions by rounding the fractional decision
variables. In particular, we choose a subset of the three fractional decision variables, round them
down to zero and round the rest up to one. Naturally, if there are fewer than three fractional
decision variables, then we can generate fewer than eight binary solutions. Motivated by this

observation, we use the following approach to construct a practical heuristic for the Capacitated



22 Yufeng Cao, Paat Rusmevichientong, Huseyin Topaloglu; Mixture of Independent Demand and Multinomial Logit Models

Mixture problem. For each (p,q,s) € Grid®, we solve the LP in (3). Letting 2*(p,q, s) be a basic
optimal solution corresponding to the grid point (p,q, s), using this solution, we construct at most
eight binary solutions as described earlier in this paragraph, which we denote by z*(p,q,s) for
k=1,...,8. In this case, considering all points in the geometric grid, the heuristic comes up with
the binary solutions {*(p,q,s) : (p,q,s) € Grid®, k=1,...,8}. Among these solutions, the heuristic
returns the one that provides the largest expected revenue while satisfying the constraint that the

total capacity consumption of the offered products does not exceed C.

To check the optimality gap of the heuristic in the previous paragraph, we also use problem (2)
to construct an upper bound on the optimal objective value of the Capacitated Mixture problem.
We consider any K +1 points v=p' < ...<pf" =7, any L+ 1 points v=¢' < ... <@ ' =v
and any M +1 points v =3 < ... <3+ =7, Noting that é(p,q, s) is the optimal objective value

of the LP in (3), we compute G(p*,¢%,5™) for all k=1,....,K, {=1,....,L, m=1,...,M. In

_ -, ~ ~
this case, we can show that max;—1 k. =1 pm=1.. am{AD"T1+(1=N) 1q+;n cG(pF, ¢t st <O}

provides an upper bound on the optimal objective value of the Capacitated Mixture problem.

In Appendix G, we show that the approach described above indeed provides an upper bound
on the optimal expected revenue in the Capacitated Mixture problem. This upper bound holds for
any choice of the points {p',...,p* ™} {q*,...,¢*"} and {5',...,sM "'} but it gets tighter as
the separation between the points gets smaller. In the same appendix, we give a numerical study
to test the performance of the heuristic. The heuristic performs remarkably well. Comparing the
expected revenue of the solutions from the heuristic with the upper bound on the optimal expected

revenue, the average optimality gap of the heuristic comes out to be fraction of a percent.

6. Network Revenue Management

In the network revenue management setting, we have a set of resources indexed by M ={1,...,m}
and a set of products indexed by N ={1,...,n}. The capacity of resource ¢ is ¢,. There are T time
periods in the selling horizon. At each time period in the selling horizon, a customer arrives into
the system and we offer an assortment of products. If we offer the assortment S of products, then a

customer purchases product i € S with probability A6; + (1 — \) in which case, we generate

a revenue of r; and consume ay units of the capacity of resource ¢g. The goal is to find a policy
to decide which assortment of products to offer to each customer so that we maximize the total
expected revenue over the selling horizon. We can formulate a dynamic program to find the optimal
policy but the state variable in this dynamic program has to keep track of the remaining capacity
of each resource, resulting in a high-dimensional state variable when the number of resources is

large. We focus on an LP approximation instead (Gallego et al. 2004, Liu and van Ryzin 2008).
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We use the decision variables w = {w(S): S C N}, where w(S) is the probability that we offer

assortment S of products at a time period. Consider the LP

max {T Z Zr ()\9 +(1-2X) 1+V(S)> w(S) : (Choice-Based LP)

2n
weRY SCN ieS

TZZCLW<)\¢9+ A)W)w(&‘)gcq Vge M,

SCN iesS

Zw(S)zl}.

SCN

Noting that ) .

€S

(A0, + (1)

offer the assortment S, the objective function is the total expected revenue over the selling horizon.

o +v )) is the expected revenue at a time period during which we
Similarly, > .. g aqi (A0; + (1 —X) 1;0%\1/(5)) is the expected capacity consumption of resource ¢ at a
time period during which we offer the assortment S, so the first constraint ensures that the total
expected capacity consumption of a resource does not exceed its capacity. The second constraint
ensures that we offer an assortment at each time period. The number of decision variables above
increases exponentially with the number of products, so solving the Choice-Based LP almost always
requires using column generation. The column generation subproblem has the same structure as
the Mixture problem. As we discuss below, there are heuristics that use an optimal primal or dual

solution to the Choice-Based LP to decide which assortment to offer at each time period.

In a randomized offer policy, letting w* be an optimal solution to the Choice-Based LP, we
offer assortment S with probability w*(S), after adjusting the offered assortment to accommodate
the availabilities of the resources (Jasin and Kumar 2012). In a bid-price policy, letting p* =
{1y :q € M} be the optimal values of the dual variables associated with the first constraint in the
Choice-Based LP, we use pu; to capture the opportunity cost of a unit of resource g. If a customer
purchases product i, then the opportunity cost of the resources used by product i is > e Gai g
so the net revenue from the purchase is r; — qu a1 Qqi fiy- Thus, the expected net revenue from

offering assortment S is D, (A0 + (1 —A) — D g Qgi fy), in which case, we offer an

vy
) (i
assortment that maximizes this expected net revenue, once again, after adjusting the assortment

to accommodate the availabilities of the resources (Zhang and Adelman 2009).

Next, we give an equivalent formulation of the Choice-Based LP, where the numbers of decision

variables and constraints increase polynomially with the number of products and resources.

Equivalent Formulation:

Noting that we have n products and m resources, our equivalent formulation will have n?+n+1

decision variables and 2n? +mn+m + 1 constraints. Thus, while solving the Choice-Based LP almost
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always requires column generation, we can directly solve our equivalent formulation. Using the

decision variables (xg,x,y) € R x RT”Q as in the Assortment LP, we consider the LP

max {T Z T <[)\9 + 1—)\)1)1} x; + A, zvj ym> : (Compact LP)

2
(z0,@,y) ERXRIT™

i€EN JjEN
TZa,ﬂ([)\G + 1—)\)1)1} T+ A6; Zvjyu) <c¢, Vge M,
ieN JEN
xg-FZvi:z:i:l,
€N

xinO VZEN,

Yij <wm Vi,jEN, yi; <w, W,jeN}.

The objective function of the Compact LP is the total expected revenue over the selling horizon. It
turns out that we can use the expression [A0; + (1 — A)vi]x; + A0;> .y vjyi; to capture the
expected number of purchases for product ¢ at a time period, even though we allow offering
different assortments of products in the Choice-Based LP. The first constraint ensures that the total
expected capacity consumption of a resource does not exceed its capacity. The remaining constraints
ensure that the choices of the customers are governed by our mixture choice model. In the rest
of this section, we show that the Compact LP is equivalent to the Choice-Based LP in the sense
that we can use an optimal primal or dual solution to the Compact LP to obtain an optimal
primal or dual solution to the Choice-Based LP. In this case, we can solve the Compact LP to
implement the randomized offer, bid-price or any other policy that uses an optimal primal or
dual solution to the Choice-Based LP. Our computational results indicate that using Compact LP
instead of Choice-Based LP results in substantial improvements in running times. To give our
equivalence result, we start by considering the question of obtaining an optimal primal solution to

the Choice-Based LP by using an optimal primal solution to the Compact LP.

Let (zj,x*,y*) be a basic optimal solution to the Compact LP. Indexing the products so that
xy>xy > ... >z and defining the set S; ={1,...,i} with Sy =0, let

(5:)

g)

(] —xi ) (1+V(S;) Vi=0,1,...,n (Recovery)
w(S) =0 VS&{S5,S51,....5.},

where we follow the convention that z},, = 0. Noting that z{ >z} for all i € N by the third

constraint in the Compact LP, we have w(Sy) =z§ —x7 > 0.

The Recovery formula gives a closed-form expression to construct a solution w = {w(S): S C N}

to the Choice-Based LP by using a basic optimal solution (xj,x*,y*) to the Compact LP. Other
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than being non-negative, it is not clear that the solution w is feasible to the Choice-Based LP. In
the next theorem, we show that this solution is not only feasible but also optimal. Also, we show
that we can construct an optimal dual solution to the Choice-Based LP by using an optimal dual
solution to the Compact LP. Thus, we can use an optimal primal or dual solution to the Compact LP
to construct the same to the Choice-Based LP. In this result, we follow the convention that if the
Compact LP has multiple optimal solutions, then we pick any one that has the largest value for
the decision variable zy. To implement this convention in practice, for a small value of € > 0, we
can add the additional term ez, to the objective function of the Compact LP, in which case, the
additional term favors an optimal solution with the largest value of zy. In addition to following this
convention, we associate the dual variables p={p,:qe M}, m,a={c;: i€ N}, n={n;; :4,j € N}
and o = {0;; :4,j € N} with the constraints in the Compact LP.

Theorem 6.1 (Equivalent Formulation) Letting (z}, x*,y*) and (p*, 7, a*,n*, 0*) be a basic

optimal primal and dual solution pair to the Compact LP, we have the following results.

(a) The solution w provided by the Recovery formula is optimal to the Choice-Based LP.
(b) The solution (u*,7*) is optimal to the dual of the Choice-Based LP.

The theorem above shows that we can efficiently recover an optimal primal or dual solution to the
Choice-Based LP by using the same type of solution from the Compact LP. We give a proof for the
theorem in Appendix H. The proof explicitly uses the fact that we focus on basic optimal solutions
to the Compact LP that have the largest value for the decision variable xy. In Appendix I, we
provide computational experiments to check the improvements in running times obtained by using
the Compact LP in conjunction with Theorem 6.1 to get an optimal solution to the Choice-Based LP,
rather than solving the Choice-Based LP directly by using column generation. Our results indicate

that we can improve running times by up to a factor of 29.

7. Computational Experiments

We give computational experiments to test the ability of our mixture model to predict the
choice process of the customers and to identify profitable assortments. We start by comparing
our mixture model with the standard multinomial logit and independent demand models. In
this way, we quantify the benefits obtained by mixing the independent demand and multinomial
logit models, rather than using each of these choice models by itself. In addition, we compare
our mixture model with the exponomial and Markov chain choice models. Next, we outline an
expectation-maximization algorithm to estimate the parameters of our mixture choice model. We

describe our experimental setup. Finally, we give our computational results.
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7.1 Expectation-Maximization Algorithm

The parameters of our mixture choice model are (\,0,v), where \ is the relative size of the two

segments, @ = (6,,...,0,) is the vector of demand probabilities in the independent demand segment
and v = (vy,...,v,) is the vector of preference weights in the multinomial logit segment. We use
H={(S;,i;) :t=1,...,7} to capture the purchase history that we use to estimate the parameters of

our mixture model, where 7 is the number of customers in the purchase history, S; is the assortment
of products offered to customer ¢ and i, is the product purchased by customer ¢. If customer t did
not purchase anything, then i7; = 0. Our expectation-maximization algorithm uses the following
observation. In addition to the purchase history H = {(S;,4;):t=1,...,7}, if we knew the segment
of each customer, then we could partition the customers in the two segments and separately fit an

independent demand and multinomial logit models to the purchases from the two partitions.

To pursue this observation, for the moment, assume that we have access to the segment of each
customer in the purchase history. In particular, we use C = {(z, S¢,4;) :t=1,...,7} to capture the
so-called complete purchase history, where we have z; =1 is customer ¢ was in the independent
demand segment, whereas we have z; = 0 if customer ¢ was in the multinomial logit segment.
If z, =1, so that customer ¢ is in the independent demand segment, then she chooses product
i € S, with probability 6;, whereas she leaves without a purchase with probability 1 —3"._ s, 0;. If
z; =0, so that customer ¢ is in the multinomial logit segment, then she chooses product ¢ € S; with

probability 5 +V( whereas she leaves without a purchase with probability m Thus, if we

S0
had access to the complete purchase history C = {(z,S,4;):t=1,...,7}, then we could estimate

the parameters of our mixture model by maximizing the likelihood function given by

a 1(i=0)\ " =0 113=0)\
LM 0.v:0) =] (AHG = ”(1—29)( )> (“‘A)HZESHLV(&) ) . (4)

t=1 1€ESE 1€St

In our expectation-maximization algorithm, we use the purchase history {(S;,i;):t=1,...,7},
rather than the complete purchase history C = {(z, S;,i;) :t =1,...,7}, but we iteratively estimate
the portion {z; :t =1,...,7} of the complete purchase history. We need two random variables in the
estimation procedure. We use the random variable Z with support {0, 1} to capture the segment of
a generic customer, where Z =1 if and only if the customer is in the independent demand segment.
For any S C N, we use the random variable P(S) with support SU{0} to capture the choice of a
generic customer within the assortment S, where P(S) =1 if and only if the customer purchases
product ¢ within the assortment S. If the choices of the customers are governed by our mixture
model with parameters (A, 0,v), then Z is Bernoulli with parameter A and P(S) takes value i € S

with probability Af; + (1 —\)—Z—~. At any iteration ¢ of our expectation-maximization algorithm,

1+V(S)
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we have the current parameter estimates (A, 8°,v*). Letting {Z/:t=1,...,7} be the estimates of
{z:t=1,...,7} at iteration ¢, we compute Z as the expectation of Z conditional on the fact that
customer ¢ chooses according to our mixture model with parameters (A%, 0% v*) and her purchase
decision within the assortment S; is ¢;. In this way, we estimate the complete purchase history
Ct={(z!,S,,i,) :t=1,...,7} at iteration £. For large B € R, such that v; < B for all i € N, the
parameters of our model are in the set P ={(\,0,v) € [0,1]'*" x [0, B]" : }_,_y 6; <1}. Using the
estimated complete purchase history, we maximize the likelihood L(\, 6, v;C) in (4) subject to the

constraint that (\,0,v) € P to get the parameter estimates (A“!, 07! v**1) at the next iteration.
Below is an overview of our expectation-maximization algorithm.

Step 1. The purchase history to estimate the parameters is {(S,4:):t=1,...,7}. Choose the

initial parameter estimates (A, 8, v') € P. Initialize the iteration counter by setting ¢ =1.

Step 2. (Expectation) Given that the customers choose according to the mixture model with

parameters (A, 0% v?), for all t=1,...,7, set z, = E{Z | P(S,) =i, }.

Step 3. (Maximization) Using the complete purchase history C’ = {(z¢,S,,4,):t=1,...,7}, set
(AL, 0 v*Th) = argmax(y 0,0)ep L(A, 0, v;C"). Increase ¢ by one and go to Step 2.

In the expectation step, we compute a conditional expectation. In the maximization step, we

solve an optimization problem. We can perform both of these tasks efficiently.

Computing the Conditional Ezxpectation. In the expectation step, given that the customers choose

according to our mixture model with some parameters (\,0,v), we compute an expectation of
the form E{Z|P(S) =i}. We have a closed-form expression for this expectation. The support
of the random variable Z is {0,1}, so E{Z|P(S) =i} =P{Z =1|P(S) =i} = % The
expression in the numerator is the probability that a customer is in the independent demand
segment and she purchases product ¢, so this probability is A 6;. The expression in the denominator
is the probability that a customer purchases product 4, so this probability is A0; + (1 —X) 17k +v . We
can use a similar argument to compute the expectation E{Z| P(S)=0}.

Solving the Optimization Problem. In the maximization step, given some complete purchase

history C = {(z:,S¢, i) :t=1,...,7}, we solve a problem of the form max, g vep L(X,0,v;C). We
can formulate this problem as a convex program with linear constraints. Furthermore, the objective
function of this convex program is separable by the decision variables (A, 8,v). Therefore, we can
solve the optimization problem in the maximization step efficiently. This result intuitively builds
on our earlier observation that if we have access to the complete purchase history, then we can
estimate the parameters of the independent demand and multinomial logit models separately by

independently focusing on the customers in the two segments. To make this discussion concrete,
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rather than maximizing the likelihood function, we maximize its logarithm. Taking the logarithm
in (4), we can express log L(\,0,v;C) as L1(\;C) + Ly(0;C) + L3(v;C), where we have
Li(\C) = Z {zt log A+ (1 —2;) log(1 — )\)}

t=1

Ls(6:C) = E:@{E:lﬁzu)bg@+1@pz®hg<l—§:@)}

i€S; €S
Ls(v;C) = Zu-@{ D 1(i=ii) logvi—log(l—l—V(St))}.
t=1 €S

Thus, we can equivalently solve the problems maxyejo,1) L1(A;C), maXeejoijn:5, .y 0;<1 L2(0;C)
and maxyep g L3(v;C) in the maximization step. Since logz is concave in z, L;(\;C) and
Ly(0;C) are concave in, respectively, A and 6. The log-sum-exp function log(1+>"" %)
is convex in (zy,...,z,) (Example 3.1.5, Boyd and Vandenberghe 2004). In this case, if
we make the change of variables v; = e* in Lz(v;C), then L3(p;C) is concave in p =
(tb1y .., t4n) as well. Therefore, by the discussion in the last two paragraphs, we can compute
the conditional expectations in the expectation step and solve the optimization problems in
the maximization step in our expectation-maximization algorithm efficiently. In Appendix J, we
combine the discussion in the last two paragraphs with the outline of our expectation-maximization
algorithm to give a step-by-step specification of the algorithm. In the same appendix, we
also argue that the sequence of parameter estimates {(\*, 0% v%):¢=1,2,...} generated by the
expectation-maximization algorithm monotonically increases the likelihood function built by using
the purchase history {(S;,7;):t=1,...,7}. Thus, we can stop the algorithm when the increase in

the value of this likelihood function in the successive iterations falls below a threshold.

We can parameterize (A, 0, v) in our mixture model as a function of the features of the products,
which becomes useful when one desires a parsimonious model or a new product with no purchase
data is introduced. The features of product i are given by fi = (fi1,..., fim), where fi. is the value
of feature k for product i. We postulate the following Poisson arrival process. Customers in the
multinomial logit segment arrive with rate A. These customers are willing to consider any product,
so their arrival rate is independent of product features, but they can leave without a purchase. If we
Lﬁ. For ©:R—R,,

143 jege” Ti
customers in the independent demand segment for product i arrive with rate ©(a'f;). These

offer the assortment S, then each chooses product ¢ with probability

customers only consider product i. Thus, over an infinitesimal period J, as a function of the

T
offered assortment S, the purchase probability of product i € S'is §O(af;) +5 A e Ji The
1+

B8f;
jeS €
parameters (A, a,3) € R, x R*™ are to be estimated. Representing the parameters (\,0,v) in our
mixture model as A =1—JA, 0;,= 17‘5/\5 O(a'f;) and v; = eﬁTfi, the last choice probability is
A+ (1—A)

-. Possible choices for ©, for example, are O(z) =e€” or O(z) = Ke” /(1 +¢")
J
with K > 0, both choices are simply motived by the fact that © should take values in positive reals.

V4
1+Zjesv
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7.2 Experimental Setup

In our computational experiments, we consider the purchase histories of customers making
purchases according to a complex ground choice model that does not comply with the independent
demand or multinomial logit models. We fit our mixture model, as well as the multinomial logit,
independent demand, exponomial and Markov choice models, to the purchase histories and compare
the prediction ability of these fitted choice models. The ground choice model is the nonparametric
choice model, where we populate the preference lists through a dataset from Kamishima (2018),
including the rankings of sushi varieties by diners. In the nonparametric choice model, we have p
customer types. Indexing the customer types by P ={1,...,p} and the products by N ={1,...,n},
customers of type £ are characterized by a preference list of products o = (c°(1),0(2),...,0°(k"))
with o(i) € N for all i =1,... k" where ¢*(i) is the ith most preferred product by a customer of
type £ and k* is the number of products in the preference list. A customer of type ¢ arrives with
probability ‘. An arriving customer chooses the most preferred product in her preference list that
is also available in the offered assortment. If no product in her preference list is available, then
she leaves without a purchase. Thus, the parameters of the nonparametric choice model are the

preference lists {o: ¢ € P} and the arrival probabilities (n',...,n?).

In the dataset, we have the rankings of 10 sushi varieties declared by 5000 diners. We use
p = (p*(1),...,p*(10)) to capture the ranking declared by diner ¢, where p(i) is the ith most
preferred sushi variety for diner £. We use this dataset to populate the preference lists in our
ground choice model as follows. We associate one customer type with each diner and one product
with each sushi variety, so the set of customer types is P ={1,...,5000} and the set of products
is N=1{1,...,10}. To come up with the preference list o* = (¢*(1),0%(2),...,0%(k")) for customer
type ¢, we sample k‘ from the geometric distribution with parameter e=¥ € (0,1) truncated over
the interval {1,...,10} and set (o*(1),...,0%(k")) = (p*(1),...,p (k")). In other words, we sample
the length of the preference list k* for each customer type ¢ from the probability mass function
flk)= Z}Zﬁtﬁwq’ in which case, the preference list of customer type ¢ is the ranking declared by
diner ¢ cut off after the first &’ sushi varieties. We vary 1) in our computational experiments. The
expected length of the preference lists increases as the value of ¢ decreases. Customers of each type
arrive into the system with equal probability, so we have n* =1/5000 for all £ € P. The discussion
so far describes our approach for using the dataset to populate the preference lists {o: £ € P} and

the arrival probabilities (n',...,n?) in the ground choice model.

Once we come up with the ground choice model by using the dataset as described in the previous
paragraph, we generate the purchase histories of customers making purchases according to the

ground choice model. The purchase history consists of the pairs {(S;,4;):t=1,...,7}, as discussed
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in Section 7.1. To generate the assortment S;, we include each product in the assortment S; with
probability 0.5. We sample the product i; among the products in S; and the no-purchase option
according to the ground choice model. In particular, noting that customers of each type arrive into

the system with equal probability, we sample the type of customer ¢ from the uniform distribution

over {1,...,5000}, in which case, if customer t is of type ¢, then this customer chooses the most
preferred product in the preference list o = (c(1),0%(2),...,0(k")) that is also available in the
assortment S;. If none of the products in the preference list 0* = (6/(1),0%(2),...,0%(k")) is available

in the assortment .S;, then customer t leaves without a purchase.

We use maximum likelihood to fit our mixture model, as well as the multinomial logit,
independent demand, exponomial and Markov chain choice models, to the purchase histories
that we generate. We have an expectation-maximization algorithm to fit our mixture model. The
log-likelihood function under the multinomial logit and independent demand models are concave
in the parameters, so we use steepest ascent. To estimate the parameters of the exponomial and
Markov chain choice models, we use the Python code provided by Berbeglia et al. (2021). For each
product i, we estimate 6, and v; separately without using product features. Thus, the parameters

(A, a,3) at the end of Section 7.1 do not play a role in our estimation procedure.

7.3 Computational Results

The parameter v controls the length of the preference lists in our ground choice model. We vary 1)
over {0.5,0.6,...,1.0} in our computational experiments. The number of customers in the purchase
history is 7. We vary 7 over {1250,2500,5000} to capture three levels of data availability in the
training data that we use to fit the choice models. Following the same approach that we use to
generate the training data, we also generate the purchase history for another 10000 customers
to use as the testing data. For each combination of ¢ and 7, we replicated our computational
results 50 times to get a better understanding of how much they change from one replication to
another. We regenerate the ground choice model, training data and testing data in each of these
replications. We compare the fitted choice models in terms of the out-of-sample log-likelihoods and
the expected revenues from the assortments obtained by using the fitted choice models to predict
the customer purchases. Throughout the discussion of our computational experiments, we use MIX
to refer to our fitted mixture choice model, MNL to refer to the fitted pure multinomial logit model,
IDM to refer to the fitted pure independent demand model, EXP to refer to the fitted exponomial
model and MCC to refer to the fitted Markov chain choice model.

Comparing Out-of-Sample Log-Likelihoods. In Table 2, we compare MIX, MNL, IDM, EXP

and MCC in terms of their out-of-sample log-likelihoods. In each of the 50 replications, after
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7 =1250
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Out-of-Sample Log-Likelihood Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP | Perc. MIX MCC

P MIX MNL IDM EXP MCC | Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr.| Gap Btr. Btr.

0.5 | -3,790 -3,800 -4,060 -3,829 -3,843 | 0.27 45 5 7.12 50 0 1.03 50 0 1.39 48 2
0.6 | -3,743 -3,755 -3,941 -3,792 -3,796 | 0.32 46 4 5.30 50 0 1.31 50 0 1.43 49 1
0.7 | -3,694 -3,710 -3,841 -3,752 -3,748 | 0.43 48 2 3.98 50 0 1.57 50 0 1.47 48 2
0.8 | -3,655 -3,673 -3,764 -3,721 -3,706 | 0.48 46 4 2.97 50 0 1.79 50 0 1.40 48 2
0.9 |-3,614 -3,634 -3,695 -3,687 -3,663 | 0.57 49 1 2.25 50 0 2.03 50 0 1.36 48 2
1.0 | -3,579 -3,601 -3,639 -3,657 -3,635| 0.61 49 1 1.66 49 1 2.18 50 0 1.54 47 3

Avg.| -3,679 -3,696 -3,823 -3,740 -3,732| 0.45 472 2.8 3.88 498 0.2 | 1.65 50.0 0.0 | 1.43 48.0 2.0

T = 2500
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Out-of-Sample Log-Likelihood Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP| Perc. MIX MCC

P MIX MNL IDM EXP MCC | Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr.| Gap Btr. Btr.

0.5 | -3,781 -3,796 -4,056 -3,824 -3,793 | 0.38 50 0 7.26 50 0 1.12 50 0 0.30 37 13
0.6 | -3,734 -3,750 -3,937 -3,787 -3,746 | 0.43 49 1 5.43 50 0 1.41 50 0 0.32 33 17
0.7 | -3,685 -3,705 -3,837 -3,747 -3,698 | 0.55 50 0 4.12 50 0 1.67 50 0 0.34 36 14
0.8 | -3,643 -3,668 -3,759 -3,716 -3,657 | 0.69 50 0 3.19 50 0 1.99 50 0 0.40 41 9
0.9 | -3,602 -3,629 -3,691 -3,682 -3,620| 0.77 50 0 2.47 50 0 2.24 50 0 0.52 41 9
1.0 | -3,567 -3,596 -3,634 -3,6562 -3,583 | 0.80 50 0 1.88 50 0 2.37 50 0 0.43 41 9

Avg.| -3,669 -3,691 -3,819 -3,735 -3,683 | 0.60 49.8 0.2 4.06 50.0 0.0 | 1.80 50.0 0.0 | 0.39 38.2 11.8

7= 5000
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Out-of-Sample Log-Likelihood Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP| Perc. MIX MCC

P MIX MNL IDM EXP MCC | Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr.| Gap Btr. Btr.

0.5 |-3,776 -3,793 -4,053 -3,821 -3,773 | 0.44 50 0 7.33 50 0 1.18 50 0 |-0.08 15 35
0.6 | -3,730 -3,748 -3,935 -3,784 -3,727| 0.50 50 0 5.52 50 0 1.47 50 0 |-0.08 14 36
0.7 | -3,680 -3,703 -3,835 -3,745 -3,680 | 0.63 50 0 4.21 50 0 1.75 50 0 0.00 24 26
0.8 | -3,638 -3,666 -3,757 -3,713 -3,638 | 0.77 50 0 3.28 50 0 2.06 50 0 [-0.01 24 26
0.9 | -3,597 -3,627 -3,689 -3,680 -3,598 | 0.83 50 0 2.54 50 0 2.30 50 0 0.02 24 26
1.0 | -3,562 -3,594 -3,633 -3,649 -3,564 | 0.89 50 0 1.98 50 0 2.45 50 0 0.07 24 26

Avg.| -3,664 -3,689 -3,817 -3,732 -3,663 | 0.68 50.0 0.0 4.14 50.0 0.0 | 1.87 50.0 0.0 |-0.01 20.8 29.2

Table 2 Out-of-sample log-likelihoods of the fitted choice models.

generating the ground choice model, we sample training data and testing data using the ground
choice model. We fit MIX, MNL, IDM, EXP and MCC to the training data and compute the
log-likelihood of the testing data under the fitted choice models. There are three blocks in the
table. The top, middle and bottom blocks correspond to the values of 7 € {1250, 2500,5000}. In
each block, the first column gives the value of the parameter v, controlling the length of the
preference lists. The second column gives the average out-of-sample log-likelihood of MIX, where
the average is computed over 50 replications. Similarly, the third, fourth, fifth and sixth columns
give the average log-likelihoods of the remaining four fitted choice models. The next three columns
compare the performance of MIX with that of MNL. In particular, the seventh column gives the
average percent gap between out-of-sample log-likelihoods of MIX and MNL. The eighth column
gives the number of replications out of 50 in which the out-of-sample log-likelihood of MIX is
better than that of MNL, whereas the ninth column gives the number of replications in which the
outcome is reversed. In the remaining portion of the table, we use the same approach to compare

the out-of-sample log-likelihood performance of MIX with that of IDM, EXP and MCC.

The out-of-sample log-likelihoods of MIX improve those of MNL and IDM consistently, indicating

that we obtain significant benefits from mixing the independent demand and multinomial logit
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models, as done in our mixture model, rather than using either of the two choice models by itself.
We shortly demonstrate that these improvements in the out-of-sample log-likelihoods translate into
more profitable assortments. The out-of-sample log-likelihoods of MIX are significantly better than
those of EXP. The performance of MIX is competitive to that of MCC. For the training data with
7=1250 and 7 = 2500, corresponding to small to moderate levels of data availability, MIX has an
edge over MCC, whereas for the training data with 7= 5000, corresponding to large levels of data

availability, MCC has an edge over MIX.

The fact that MCC lags behind MIX when we have small to moderate amounts of data is
somewhat expected, as the number of parameters for MCC is significantly larger than that for
MIX. In particular, the parameters for MIX are A, (6,...,6,) and (vy,...,v,). In contrast, MCC
has one parameter d;; for each pair of products ¢ and j, characterizing the probability that a
customer considers purchasing product 7 when she currently considers product ¢ and this product
is not available, as well as one more parameter (; for each product i, characterizing the probability
that an arriving customer considers purchasing product 7. Thus, MIX has 2n + 1 parameters,
whereas MCC has n? +n parameters. With its larger number of parameters, MCC may potentially
provide more flexibility for capturing the choice behavior of the customers, but its large number
of parameters may also cause MCC to overfit to the training data, resulting in poor out-of-sample
log-likelihoods. The concern for MCC to overfit to the training data is especially significant when
we have little training data (Section 1.1, Bishop 2006). The results in Table 2 are consistent with the
discussion in this paragraph. When 7 = 1250 and 7 = 2500, corresponding to smaller and moderate
levels of data availability, the out-of-sample log-likelihoods of MIX are indeed larger than those of
MCC. Only when 7 = 5000, corresponding to larger levels of data availability, MCC catches up with
MIX. Thus, MIX is an appealing alternative to MCC, especially when we have small to moderate
amounts of training data to estimate the parameters of the choice model that we are fitting. In
addition, as discussed in Section 7.1, we can parameterize the independent demand probability 6;
and preference weight v; of each product ¢ in MIX as functions of the features of the product, but

as far as we are aware, there is no work on parameterizing MCC.

Comparing Fxpected Revenues. In Table 3, we compare MIX, MNL, IDM, EXP and MCC in

terms of their expected revenue performance. Recall that we carry out 50 replications for each
combination of (¢,7), where we regenerate the ground choice model, as well as the training
and testing data, in each replication. In replication g, let ¢],;x(S) be the choice probability of
product ¢ within the assortment S under the fitted MIX. We generate 100 samples of the product
revenues, sampling the revenue of each product from the uniform distribution over [1,10]. In

replication ¢, letting (r%*,...,7%) be the product revenues in the kth sample, we use §f{/ﬁx to
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T=1250
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Expected Revenue Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP | Perc. MIX MCC

¢ | MIX MNL IDM EXP MCC| Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr.
0.5 | 5.760 5.689 5.504 5.499 5.785| 1.23 46 4 4.44 50 0 4.53 50 0 |-043 17 33
0.6 | 5.666 5.542 5.504 5.274 5.655 | 2.19 50 2.86 50 0 6.92 50 0.19 31 19
0.7 | 5.598 5.418 5.504 5.077 5.575| 3.22 50 1.68 50 0 9.31 50 041 34 16
0.8 | 5.550 5.319 5.504 4.916 5.502 | 4.16 50 0.83 46 4 |11.42 50 0.86 42 8
0.9 | 5.512 5.239 5.504 4.781 5.435| 4.95 50 0.15 32 18 | 13.26 50 1.40 45 5
1.0 | 5.490 5.168 b5.504 4.664 5.403 | 5.87 50 -0.26 19 31 | 15.05 50 1.58 50 0
Avg.| 5,596 5.396 5.504 5.035 5.559 | 3.60 49.3 0.7 1.62 41.2 8.8 |10.08 50.0 0.0 | 0.67 36.5 13.5

(=N Nl
oo oo o

T = 2500
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Expected Revenue Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP | Perc. MIX MCC

¢ | MIX MNL IDM EXP MCC | Gap Btr. Btr. | Gap Btr. Btr.| Gap Btr. Btr. | Gap Btr. Btr.
0.5 | 5.784 5.688 5.504 5.497 5.839 | 1.66 50 0 4.84 50 0 4.96 50 0 -0.95 4 46

0.6 | 5.696 5.541 5.504 5.271 5.717 | 2.72 50 0 3.37 50 0 7.46 50 0 |-037 14 36
0.7 | 5.625 5.416 5.504 5.076 5.628 | 3.72 50 0 2.15 50 0 9.76 50 0 |-0.05 22 28
0.8 | 5.584 5.317 5.504 4.918 5.569 | 4.78 50 0 1.43 50 0 |11.93 50 0 0.27 39 11
0.9 | 5.548 5.237 5.504 4.781 5.514 | 5.61 50 0 0.79 46 4 11382 50 0 0.61 45 5
1.0 | 5,518 5.168 5.504 4.665 5.476 | 6.34 50 0 0.25 37 13 | 15.46 50 0 0.76 46 4
Avg.| 5.626 5.395 5.504 5.035 5.624 | 414 50.0 0.0 | 2.14 472 2.8 |10.57 50.0 0.0 | 0.04 28.3 21.7
7 = 5000
MIX vs. MNL MIX vs. IDM MIX vs. EXP MIX vs. MCC
Expected Revenue Perc. MIX MNL | Perc. MIX IDM | Perc. MIX EXP | Perc. MIX MCC

¢ | MIX MNL IDM EXP MCC| Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr. | Gap Btr. Btr.

0.5 | 5.800 5.689 5.504 5.497 5.868 | 1.91 50 0 5.10 50 0 5.22 50 0 |[-1.17 O 50
0.6 | 5.713 5.541 5.504 5.268 5.748 | 3.01 50 0 3.66 50 0 7.79 50 0 |-061 6 44
0.7 | 5.640 5.420 5.504 5.076 5.664 | 3.90 50 0 2.41 50 0 |10.00 50 0 [-043 9 41
0.8 |5.597 5.318 5.504 4.913 5.606 | 4.98 50 0 1.66 50 0 |12.22 50 0 |-0.16 19 31
0.9 | 5.561 5.240 5.504 4.777 5.553 | 5.77 50 0 1.02 49 1 14.10 50 0 0.14 29 21
1.0 | 5,532 5.169 5.504 4.660 5.520 | 6.56 50 0 0.51 44 6 |15.76 50 0 0.22 34 16

Avg.| 5.641 5.396 5.504 5.032 5.660 | 4.36 50.0 0.0 239 48.8 1.2 |10.85 50.0 0.0 |-0.34 16.2 33.8
Table 3 Expected revenues obtained by the fitted choice models.

denote the optimal assortment to offer under the assumption that the customers choose according
to the fitted MIX, so we have S%. = arg maxscy Y eg &7 vrx (). Note that customers actually
choose according to the ground choice model. In replication g, letting ¢ qry(S) be the choice
probability of product ¢ within the assortment S under the ground choice model, we compute the
actual expected revenue from the assortment §1‘\1ﬁx as Riyy =3 icGak ik (f’g,GRN(gf/ﬁx)' Averaging
over the 100 revenue samples, we capture the expected revenue performance of MIX in replication

L 00 RIY . We capture the expected revenue performance of MNL, IDM, EXP

q by Revyyx = 100 2<k=1

and MCC in replication g by computing Revi;y;, Revipy, Reviyp and Revi . similarly.

The layout of Table 3 is identical to that of Table 2, except that this table focuses on the
expected revenues rather than log-likelihoods. In this table, the first column gives the value of
1. The second column gives average expected revenue obtained by MIX, where the average is
computed over the 50 replications and 100 product revenue samples, so the second column gives
the average of {Revix :¢=1,...,50}. Similarly, the third, fourth, fifth and sixth columns give
the average expected revenues of the remaining four fitted choice models. The next three columns
compare the expected revenue performance of MIX with that of MNL. In particular, the seventh

column shows the average percent gap between the expected revenues of MIX and MNL. The
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eighth column gives the number of replications out of 50 in which {Revy;x:¢=1,...,50} is larger
than {Revi :¢=1,...,50}, whereas the ninth column gives the number of replications in which
the outcome is reversed. That is, the eighth and ninth column give 220:1 1(Revi;x > Revyiy,) and
Zzil 1(Revix < Revipn). In the remaining portion of the table, we use the same approach to
compare the expected revenue performance of MIX with that of IDM, EXP and MCC.

Our results indicate that MIX can noticeably improve the expected revenues of MNL and IDM,
the average gaps reaching 4.03% and 2.05%, respectively. The performance of IDM is competitive
to that of MIX only for larger values of 1. As the value of v increases, the expected length of the
preference lists decreases, so intuitively speaking, the customers become less likely to substitute
and the ground choice model gets closer to the independent demand model. Still, over all 900
replications, in 823 of them, the expected revenue performance of MIX is better than that of
IDM. Also, we can always maximize the expected revenue under IDM by offering all products, so
the expected revenue performance of IDM does not change from one replication to another. Note
that EXP consistently lags behind MIX. The performance of MIX is competitive to that of MCC.
In 484 out of 900 replications, the expected revenue performance of MIX is better than that of
MCC, whereas the outcome is reversed in 416 replications. Similar to out-of-sample log-likelihoods,
the expected revenues of MIX tend to be larger than those of MCC especially when 7 = 1250,
corresponding to smaller levels of data availability. Thus, MIX can be an appealing alternative to
MCC when we have a small amount of training data. In Appendix L, we extend our expectation-
maximization algorithm to censored demands and give computational experiments. Under censored
demands, if a sale does not happen for a certain duration of time, then we do not know whether a

customer did not arrive or the arriving customers did not make a purchase.

8. Conclusions

Our mixture choice model is a natural way to improve the flexibility of both the multinomial logit
and independent demand models in capturing the choice process of the customers, while ensuring
that the corresponding assortment optimization problems remain tractable. Our numerical results
indicate that the mixture choice model can be an appealing alternative to the exponomial and

Markov chain choice models as well. Our work opens several research paths.

Pricing Problems. One can study pricing problems under a mixture of independent demand and

multinomial logit models. In this paper, our focus is on assortment optimization and a detailed
treatment of the pricing problem is beyond our scope. However, to illustrate research challenges,
we discuss one possible approach to incorporate pricing decisions into our mixture model. We index

the set of products by N ={1,...,n}. We use the vector p = (p1,...,p,) € R} to denote the prices
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charged for the products. For the independent demand segment, a customer in the independent
demand segment is interested in purchasing product ¢ with probability a; with »,_\ a; <1. For
9; : Ry — [0, 1], if we charge the price p; for product i, then a customer in the independent demand
segment interested in purchasing product i purchases this product with probability ¥;(p;). With
probability 1 —;(p;), the customer leaves without a purchase. For the multinomial logit segment,

if we charge the prices p for the products, then a customer in the multinomial logit segment
eYi—Bipg
We can view {5, : 7 € N} as price sensitivity parameters. An arriving customer is in the independent

purchases product ¢ with probability here {(v;,5;) 11 € N} are fixed parameters.
demand segment with probability A. Using ¢; to denote the marginal cost of product ¢, to find the

prices that maximize the expected profit from a customer, we can solve the problem

e')/i —MNiPi

gé%%; {Z (Ao‘i Di(pi) + (1= A) 1+Zjezv eVrnm) (ps _Ci)} ' (5)

ieEN

In the objective function above, the expected profit from product ¢ in the independent demand
segment is «; ¥;(p;) (p; — ¢i), depending only on the price for product 4, which is a natural requisite

for the independent demand for product ¢ when we make pricing decisions. The expected profit

eHi—Bi Py

from product 7 in the multinomial logit segment is T R (p; — ¢i), depending on the prices
JEN €

of all products. We expect ¥, : Ry — [0, 1] to be decreasing. Possible choices for ¥;, for example, are
9i(p;) = e~ "Pi or ¥;(p;) = % with 7; > 0, both choices are simply motivated by the fact that
9; should be decreasing and take values in [0, 1]. Here, we can view {7, :i € N} as price sensitivity
parameters. A detailed treatment of the pricing problem is beyond our scope, but in Appendix K,

for the second choice of ¥; with equal price sensitivity parameters for the products, we give a

dynamic program to obtain a solution to problem (5) with a pre-specified optimality loss.

FEzxtra Flexibility. Customers in our independent demand segment do not make a purchase when

their most preferred product is not available, but one can introduce extra flexibility into the choice
process. Consider a choice model where the customer can substitute to her second most favorite
product, when her most favorite product is not available. Similar to the standard multinomial
logit model, the utility of product ¢ has the Gumbel distribution with location-scale parameters
(ui,1), so the preference weight of product i is v; = eti. The utility of the no-purchase option
has the Gumbel distribution with location-scale parameters (0,1). A customer associates utilities
with the products and the no-purchase option. The available alternatives are the products in the
offered assortment and the no-purchase option. If the alternative with the largest utility is available,
then the customer chooses this alternative. Otherwise, the customer substitutes to the alternative
with the second largest utility with probability 5. With probability 1 — £, the customer does

not substitute and leaves. If the customer substitutes to the alternative with the second largest
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utility and this alternative is not available either, then she leaves. In Bai et al. (2021), letting

V(S) =>",cqvi» we show that the choice probability of product ¢ within the assortment S is

%) = Ty | TP 2 v

JEN\S

Furthermore, we show that the assortment optimization problem is NP-hard under this choice
model. Thus, one additional substitution opportunity substantially complicates the problem. In the
same paper, for K > 1, we consider K substitution opportunities as opposed to only one. Naturally,
the assortment optimization problem remains NP-hard in this case. We give a polynomial time
approximation scheme (PTAS), where for any € € (0,1), the PTAS obtains a (1 — €)-approximate
solution in running time that is polynomial in n, but exponential in 1/e and K. Unlike our mixture
model in this paper, the assortment optimization problem under the choice model described in this
paragraph does not admit a polynomial-time solution method and its structure is substantially
different from that of the problem that we consider in this paper. Clearly, there may be other
approaches for introducing extra substitution opportunities into the choice process and studying

the corresponding assortment optimization problems is an interesting area of research.

Other Miztures. Our results for exactly solving the unconstrained assortment optimization

problem under our mixture model closely exploit the structure of the independent demand and
multinomial logit models in the mixture. Exact solutions under mixtures of other choice models
will likely require different approaches. Nevertheless, we built on the FPTAS for the knapsack
problem to develop an FPTAS for the capacitated assortment optimization problem under our
choice model. One may use a similar approach to give an FPTAS under other mixtures when the
objective function involves sums of fractions, which is the case, for example, for the nested logit
model. The key is to mix choice models to improve their ability to capture the choice behavior,

while keeping the resulting optimization problems tractable.

Fitting Choice Models. There are challenges in fitting choice models in practice. First, demand

may be censored, which refers to the fact that if we did not have sales over a period of time, then we
may not know whether no customer arrivals occurred or the arriving customers did not purchase
anything. In Appendix L, we extend our expectation-maximization algorithm to censored demands
and test its performance. Second, the offered assortments change from customer to customer in
our computational experiments, but the product prices may change too. In this case, we may
parameterize the preference weights and independent demand purchase probabilities as a function
of the prices as discussed at the end of Section 7.1. Alternatively, for each product ¢, we may

associate a different preference weight v; and purchase probability 6; for different price levels with
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the constraint that the preference weight and purchase probability for larger prices are smaller.

These issues occur when working with not only our mixture model but all choice models.
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Appendix A: Comparison with a Mixture of Multinomial Logit Models

We argue that it is impossible to express our choice model as a mixture of multinomial logit
models with two segments. In particular, we consider a mixture of multinomial logit models with
two segments. The set of products is N ={1,...,n}. Customers in the first segment associate the
preference v; with product ¢, whereas customers in the second segment associate the preference
weight w; with product ¢. An arriving customer is in the first segment with probability A. As a
function of the preference weights v = (vy,...,v,) and w = (wy,...,w,) and the relative size A of
the two segments, we use ¥;(S; A\, v,w) to denote the choice probability of product i € S within the
assortment S. Thus, letting V(S) =", gv; and W(S) =", s w; for notational brevity, we have

Y (S; A\ v,w) = A Hq"/il(s) +(1=X) 1+;/‘1)/i(5) for all 7 € S. We consider the independent demand model,

where product i, if offered, is purchased with probability 1/(1 4+ n). This independent demand
model is an instance of our mixture model. Consider calibrating the parameters of the mixture of
multinomial logit models so that the choice probability of each product ¢ out of the full assortment
N matches its corresponding choice probability under the independent demand model. We show
that the choice probability of some product ¢ out of the singleton assortment {i} must deviate from
its corresponding choice probability under the independent demand model by a fixed constant. In
particular, we show that if we calibrate the parameters of the mixture of multinomial logit models

so that ¥;(N; A\, v,w)=—— for all 2 € N, then we must have max;cn |¥;(12}; A\, v, w fas
hat ,;(N; A 1J1rnf 11i€ N, th h b A >

1+n
long as n > 20. Thus, we cannot calibrate the two choice models to match the choice probabilities
of all products out of all assortments. Consider the problem
zr = min Z‘z/} {i}; A v,w) — b : wi(N;)\,v,w):LVieN . (6)
(Avw)ef0.1] xR | ¥ n+1 n+1
Noting that Z* is the optimal objective value of the problem above, in the next theorem, we

show that Z! increases linearly with the number of products.

3

Theorem A.1 Foralln>1, Z7 > 1 g

By the theorem above, for any (\,v,w) € [0,1] x R3" that satisfies 1;(N;\,v,w) = -5 for all

i€N, we have 23 ‘wi({i};)\,v,w) — 5| >4~ 55 Since max;ena; > = Y.\ a;, we have
bty A vw) — | > 12 (il A ow) —
I}éaj\%{ 3 1 ) 7v7w n+1 — n 7 4 ) ’v7w n+1 )

ieN
in which case, for any (\,v,w) € [0, R3" that satisfies ¢

1] x vi(N
!>i—2i We have § — 2 >

v, W) = 5 forall i€ N, we

A
have max;en [ ({i}; A, v, w) — T é for n > 20, so the desired result
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holds. In the rest of this section, we use a sequence of lemmas to show Theorem A.1. We use a

change of variables to give an alternative formulation for problem (6). Consider the problem

1= (= — Az
Y= min {Z<x?j_c;z n ( )<n+1 1 $) > :

(ao.@)€l0 xR { oy (n+1 )\x()) + <TH - /\xi)

1 .
$0+Z$i=1, xigm VZGNU{O}}, (7)

ieEN

where we use the vector of decision variables & = (x1,...,x,). In the next lemma, we show that

the optimal objective values of problems (6) and (7) differ by n/(n+1).

Lemma A.2 Noting that the optimal objective values of problems (6) and (7) are, respectively, Z*

and Y*, for alln>1, we have Z} =Y, — o
] n+1

Proof. In any feasible solution to problem (6), we have ¥;(N;\,v,w) = # for all 7 € N. By the
definition of ¢;(S; A\, v, w), we have ¥;({i}; A\, v,w) > 1;(N; \,v,w), so we get ¥, ({i}; \,v,w) > —= +1
in any feasible solution to problem (6). Thus, we can drop the absolute value in the objective
e [ A v 0) = | = =
dien Vil{ihs v, w) =-S5+ ()\ 1_”:@ (L=A) o5 ) Also, the constraints in problem (6)
are given by \ —2— —A)

function, so the objective function of problem (6) is ).

+1 for all i € N. Thus, problem (6) is equivalent to

1+V(N) +(1 1+Wi(N) n

n V; w;
Zr = — + min ()\ — +(1-A . ):
n+1 (A v,w)€[0,1] xR {Z 1+ v; ( ) 14+ w;

ieN

U; w;

1
A————+(1-X = Vie N
vy TN T T e }
(a) n . T Yi
=-—— + min E <)\ +(1-=A > :
n+1 (N zo,2,y0,y)€[0,1]2+3 {ieN To+ T ( )y0+yi

1
Aoi + (1= Ngi=— 7 VieN, mo+) mi=1, yo—i-Zyi—l}, (8)

i€EN i€EN

where (a) follows by making the change of variables z; = v;/(1+ V(N)) and y; = w;/(1+ W (N))
for all i € N, as well as o =1/(1+V(N)) and yo=1/(1+ W (N)).

It is enough to show that the optimal objective value of the problem on the right side of (8) is
equal to Y. If we have Ax; + (1 —\) y; = 5 for all i € NU{0} and xo+ ), #; = 1, then adding
the first n+ 1 equalities over all i € N U {O} we obtain A(zo+ o n i) +(1=X) (Yo + 2 ,en¥i) = 1,
in which case, in view of the equality zo+ ), v z; =1, we get yo + >, vy ¥ = 1. In other words,
having Az; 4 (1= \)y; = 5 for alli € NU{0} and @+, ; = 1 implies that yo + Y,y vi = 1.

In this case, for the problem on the right side of (8), if we replace the constraint Az; +(1—\) y; = n%rl
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for all i € N with Az, 4+ (1 = A)y; = ;5 for all i € N U {0}, then the constraint yo + >,y v =1

becomes redundant. Therefore, the problem on the right side of (8) is equivalent to

min ()\ +(1—-X\ ) :
(\z0,2,y0,y)€[0,1]27+3 { ;\, To+ x; ( ) Yo + Vi

1
A+ (1= Nye= o VieNUL0), xﬁzf‘fl}

€N

1
Az, (1—=X) <—n —)\mi>
2 min > L -
(\zo,z)€[0,1]n+2 e \ o +x; (n+1 )\xo> <%+1 — /\$¢>

1
;< ——— Vie NU{0}, xo+)» x;=1,,
“A(n+1) {03, o ; }
where (b) holds because the first constraint in the problem on the left side above implies that
Yi = ﬁ(n—“ Az;). By (7), the optimal objective value of the last problem above is Y,*. [ |

For fixed (A, o) € [0,1] x R, we consider the values of € R" that are feasible to problem (7),
which are given by the polytope

1
Q()\,SUO):{wER" Zl‘z_l Zo, 0<xz_ﬁ
i€EN

Note that Q()\ xo) is the knapsack polytope, so if & € R} is an extreme point of Q(\,zo), then

VieN}.

0<z; < for at most one i € N. For all other j € N\ {i}, we have Z; =0 or z; = /\(nlJrl)'

A(n+1) +1)
Using the polytope above, (A, zg,x) is feasible to problem (7) if and only if (\,z,) € [0,1]?,

xo < and x € Q(\, xp). Also, to capture the objective function of problem (7), let

pr, 0N (o)
ot (Tﬂ Ax0)+(n+1 )\m>

so the objective function of problem (7) is } ..\ F'(A, 2o, 2;). In the next lemma, we give a lower

A(nt1) +1

F()Vx()uxi) -

)

bound on the optimal objective value of the problem mingecg(x,z) Y icn £ (A, To, 2:).

Lemma A.3 For any fized (\,xo) € [0,1]* such that 0 < x5 < ﬁ, we have the lower bound
given by
3 n+1lr,
> > -2 - - A (1— .
mergml\ngco){ F(X\ xo,x; } 2 —5t—— [)\ (I—=20)+(1-X)(1-A(1 xo))] (9)

Proof. For fixed (A, zo) € [0,1]* such that 0 <z < let * be an optimal solution to the

1
A(n+1)?
minimization problem in (9). Note that F'(\,zo,z;) is a concave function of z;, so there exists

an optimal solution to the minimization problem in (9) that is an extreme point of Q(\,z,). We
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proceed under the assumption that * is an extreme point of Q(\, ). In this case, by the discussion
right after the definition of Q(\,x), there exists at most one coordinate ¢ € N of x* such that

0<zf < All other coordinates of =* take the value zero or Let H be the number

A(n+1) +1) A(n+1) +1)

of coordinates of x* that take the value D +1 . Thus, the number of coordinates that take the

value zero is at least n — H — 1. Since &* € Q(\, ), we have o+ ),

<1<zo+(H+1)——

;en i =1, which implies that

o+ H—+ where the first inequality holds since there are at least H

/\(n+1) A( H—l)’

strictly positive coordinates of x* that take the value whereas the second inequality holds

1
A(n+1)?
since there are at most H + 1 strictly positive components of x* and each of these components
takes at most the value 1= +1) We write the last chain of inequalities as (1 —z¢) A(n+1)—1< H <
(1 —=mz9) A(n+1). Letting B= (1 —x0) A(n+ 1) for notational brevity, we get B—1< H < B. So,

the optimal objective value of the minimization problem in (9) satisfies

© . 1
wergm/\nﬂg0 {ZF (N, o, x; } He{ommnl}:{HXF()\’xO’)\(n-i-l)> —i—(n—H—l)xF()\,xo,O)}

B-1<H<B
(b) A 1—A
> i H—" 4+ (n-H-1)——> 4L (10
_Hegflnn—l];{ Axg(n+1)+1 (n )Q—Aaco(n—l—l)} (10)
B-1<H<B

where (a) holds by dropping one component that is between zero and

and F(\,z0,0) =

St Whereas (b) holds

by the definition of F(\, zg,x;).

since F'(A, 2o, 55,777) =

A
Azg (n+1)+1 2— )\wo (n+1)

Note that we have the identity ming ;<,<pax =min{aB,a(B — 1)} = aB — max{a,0}. Also,

using the fact that 0 < zy < we obtain

1
A(n+1)?

A 1—A
i H— i (n-H-1)—
Heﬁnfu; { Axg(n+1)+1 (n )Z—Axo(n—i—l)}

B-1<H<B

(c) A 1-A| @ 1 1—A

> ' z —g-1nN—2%y > i i -1 —=
_He[r(gflnn—ﬂ:{H2+(n H-1) 2 }_ BEIEE<B{()\ 2)H}+(n D 2
B—-1<H<B

(e) 1 1 1-Xx 1 1—A
= —_ — — _ — — > —_ — — —_ — _—
</\ 2)3 max{)\ 2,0}+(n D= = </\ )(1 ) A(n+1) =5 +(n—1)—

1
DR (1 —a0) + (=N A=A —m0)] — 5+, (11)

where (¢) holds since Az (n+1) <1, (d) holds by arranging the terms and dropping the constraint
H €[0,n—1], (e) holds by the identity at the beginning of this paragraph, (f) holds by using the
definition of B and noting that A — % < and (g) follows by arranging the terms. Combining (10)
and (11), noting that A > 0, the result follows. [ |

Proof of Theorem A.1. In the rest of this section, we use Lemmas A.2 and A.3 to give a proof

for Theorem A.1. By the discussion right after the definition of the polytope Q(\,xg), (A, zg,x) is
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feasible to problem (7) if and only if (A, z) € [0,1]?, 2o < and « € Q(\, zg). Thus, since the

1
A (n+1)
objective function of this problem is ) .  F'(\, 7o, ;), problem (7) is equivalent to

(@) . '
y* W min min F(\ xg,z;
! (A, o) €10,1]: {meg()\,zo) {1621\( ( 0 )}}

To = Xy

(;)371—1-1

1
i A (11— 1= (1=X(1- T — 12
=737 (A,xﬁ?é%,lp{ (1= 20) + (1= A) (1= A(1— o)) $°—A(n+1)}’ (12)

where (a) follows by sequentially optimizing over the decision variables (A, zy) and « instead of

simultaneously optimizing over the decision variables (A, zq,x) and (b) uses Lemma A.3.

In the last minimization problem above, the constraint implies that Axqg < ——. Checking all
possible values of (A, x,) that satisfies Axy < +1’ this problem is equivalent to
W' = min AA2(1—20)+ (1= N (1-A(l—a0)) : 70< ————
" (uro)el0]? “An+1)
= min min NA—20)+(1=XN)(1=A(1-20)) : Azg=cC
cel0,731] | (Mzo)€l0,1]2
9" min min S AA—c)+(1-XN)(1—-X+¢); ¢, (13)
cel0, 747 | Aeled]

where ¢ holds by using the constraint Az = ¢ to replace xy with ¢/, in which case, the constraints

)\:L'() =C and ()\,,ﬁU(]) G [0, 1]2 lmply that )\ 6 [C, 1]

The objective function of the inner minimization problem on the right side of (13) is convex

and quadratic in A. Checking the first order condition of the objective function, the unconstrained

c+1

minimum occurs at A = <=, which satisfies the constraint A € [c,1]. In this case, evaluating the

objective function at A\ = C“ , the optimal objective value of the inner minimization problem on
the right side of (13) is given by 2==. Using this optimal obJectlve value in (13), we obtain
W, =min L 1_202 = % — W’ Where the last equality holds since === is decreasing in ¢ over
the interval [ %] Therefore, the optimal objective value of the minimization problem on the
right side of (12) is = 2(n+1)2, soYy>—3 4l [2 m} Thus, by Lemma A.2, we get
n 3 n+17l 1 n
A LI S S ]—
" o on+4+1 T 2+ 2 12 2(n+1)2] n+1
3 n 1 1 n n 5
= —-+-+-- - > - =7,
2 4 4 4(n+1) n+1 4 2

where the last inequality uses the fact that i >0 and 5 < 1. The chain of inequalities

4(n +1) =
above establishes the desired result. [ |
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Appendix B: Appendix: Red Bus-Blue Bus Paradox

A commuter has the option of using a red bus or a car to get to her destination on each day. She
chooses each of the two options with an equality probability of 1/2. Using 1 and 2 to capture the red

bus and car options, let ¢MN'(S) be the choice probability of option 4 under the multinomial logit

AN ({1,2))
SMNC((1,2})

a third option of a blue bus. McFadden (1980) argues that the two busses are identical to each

model given that the available options are S. Thus, we have = 1. Consider introducing
other and very different from the car for commuting purposes, so the commuter should choose
the two buses with equal probability and the introduction of the blue bus should not change the
choice probability of the car. Thus, the commuter should still choose the car with probability
1/2 and the remaining probability should be split equally for the two buses, yielding a choice
probability of 1/4 for each bus. However, due to its independence of irrelevant alternatives property,
if we use the multinomial logit model to capture the choice process of the commuter, then such
choice probabilities cannot be attained. In particular, using 3 to capture the blue bus option, after
introducing the blue bus, we want the choice probabilities of the two buses to be equal to each

MNL
other, so W = 1. Furthermore, by the independence of irrelevant alternatives property,

oM ({123} _ oWMN({1,2) Nb({12h)
AT (125D — (L, 2} but noting that we have 2 ¢MNL({1 2

the blue bus, we must have m 1. Thus, we must have ¢!N-({1,2,3}) = p¥"N-({1,2,3}) =
2 1<

MNL({1,2,3}), in which case, we get ¢}N"({1,2,3}) = o} ({1,2,3}) = oY ({1,2,3}) =1/3. Thus,

we have =1 before the introduction of

after the introduction of the blue bus, all options end up being chosen with an equal probability of
1/3. In contrast, we can calibrate our mixture model to produce the anticipated choice probabilities

before and after the introduction of the blue bus.

We set the parameters of our mixture model as 6, =0, 0, =1, 05=0, vy =M, v, =0, v3=M
and A =1/2. Let ¢*(S) be the choice probability of option i under our mixture model given that
the available options are S. Considering the choice probabilities of the red bus and car before the
introduction of the blue bus, under the parameters at the beginning of this paragraph, we have

W({1,2}) = 5 57 and ¢5™({1,2}) = 3, so the choice probabilities of the red bus and car get

arbitrarily close to 1/2 as M — oo. Thus, the choice probabilities from our mixture model match

those anticipated before the introduction of the blue bus. Considering the choice probabilities of

the two buses and car after the introduction of the blue bus, we have ¢Y*({1,2,3}) = 3 1+J\§M’
¥"({1,2,3}) = 5 and ¢§™({1,2,3}) = 5 17457, so the choice probabilities of the red and blue buses

get arbitrarily close to 1/4 and the choice probability of the car gets arbitrarily close to 1/2 as
M — oco. Thus, the choice probabilities from our mixture model match those anticipated after the
introduction of the blue bus. Thus, our mixture choice model does not display the red bus-blue
bus paradox in its classical form, but this discussion should not mean that our choice model is

uniformly superior to the multinomial logit model or always resolves similar paradoxes.
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Appendix C: Comparison with the Markov Chain Choice Model

We give an example to show that our mixture of independent demand and multinomial logit models
is not a special case of the Markov chain choice model. Under the Markov chain choice model,
a customer arriving into the system is interested in purchasing product i with probability ~;. If
this product is available for purchase, then the customer purchases it. Otherwise, the customer
transitions from product ¢ to product j with probability p;; and checks whether product j is
available for purchase. With probability 1 — jen Pij» the customer transitions to the no-purchase
option, in which case, she leaves without a purchase. In this way, the customer transitions among
the products according to a Markov chain until she visits a product that is available for purchase or
she visits the no-purchase option. The parameters of the Markov chain choice model are {~; :i € N}
and {p;; :1,j € N}. Given that we offer the assortment S C N of products, we let P;(S) be the
expected number of times that a customer visits product ¢ during the course of her choice process.
If © € S, then a customer purchases product 7 as soon as she visits this product, so for ¢ € S,
P;(S) is the purchase probability of product i when we offer the assortment S. We can compute

{P;(S) :i€ N} by solving the system of equations

P(S)=v+Y piPi(S)  VieN. (14)
JgSs

We can intuitively justify (14) through a balance argument (Feldman and Topaloglu 2017). On
the left side, P;(.S) is the expected number of times that a customer visits product ¢ during the
course of her choice process. For a customer to visit product ¢, she may arrive into the system
with an interest to purchase product i, which happens with probability ~;. Alternatively, she may
visit some product j € S and the expected number of visits to this product is P;(S). In this case,
if she transitions from product j to product ¢, then the customer ends up visiting product i. The
probability of transitioning from product j to product i is pj;. If > jen Pij <1for all i € N, then

there exists a solution to the system of equations above for any S C V.

We consider an instance of the mixture of independent demand and multinomial logit models
with N = {1,2,3}, (01,62,63) = (0,0,1), (v1,v2,v3) = (1,1,1) and XA = 1. Under this choice
model, if we offer the assortment S, then a customer purchases product i € S with probability
¢i(S) =A0; + (1 = A) 1757 In Table EC.1, we give the choice probabilities {¢;(5):i€ 5, SC N}
for this instance of the mixture of independent demand and multinomial logit models. We argue
that there exists no Markov chain choice model such that the choice probabilities under the Markov
chain choice model for all products and for all assortments match those under the mixture of
independent demand and multinomial logit models. In other words, there exist no parameters

{7i:i€ N} and {p;; : i,j € N} for the Markov chain choice model such that P;(S) = ¢;(5) for
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S $1(5) ¢2(S) s(5) S ¢1(S) #2(5) ¢s(S)
0 0 0 {12y 1/4 1/4 0
{1} 3/8 0 0 {1,y 14 0 1/2
{2} 0 / 0 {23y 0 1/4 1/2
{3} 0 0o 5/8 {1,2,3} 3/16 3/16 7/16

Table EC.1 Expected revenue provided by all possible assortments.
all S C N, ie N. To make this argument, by (14), note that P;({1,2,3}) =~; for all i € N.
Therefore, to ensure that P;({1,2,3}) = ¢:;({1,2,3}) for all i € N, we must choose {~;:i € N} so

that v1 = ¢1({1,2,3}) = &, 72 = $2({1,2,3}) = & and 3 = ¢5({1,2,3}) = =. By this reasoning, we
fix the values of the parameters {v;:i€ N}.

Consider an assortment of the form N \ {i}. Product ¢ is the only one not in the assortment
N\{i}, so by (14), we get P, (N \{i}) = v+ pir P;(N\{i}) for all k € N. Using the last equality with
k=1, we get (1—pi;) Pi(N\{i}) =i, so the equality P,(N\{i}) =+ pir P;(N\{i}) is equivalent
to Pr(N\{i}) =+ pir 1=, which, in turn, is equivalent to p;, = L bt (Py(N \ {i}) —v&). Thus,
to ensure that P,(N \ {i}) = ¢x(N \ {i}) for all i,k € N, we must have

pin = L BNV (1) = ).

K2

Using the values of ¢, (N \ {i}) for i,k € N in Table EC.1 and the fact that 7 = 2, 72 = &

and v = the expression above yields pa; = 1 (1 — p22), pa1 = £(1 — p33), pas = 5(1 — p22) and
y yields p p22), P31 = 2(1 = pss), pas = (1 —p

16"
ps2 = 2(1— pa3). Lastly, consider the assortment {1} By (14), we have Py({1}) =2+ p22 Po({1}) +
p32 P5({1}), which is equivalent to (1 — paz) Po({1}) =72+ ps2 P5({1}). Similarly, (1— ps3) P3({1}) =

3 + paz Po({1}). Since poz = %(1 p22) and psp = 7(1 p33), the last two equalities become

(1=p22) Po({1}) = 7247 (1 —ps3) P5({1})
(1= ps3) Ps({1}) = 7343 (1 - p2) P2({1}).

3 21

Since 7, = 1= and 73 = 1%, solving the equalities above, we get (1—py)P2({1}) = 2 and
(1= pss) Po({1}) = 2. Also, by (14), we have Pi({1}) =7 + pa Po({1}) + pss Po({1}). Noting
that 71 = {5, pa1 = 5(1 — p2) and py = (1 - 933) we get Pi({1}) = {5 + 5(1 — p22) P2({1}) +
2(1— ps3) Ps({1}), but since (1 — ps2) Po({1}) = 2 and (1 — ps3) P3({1}) = 22, plugglng them in the

last equality, we must have have P;({1}) = &, Wthh is different from ¢;({1}) =2

Thus, we cannot choose the parameters of the Markov chain choice model to make sure that
its choice probabilities match those in Table EC.1. The example that we give in this section is
not hard to find. Virtually for all randomly generated instances of our choice model, we cannot

calibrate a Markov chain choice model to match the choice probabilities of our choice model.
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Appendix D: Proof of Lemma 3.1

Let H={ie N:2;, =%}, M={ie N:0<Z; <Zp} and L={i € N :Z; =0}. To get a
contradiction, assume that M # @. We construct two distinct feasible solutions (7o, x,y) and
(To, T, Y) to the Assortment LP such that (Zo, Z,y) = 1 (To, Z,Y) + 5 (To, T, ¥), contradicting the fact

that (Zy,,¥y) is a basic feasible solution. For small € > 0, we define the solution (%, Z,y) as

gozfo—V(M)E,

~ ~ ep - ~ min iybg 1 ij = 11111 iy4g
B= @+ (1 V(H)e ifieM yij={A__ T e < min( 51
z, ifiel, Yii Vi ot

We claim that (Z,,@,y) is feasible to the Assortment LP. To see the claim, note that z, +
DoienViTi=To+ Y i enViZi—V(M)e—> cpviV(IM)e+ 0, vi (1+V(H))e=1, where the last
equality follows by the fact that 2o+, yviZi=1, > .. yvi=V(H) and ). _,,v; =V (M). Thus,
(zo,x,y) satisfies the first constraint. Noting that M # &, we have Ty, > 0. By the definitions of
Z; and Ty, for all i € H, we have Z;, =2, — V(M)e =2y — V(M)e=Z,. For all i € M, we have
Z; < Zo, so for small € >0, it follows that z;, =2, + (1 + V(H)) e <Zy — V(M) e = T. Lastly, for all
i € L, noting that x; = 0 < Xy, for small € >0, we get 7, =7, < Ty — V(M) e =z,. Thus, (zo,x,y)
satisfies the second constraint as well. If ¥;; = min{z;,7;}, then y;; = min{z;,7;}, so y;; <; and
yi; < ;. If, on the other hand, y;; < min{z;,7,}, then y;; < min{z;,z,;} — V(M) e for small € > 0.
Noting that z; > z; — V(M)e for all i € N, we get y;; = y;; < min{z;,z;} — V(M) e <min{z,,7;},
so ¥i; < 7; and y;; < x;. Thus, (2o, x,y) satisfies the third and fourth constraints. Also, we have

(z,y) € RT"2 for small € > 0, establishing the claim. Similarly, we define the solution (Zy,@,¥y) as

TOZZL'\Q—FV(M)Q

T+ V(M)e ifieH (7,7} if 5 in{7,7;)

~ . _ minyxr;,r; 1L Y;; = MIN\X;, T
Ti={%—(1+V(H))e ifiecM s=4 gf U Yig = T, 4

7, ificl. Yij if y;; <min{z;,z;}.

Using the same argument earlier in this paragraph, we can check that (Zo,Z,y) is feasible to
the Assortment LP. Noting that M # @, V(M) > 0, so Ty # Ty, which implies that (Zo,2,y) and

(To, Z,y) are distinct. By the definitions of (Zo, ) and (o, T), we have (Zo, Z) = 1 (To, Z) + 5 (To, T),

in which case, it only remains to check that y=1y+37.

If we have y;; < min{Z;, 7}, then y;; = yi; =7, 50 Ui; = Ui+ %yij, as desired. Thus, we assume
that ¥;; = min{Z;,z;}. Note that y,; = min{z,,z;} in this case. We consider four cases.

Case 1: Assume that (i,j) € H x H. The definition of H implies that z; = Z; = Zo, so yi; =
min{z;,z;} = Zy. Furthermore, if (i,5) € H x H, then we have z, =z, — V(M) e =z, — V(M) € and
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T =2;—V(M)e=Zo—V(M)e, so y;; =min{z;,7,;} =Ty — V(M) e. By the symmetric reasoning,

we have 7j,; = Zo + V(M) € as well. In this case, we get J;; = 3 ¥i; + 5 Uy-

Case 2: Assume that (i,j) € (H,M). By the definition of H and M, Z;, =2y > Z;, so y;; =
min{z,;,z;} =z;. If (¢,j) € (H, M), then we have 2, =2, - V(M)eand z; =2z; + (1 + V(H)) €, but
noting that z; > z;, we get z; > z; for small € >0, so y;; =min{z;,z;} =2; =z, + (1+V(H))e. By

the symmetric reasoning, we have ,, =Z; — (1 + V(H)) € as well. Thus, §;; =  Ji; + 3 U,

Case 3: Assume that (i,7) € (M, H) or (i,7) € (M, M). In this case, by using the same argument

in Case 2, we can show that 7;; = 3 7i; + %yij.

Case 4: Assume that i € L or j € L. Let £ € {i,j} be such that £ € L. The definition of L implies
that Z, =0, so ¥;; = min{z;,z;} <z, = 0. Furthermore, for ¢ € L, we have 7, =z, = 0, in which
case, we get y;; = min{Z;, 7, } <, = 0. By the symmetric reasoning, we have 7,; = 0 as well. In this

case, it follows that g;; = 0= 7i; + 3 Uy [ |

Appendix E: Proof of Theorem 4.1

We give a proof for the second part of Theorem 4.1. Let ¢ >0 be such that S*(\,z) =.5*(\,0) for
all x € [0,0) and S*(\,0) # S*(A,0). In other words, as we progressively increase the revenues of the
products by larger amounts, § is the first increment when the optimal solution to the Parametric
Mixture problem changes. It is enough to show that S*(\,d) 2 S*(\,0). Once we show this result,
we can set the nominal revenues of the products as {r; +d:i € N} and progressively increase the
product revenues starting from these nominal values. The discussion so far in this paragraph fixes
the value of d, so that we have S*(\,d) # S*(\,0) and S*(\,z) = S*(A,0) for all z €[0,9). On the
other hand, using R(S) as defined right before Theorem 3.3, there are finitely many values in the set
{R(S)+6 L5 . §C N}. Thus, there exists e >0 such that if R(S)+6 —5L £ R(Q) + 6 —&)

1+V(S) * 1+V(S) 1+V(Q)
for some S,Q C N, then we must have ‘R(S’) +0 1r‘(/5£)5) —R(Q) -0 1X‘(/C(222)‘ > ¢. That is, if the
quantities R(S)+ 4 IJ‘:‘(/S()S) and R(Q)+6 1‘+/‘(/C(922) are different from each other, then they must differ

by at least € > 0. For V,,;, = min;cy v;, fix some « € [0,d) such that

a <1+ 1iA HVZiN) §0> omm=e "

The discussion in the latter part of this paragraph fixes the value of «y. Since S*(\,z) = S*(},0)
for all z € [0,4), noting that v € [0,6), we get S*(\,v) = S*(A,0).

In the proof, for the values of § and « that we fix in the previous paragraph, we will show that

S*(A,9) 2 .8*(\,y). In this case, since S*(A,y) = 5*(A,0), we get S*(A,d) D S*(A,0), which is the
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desired result. Throughout the proof, we let R,(S) = %, 0,(S) = > ,cq(ri + ) 0; and

AL (S) = W In this case, letting S5 = S*(\,0) and S, = S*(\,~) for notational brevity, S;
is an optimal solution to the problem maxgscy A©;s(S)+ (1 —\) Rs(S), whereas S, is an optimal

solution to the problem maxgscy A0, (S)+ (1 —A) R, (S5).

We consider two cases. The first case will lead to a contradiction, so it cannot happen. In the

second case, we will establish the desired result. The first case is more involved.

Case 1: Assume that Rs(Ss) —0 > R,(S,) —~. Let K =S5\ S,. Thus, we have K C S5 and
S, N K = @. First, we proceed under the assumption that K # &. By definition of S, we have
AO,(S,)+ (1 —=X)R,(S,) > O,(S,UK)+ (1 —X)R,(S,UK), which we equivalently write as
(1=X)(Ry(Sy) =R, (S, UK)) > XY . i (ri+7)0; >0, 50 we get R,(S,) > R,(S,UK). By the same
argument at the beginning of the proof of Lemma 3.4, R, (S, U K) is a convex combination of R (.S.,)
and A, (K), so since R, (S,) > R,(S,UK), we must have A,(K) <R.(S,UK)<R,(S,). Also, by
the definition of A,(S), we have A,(S) = A(S) + x for S # @. By the assumption in Case 1, we
have Rs(S5) — > R,(S,) —~. Thus, using the chain of inequalities A, (K) <R, (S,UK)<R,(S,)
just established in this paragraph, it follows that Rs(S;) —d > R, (S,) —v> A,(K) — v = A(K),
which yields Rs(Ss5) > A(K)+d = As;(K). In this case, using the fact that Rs(Ss) can be expressed
as a convex combination of Rs(Ss\ K) and A;(K), having R;(S5) > As(K) implies that the chain
of inequalities R;(Ss\ K) > Rs(Ss5) > As(K) must hold.

Noting that Ss is an optimal solution to the problem maxgcy AO;(S)+ (1 —A) Rs(S) and S, is
an optimal solution to the problem maxgcy A©,(S) + (1 — ) R,(S), by Lemma 3.4, we have

R,(S,) — A, (K) Rs(S5\ K) — As(K)
14+ V(S,UK) 14V (Ss)

A0, (K) < (1- X\ V(K) and AO;(K) > (1—\) V(K)

To use Lemma 3.4 to get the two inequalities above, we need to have S, N K =@ and K C S5, but
these two conditions hold by the fact that K = S5\ S,.

By the definition of ©,(S), we have ©5(K) — O,(K) = (6§ — ) >_,cx 0 Adding the two
inequalities above, arranging the terms and using the fact that A,(S) = A(S) + x, we get

1+V(S,UK) A 14+V(S,UK)
RV(SV)_AU()_'YZW<R6<56\K)_A(K>_5)_1_)\ V(K) (5_7)291‘

2 i) - ) -5 - 125 T o) S,
2 Ra(8) — A(K) =5 - (e— (5-7), (16)

where (a) holds since S, U K D S5 by the definition of K, so %@;f) > 1, as well as

using the inequality Rs(Ss \ K) > Rs(Ss5) > As(K) established earlier in the proof, whereas
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(b) holds by (15). So, (16) yields R,(S,) > Rs(Ss) — €. By the definition of R,(S), for z >y,
we have R,(S) > R,(S). Thus, having R,(S,) > Rs(Ss) — € implies that Rs(S,) > R;(Ss) —e.
Also, noting the definition of R,(S), we have R,(S) = R(S) + = IX‘(;?)S) In this case, we get
R,(S,)+6—v=R(S,) — Yo 1+V 7+ 0= Rs(Sy) + (6 — ) 7= 1+V > Rs(S,). Since Rs(Ss5) >
R.,(S,)+d—~ by the assumptlon in Case 1, it follows that R(;(S(;) > R,(S,)+0—v>Rs(S,).
By the discussion so far in this paragraph, we have R;s(S,) > Rs(Ss) — € and Rs(Ss) > Rs(S,),
which imply that |Rs(Ss) — Rs(S,)| < € and R;(S;5) # Rs(S,). So, the assortments S,,Ss C N
satisfy |R(Ss)+0riay — R(S,) —dvies| <€ while R(S;) + 61585 and R(S,) + 68
being distinct from each other, which contradicts the definition of € at the beginning of the proof.

1+v<s )

Therefore, it follows that we cannot have K # & in Case 1.

Second, we proceed under the assumption that K = @. Since K = S5\ 5,, we get S, D S;. By
our choice of § and ~ at the beginning of the proof, S5 # S*(A,0), but S, =5*(\,0), so we cannot
have S5 = S,. Therefore, Ss is a strict subset of S,. By the definitions of S5 and S,, we have the
inequalities A©s(Ss) + (1 — A) Rs(Ss) > AOs(S,) + (1 — A) Rs(S,) and AO,(S,)+ (1 —A) R, (S,) >
A0, (Ss5)+ (1 —X) R,(Ss). Adding the two inequalities, we get

A [@5(56)_@7(55)} +(1 - )\) {Ra(sé)_Rv(Sé)] > A [@5(57)_@7(57)] +(1 - /\) |:R5(S'Y)_R’Y(S’Y)] :

Since S is a strict subset of S, we have 3, 0: <} ;.5 0; and VS < Y(5) where at least

THV(Sg) = T4V (Sy)
one of the inequalities is strict. We have ©,(S5) — ©,(S) = (x —y) > ,cs0: and R,(S) — R,(S) =
(x — y) 1}:‘(/3()3) so we write the inequality above as (6—7)(AD ,cq 0i+(1—A) IX‘(;?;)&)) >

s V(s V(s :
(6 =71\ Xies, O:+ (1= A) H‘(/(”S))) contradicting } ;¢ 0: <> _,cg 0i and 1+V(§s),;) < H‘(/(g)) with

one inequality being strict. So, we cannot have K = & in Case 1 either.

Case 2: Assume that Rs5(Ss5) —0 < R,(S,) —7. Let K =5, \S;. If K =0, then we get S, C S;,
which is the desired result. To get a contradiction, assume that K # @. Since K = 5, \ S5, we
have K C S, and K NS5 =@. We claim that R;(S; UK) < Rs(S;s). If the claim did not hold, then
we would get AO;(Ss UK) + (1 — A) Rs(S; UK) > AOs(Ss) + (1 — X\) Rs(Ss), which cannot hold
since S5 is an optimal solution to the problem maxgcny AO;5(Ss) + (1 — A) Rs(S) with the largest
cardinality. Thus, the claim holds and we have Rs(Ss UK ) < Rs(Ss). By the same argument at the
beginning of the proof of Lemma 3.4, R;(S; U K) is a convex combination of R;(Ss) and As(K),
so since Rs(S; UK) < Rs(Ss), we get As(K) < Rs(S; UK) < Rs(Ss). Noting that A,(S)=A(S)+=z
for S # @, subtracting 0 from the last chain of inequalities yields A(K) = As(K) — 9 < Rs(S5) — 9,
but since Rs(Ss) —0 < R,(S,) —~ by the assumption in Case 2, we have A(K) < R, (S,) —7.

The inequality at the end of the previous paragraph yields A, (K)=A(K)+~y < R,(S,). Also,
R,(S,) is a convex combination of R, (S, \ K) and A,(K), in which case, having A, (K) < R, (S,)
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implies that A, (K) < R,(S,) < R,(S, \ K). Noting that K NS; =@ and K C S, by the definition
of K, Lemma 3.4 implies that

Rs(Ss) — As(K)

R’Y(S’Y\K) — A’Y(K)
1+ V(S;UK) '

1+V(S,)

AOs(K) < (1- ) V(K) and A0, (K)>(1-\)V(K)

Since ¢ > v, we have O;(K) > 0., (K), in which case, the two inequalities imply that B3 (Sg)—A5(K)

1+V(S5UK) =
%W. Just before the two inequalities above, we established that A, (K) < ;%i(Si) <
R, (S, \ K). Furthermore, since K =5, \ S5, we have S;UK D S, 50 1+ V(S;UK) >1+V(S,), in
which case, we obtain Rs(S5) — As(K) > B (R (S, \ K) = A, (K)) > Ry (S, \ K) - A,(K) >
R.,(S,)—A,(K). Using the fact that A,(S)= A(S) + z, focusing on the first and last expressions
in this chain of inequalities, we obtain R;(S;) —d > R, (S,,) — v, which contradicts the assumption

that Rs(Ss) —0 < R,(S,) —~ in Case 2.

Appendix F: Proof of Theorem 5.2

In this section, we give our FPTAS. Throughout this section, for notational brevity, we let
O(S) = icgrifiand W(S) =3, sriv;and V(S) =, v;. For a fixed accuracy parameter o > 0,

we construct the grid points Grid={(1+a)*: k= Lloﬁia |- logl‘()lgfaﬂ}. We write the three

T 91 >z EZGS aq TV Z % and Z €S ozs’UZ S a Replacmg

- o’

constraints in problem (2) as ZZES op

these three constraints with 7, o[2-ribi] =[], Yicglanrivil = [4] and ZieSLE v <2,
we obtain an approximate version of problem (2). In particular, letting o,;(p) = [alp ri0:],

ki(q) = [ 4o rivi| and ;(s) = [ % v;], this approximate version is given by

G(p.qs) —mm{zc Sawz ], Yr@z=]n), Zw)sm}. (17)

icS icS ics i€s
Letting S* be optimal to the Capacitated Mixture problem, by the construction of Grid, there exists
(p,q,3) € Grid® such that p<O(S*) < (1+a)p, §<W(S*) < (1+a)7 and e s<V(S) <

In the next lemma, we show that S* is feasible to problem (17) when we solve this problem with

any (p,q,s) such that p<O(S*) < (1+a)p, g <W(S*)<(1+«)q and —5 <V(S*) <

Lemma F.1 Using S* to denote an optimal solution to the Capacitated Mixture problem, let (p,q,s)
be such that p<O(S*) < (1+a)p, ¢<W(S*) <(1+a)q and —s <V(S*) <5§. Then, S* is a
feasible solution to problem (17) with (p,q,s) = (D,q,S).

Proof. By our choice of p, we have )
with 2%, we obtain }_,

ses+ Ti0i = ©(S™) > p. Multiplying this chain of inequalities

ies axTi0i = %, which implies that -, o.[ 57 0;] = [ 2], so noting the

definition of o;(p), we get > . o 0i(p) > [2]. Thus, S* satisfies the first constraint in problem
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(17) when we solve this problem with (p,q,s) = (p,q,s). We can use precisely the same argument
to show that S* satisfies the second constraint in problem (17) when we solve this problem with

(p,q,s) = (p,q,5). Lastly, by our choice of s, we have »_._., v; =V (S*) <s. Multiplying this chain

ies
of inequalities with X, we get > . _o. 2 v; <2, which implies that ), . [ v;] < [2]. In this
case, using the definition of v;(s), we get > .. 7i(5) < [2], so S* satisfies the third constraint in

problem (17) when we solve this problem with (p,q,s) = (p,q,5). [ |

By the next lemma, if we choose (p,q,s) with p<O(S*) < (1+a)p, ¢ <W(S*) <(1+«a)q and
T2 8 SV(8*) <s, then (17) yields a performance guarantee for the Capacitated Mixture problem.

Lemma F.2 Using S* to denote an optimal solution to the Capacitated Mixture problem with the
expected revenue z*, let (p,q,S) be such that p<O(S*) < (1+a)p, ¢<W(S*) < (1+«a)q and

ﬁé‘g V(S*) <. Then, letting S be an optimal solution to (17) with (p,q,s) = (p,q,S), S is a

(1-20)% _«

feasible solution to the Capacitated Mixture problem with an expected revenue of at least L

Proof. By Lemma F.1, S* is a feasible solution to problem (17) when we solve this problem with
(p.q,s) = (,3,3), but S is an optimal solution to problem (17) with (p,q,s) = (§,7,5). Therefore,
we have ). ac; <), q. ¢; < C, where the last inequality follows since S* is an optimal solution to
the Capacitated Mixture problem, so it satisfies the constraint in this problem. Thus, S is a feasible
solution to the Capacitated Mixture problem. To compute the expected revenue of the assortment

S, using the fact that z > [] —1 and |x| >z — 1, we have the chain of inequalities

A A oo
YRR SRS ?Z((Cjﬁw]_l) 2 Cj(z(cjﬁmei]_n)

ies i€S i€S ies

< Of(Zon(@n) > ff(m”) af<21”> :ﬁ(lz‘“) =Pz

ies

Y
|

where (a) holds since |S| < n, (b) is follows from the definition of o;(p) and (c) holds since Sisa
feasible solution to problem (17) with (p,q,s) = (p,q,s).

We can use precisely the same argument in the chain of inequalities above to show that

> icgTiVi > q(1 —2a). Furthermore, we have the chain of inequalities

as n as n as n
Zvi = — —v; < ([,\UiJ +1> < — <ZLAU1J+TL>
n “~as n as n a’s

i€S i€S i€S i€S
. o o .
@ M(Z%@Hn) < MU"W +n> < O‘S<n+1+n) - §<1+a+a> < 5(1+2a),
1€

where (d) uses the definition of ~;(s) and (e) holds since S is a feasible solution to problem (17)
with (p,q,s) = (p,q,5). By the discussion so far in the proof, we have ), _s7:0; > (1 —2a)p,
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Y icsTivi > (1—=2a)gand ), 5v; < (14+2a)5. In this case, we can compute the expected revenue

provided by the assortment S as

A rf4 (1) ) eS8V Sy g a0y p (1 a) 20T

—~ 1+ .cqvi 1+ (1+2a)s

0 1-2a 2 W(s*)

> A oS5 1—A H“

A e O =N e T oV (5Y)

1—-2a W(S*) 1—-2a @ (1-2a)?

> AO(S” 1-N)——r7= | = > 2

_(1+2a)(1+a)2< (57)+( )1+V(S*)> 1+20)(1+a2” = (Q+ta)2 "~
where (f) holds since we have ©(S*) < (1+a)p, W(S*) < (1+a)q and V(S*) > 75, whereas (g)
holds since HT >1—2a. So, the expected revenue of the assortment S is at least ((1 +5))2 z5. i

Thus, the assortment S in Lemma F.2 is a (1_2“)2—approximate solution to the Capacitated

(1+a)?
Mixture problem. Problem (17) is a variant of the knapsack problem with three capacity dimensions.
The disutility of item ¢ is ¢;. The capacity consumptions of item ¢ in the three dimensions are
0:(p), ki(q) and v;(s). By the definitions of o;(p), ki(¢q) and 7;(s), the capacity consumptions are
integers. The goal is to find the items to put into the knapsack so that we minimize the total
disutility of the items in the knapsack, while making sure that the total capacity consumptions
in the first two dimensions do not fall below | %], whereas the capacity consumption in the third

dimension does not exceed [2]. Using a state variable to keep the capacity consumptions in the

three dimensions, for fixed (p,q, s), we can solve problem (17) using the dynamic program

Ji(u7w7t;p7q75) =min {Ci + Ji+1(u+O-i(t)vw+/{i(5)7t+’7i(5);p7Q78) ) Ji+1(u7w>t;p7qu)}v

with the boundary condition that we have J,, 1 (u,w,t;p,q,5) =0if u> 2|, w>[2] and t < [2],

whereas we have J,, 1 (u,w,t;p,q,s) = +oo otherwise.

The two terms in the min operator above correspond to including and not including product i
in a solution S to problem (17). The boundary condition above ensures that we find a solution
S to problem (17) that satisfies 3, goi(p) > [ 2], Doicormi(q) > 4] and 37, g7i(s) < [%]. Since
oi(p) >0, ki(q) >0 and ~;(s) >0 for all i € N, as we move from one decision epoch to the next,
all components of the state variable can only increase. If any of the first two components of the
state variable exceeds [ Z | at any decision epoch, then we can stop keeping track of the exact value
of this component of the state variable, since the boundary condition of the dynamic program
depends on whether the each of the first two components of the state variable exceeds |2 ]. Thus,

we have O(Z) possible values for each of the first components of the state variable.

Similarly, if the third component of the state variable exceeds [2] at any decision epoch, then

the boundary condition immediately implies that the value function takes the value infinity. Thus,
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we have O(2) possible values for the third component of the state variable as well. Thus, there
are O(%3 ) poss1ble states. Noting that there are n decision epochs, we can solve the dynamic
program in O( ) operations, giving an optimal solution to problem (17) for a fixed (p, ¢, s). Noting
logy ogU og(v/v .
that Grid={(1+a)": k= al rrrcwn) 22 ..., [=e” 1}, there are O(log ey log(2)) = O(%) points

g(1+a) log(1+a)

in Grid. Thus, we can obtain an optimal solution to problem (17) for all (p,q,s) € Grid® in

O(Z—g log® (7/ g)) operations. Using these observations, we give a proof for Theorem 5.2.

Proof of Theorem 5.2:

Given € € (0,1), choose the accuracy parameter in the grid as « = €/6. By the discussion in the

previous paragraph, we can obtain an optimal solution to problem (17) for all (p,q,s) € Grid® in
2

O(25 log®(7/v)) operations. Since a = ¢/6 < 1/6, we have > (1-20) (1-@)? > (1-3a)? >

1—6a=1-—¢ so by Lemma F.2, the expected revenue from one of these solutions is at least

(1 —€) z*. Thus, if we check the expected revenue provided by the optimal solution to problem (17)
for each (p,q,s) € Grid® and pick the best one, then the best solution provides an expected revenue
of at least (1 — €) z*. The number of operations to check the expected revenue from each solution
is dominated by the number of operations to get an optimal solution to problem (17). Thus,
using the definitions of v and 7, noting the discussion at the end of the previous paragraph,

in O(Z—i log® (v/ g)) = O(f—g log® < (%R:;:’;\l/)l ()‘EZKIT@X:;;)» operations, we can obtain a solution to the

Capacitated Mixture problem with an expected revenue of at least (1 —¢€) z*. |

Appendix G: Constructing an Upper Bound and Testing the Heuristic

We discuss computing an upper bound on the optimal objective value of the Capacitated Mixture

problem and numerically test the performance of the heuristic for this problem.

Upper Bound on the Optimal Expected Revenue:

Consider K +1 points v=p* < ...<pE*' =7 L+ 1pointsv=¢'<...<qg'*'=v and M +1

points v =3' < ... <$M*! =7, Let 2z be the optimal objective value of the problem

k=1,....K, ¢=1,...,Lm=1,....M

max {)\Nlﬁk1 (1_)‘) g : é(i)’k’aﬁvgqu) SC}’ (18)

where G(p, ¢, s) is the optimal objective value of the LP in (3). We proceed to showing that 27 is
an upper bound on the optimal objective value of the Capacitated Mixture problem. Letting S* be
an optimal solution to the Capacitated Mixture problem, define k € {1,..., K}, p€{1,...,L} and
pe{L,..., M} such that p* <> . c.ri6; <Pl ¢P <> gnriv; <@ and 5F <Y oL vy <R
Using the assortment S*, we define the solution x* € {0,1}" to problem (3) such that z* =1 if and
only if 7 € S*. Observe that x* is feasible to problem (3) with (p,q,s) = (p*,¢",s**!). In particular,
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by our choice of x,p and p, we get Y, il xf = g T 0 P8, Y N TiVT; =D e TV > QP
and Y, yvix; =, v < 571 In this case, it follows that G(pr,q°, 5"+ < YN GT =
> ies+ ¢ < C, where the first inequality holds because «* is only a feasible solution to problem (3)
when we solve this problem with (p, ¢, s) = (p*,¢”, s*™'), but é’(ﬁ“, g”,s" 1) is the optimal objective
value of this problem, whereas the last inequality holds because S* is an optimal solution to the
Capacitated Mixture problem, so it satisfies the capacity constraint ) . .. c; < C. Thus, we have
é(ﬁ’“,ijp,g““) < C, which implies that (k,p,p) is a feasible solution to problem (18). Since the

optimal objective value of problem (18) is zjjg, we get

¢

Z- S* T U;
— > A rif;+(1—)\) == —
14 sk iezs:* L+ cgn Vi

where we use the fact that Y, .7 0; <p"™', > o riv; <@ and $* <. _o. v; by our choice of

Zg = AP+ (1)

(K, p, ). Thus, 2z upper bounds the optimal objective value of the Capacitated Mixture problem.

Testing the Performance of the Heuristic:

We give a brief numerical study to test the performance of the heuristic for the Capacitated

Mixture problem. We describe our experimental setup and give our results.

Ezperimental Setup. In our numerical experiments, we randomly generate a large number of test

problems. For each test problem, we use the heuristic to obtain a solution and use the approach
described in this section to compute an upper bound on the optimal expected revenue. We check
the gap between the upper bound on the optimal expected revenue and the expected revenue from
the solution obtained by the heuristic. We generate our test problems as follows. We sample the
revenue of each product from the uniform distribution over [1,10]. To come up with the purchase
probability of each product in the independent demand segment, we sample (; from the uniform
distribution over [0,1] and set 0; =(;/ >,y (;- To come up with the preference weight of each
product in the multinomial logit segment, we sample ; from the uniform distribution over [1,10]
1-R) __&

and set v; = o Sen )’ where P, is a parameter that we vary. Thus, if we offer all products, then

a customer in the multinomial logit segment leaves without making a purchase with probability

1 _ 1
1+ envi 1+(1-Py)/ Po

segment from the uniform distribution over [0, 1]. The capacity consumption of all products is one,

= FP,. We sample the relative market size A of the independent demand

so we have a constraint on the number of products that we offer. To come up with the capacity
availability, once we generate the product revenues and choice model parameters, we solve the
Capacitated Mixture problem without any constraints. Letting S* be an optimal solution, we set

the capacity availability as C'= 3 |S*|, where [ is another parameter that we vary.

Recalling that n is the number of products, noting that P, controls the likelihood that a customer

leaves without a purchase and [ controls the tightness of the capacity, varying n € {50,100},
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Param. Perc. Opt. Gap Params. Perc. Opt. Gap

(n, Po, B) Avg. 95th  Max (n, Py, B) Avg. 95th  Max
( ) 10.29% 0.43% 0.63% (100, 0.05, 0.5) | 0.29% 0.42% 0.44%
( ) 10.23% 0.41% 0.43% (100, 0.05, 0.7) | 0.24% 0.37% 0.43%
( )1 0.19% 0.33% 0.37% (100, 0.05, 0.9) | 0.21% 0.32% 0.38%
( .5) [ 0.18% 0.28% 0.30% ( 5) 10.18% 0.29% 0.40%
(50, 0.1,0.7) | 0.14% 0.24% 0.34% (100 0.1,0.7) | 0.14% 0.24% 0.32%
( ) ( )
( ) ( )
( ) ( )
( ) ( )

0.12% 0.21% 0.25% 0.13% 0.22% 0.26%
0.06% 0.12% 0.40% 0.08% 0.16% 0.22%
0.06% 0.13% 0.26% 0.07% 0.18% 0.20%
0.05% 0.17% 0.23% 0.06% 0.13% 0.14%
Average 0.15% Average 0.16%

Table EC.2 Optimality gap of the heuristic for the Capacitated Mixture problem.

P, €{0.05,0.1,0.3} and 3 € {0.5,0.7,0.9}, we obtain 18 parameter combinations. In each parameter
combination, we randomly generate 100 problem instances by using the approach described in the
previous paragraph. For the heuristic, we construct the grid points with o = 0.25. For the upper

bound, we split the interval [v,7] into 50 equally spaced subintervals.

Numerical Results. We give our numerical results in Table EC.2. In this table, the first

column shows the parameter configuration by using the triplet (n,Py,3). The second column
shows the average percent gap between the upper bound on the optimal expected revenue and
the expected revenue of the solution from the heuristic, where the average is computed over
the 100 problem instances in a parameter combination. In particular, for problem instance k,
letting Rev® be the expected revenue of the solution from the heuristic and UB" be upper
bound on the optimal expected revenue, the first column gives the average of the data
{100 x UBIL*T,T"“’}C :k=1,...,100}. In the second and third columns, we give the 95th percentile and
maximum of the same data. Our results indicate that the heuristic performs remarkably well. Over
all problem instances, the average optimality gap is 0.15%. The maximum optimality gap does not
exceed 0.63%. The average running time for the heuristic over all problem instances is less than a

second. The optimality gaps tend to get slightly larger when 3 gets smaller so that the capacities
get tighter, but even for the test problems with 5= 0.5, the average optimality gap is 0.18%.

Appendix H: Proof of Theorem 6.1

The first part of Theorem 6.1 focuses on recovering a primal optimal solution to the Choice-Based
LP by using the same to the Compact LP, whereas the second part of Theorem 6.1 focuses on
recovering a dual optimal solution to the Choice-Based LP by using the same to the Compact LP.

In this section, we show each of these two parts separately.
H.1 Recovering a Primal Optimal Solution

We give a proof for the first part of Theorem 6.1. Throughout this section, we follow the convention

that if the Compact LP has multiple optimal solutions, then we pick any one that has the largest
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value for the decision variable xy. In the next lemma, we establish a useful property of the basic
optimal solutions to the Compact LP. This lemma plays a critical role in the proof of the first
part of Theorem 6.1 and holds under the convention that if the Compact LP has multiple optimal
solutions, then we pick any one that has the largest value for the decision variable x,. We give the

proof of the lemma after the proof of the first part of Theorem 6.1.

Lemma H.1 (Extreme Point Optimal Solutions) Let (zj,x*,y*) be a basic optimal solution

to the Compact LP. Then, we have y;; = min{x},x}} for alli,j € N.

7 ]

We can generate counterexamples to show that we may not have y;; = min{xz},z;} when we use
basic optimal solutions without the largest value for the decision variable zy. Also, note that the

last two constraints in the Compact LP do not immediately imply that y;; = min{z},z}}, since

79 _]

the first constraint in this LP may not allow setting y;; = min{z;,z}} in a feasible solution to the

7,7j

Compact LP. Using the lemma above, we give a proof for the first part of Theorem 6.1.

Proof of the First Part of Theorem 6.1:

Using (zj,x*,y*) to denote a basic optimal solution to the Compact LP, let the solution w for

the Choice-Based LP be provided by the Recovery formula. We establish two claims.

First, we show that » ¢\ @w(S) =1. By the definition of S;, we have V(S;) — V(S;-1) = v; for

all i =1,...,n. Thus, using the Recovery formula, we get

oy @ N a
dw(S) = Y as) = Y (af —ai,) 1+ V(S Zx (1+V(s me (1+V(S)))
SCN i=0 i=0

= <$3(1+V(So))+zn:w2‘(1+V(5i))> - (Zwi‘(lJrV(Si—l))Hiﬂ (1+V(Sn))>

i=1 1=1
2w Y@t (V(S) - V(Sia) = wpt Y vt 21,
i=1 i=1

where (a) holds since w(S) =0 for all S ¢& {Sp,S1,...,5,}, (b) holds since z*,, =0 and Sy =

and (c) holds since the solution (z},x*,y*) satisfies the second constraint in the Compact LP.

Second, letting A7 = (A0; + (1 — A)vi) a7 + A0, >,y v;y;; for notational brevity, we show that
Ysen 1€ S) (A4 (1-X) H”TZ(S))@(S) = A;. By the definition of w, we have

BS) = (o —2i0) L+ V(SL) = o) — 2y + (2 — 5 V(SH)

= ) — xk+1+z (0 < k) (z} — i) e,

LeN
where the last equality uses the fact that S; = {1,...,i} and V(S) = > ,.gv;. By Lemma

H.1, we have y;; = min{z;,z;} for all 4,j € N. Thus, since we index the products such that

Z7j
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x> wy > ... >, we have y;; =z for i > j and y;; =z} for ¢ <j. In other words, letting a Vb=

max{a,b}, we have y;; = z;, ;. Using the chain of equalities above, for each i € N, we get

J°

Yok Zi)@(Sk) = > Uk>0) (wp—wpp)+ D> Lk > ) 1 <E) (x) — i) v

keN keN kEN LEN
@ Z (k=) (z}, — 244 ‘1’21’22 (k>iV L) (z} — Tpp)
keN LEN  keN
(e) * * * *
= T +va$ive = T "’ZW?/M’ (19)
teN teN

where (d) holds since 1(k >4)1(¢ < k) =1 if and only if 1(k > iV ¢) and (e) holds by canceling the
telescoping terms in the first and third sums on the left side of the equality.

By the Recovery formula, we have >, _\ 1(k > Z)W W(Sk) = Y ey Lk >10) (2, — 25,,) =

x;. In this case, noting that i € Sy if and only if k >4, we obtain

Y 1(ies) <A0i+(1 ~A) 1+UV(S)) @(S) = S 1(ieS)) ()\(91-4— (1-)) M) W (S)

SCN kEN
U,
= Z 1(k >1) ()\91- +(1-=X) z) w(Sy)
ken 1+ V(S)
1
A0, kZ 1(k>1)w(Sk) +(1 )\)vl21(k:_z)1+v(sk) w(Sk)
eN kEN
= Ab; (xz +ZW?/¢£> + (A =Nvx; = Aj,
(eN

where (f) follows from (19) and (g) holds by the definition of Af. Thus, by the two claims, we have
Ysen @(S) =1 and Yoy 1(0 € S) (A + (1 = A) 1y ) W(S) = A7

Using the these two claims, we show that w is feasible to the Choice-Based LP. Since

> scy W(S) =1, w satisfies the second constraint in the Choice-Based LP. Also, we have

TZZ%<A0 +( )\)HV(> =T ay;y 1(i€S) <>\6 +(1— )W)@(S)

SCN ieS i€EN SCN
()
) Ty ag A2 Tzam([)\e —i—(l—)\)vl]x +X6; Zv]ylj) < ¢,
i€EN 1EN JEN

where (h) follows from the second claim established above, (i) uses the definition of A; and (j)

holds because (x5, z*,y*) is a feasible solution to the Compact LP.

By the discussion in the previous paragraph w is a feasible solution to the Choice-Based LP. Let

Z¢hoice D€ the optimal objective value of the Choice-Based LP and 2¢,,,... be the optimal objective
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value of the Compact LP. Using the fact that (z}, x*,y*) is an optimal solution to the Compact LP,

we have the chain of inequalities

e = TS 7 ([A9i+(1—)\)vi] xf—i—)\Qinjyfj) Y S raA;

JEN iEN
(m)

@T§j§yuve&(}@+u—mlgaﬁ)ww>s o (20)

iEN SCN

where (k) uses the definition of A;, (1) follows from the second claim shown earlier and (m) holds

because w is a feasible solution to the Choice-Based LP.

By the chain of inequalities above, we have z¢, . < 2¢hoice- On the other hand, let w* be an
optimal solution to the Choice-Based LP. We define the solution (Zy,Z,¥y) to the Compact LP as

. 1 . . 1(:€5) .
0= L v U B 2 T )

SCN SCN
" 1(ic5.jebd) .
Ui= ) — e w(S).
o V(S)
In this case, we can use precisely the same argument in (1) to show that (Zy,Z,y) is a feasible

solution to the Compact LP and it provides an objective value of 2¢, . for the Compact LP.

Since (Zo,Z,y) is a feasible solution to the Compact LP, providing an objective value of z& ;..
for the Compact LP, the optimal objective value of the Compact LP satisfies 2¢,pact = ZChoices Which
implies that the inequality in (20) must hold as equality. In particular, noting that (m) in (20)
must hold as an equality, it follows that w is a feasible solution to the Choice-Based LP and it
provides an objective value of z§, ;.. for the Choice-Based LP. Therefore, w must be an optimal

solution to the Choice-Based LP, which is the desired result. |

We turn our attention to the proof of Lemma H.1, which played a critical role in our proof of

the first part of Theorem 6.1 that we gave above.

Proof of Lemma H.1:

The proof of Lemma H.1 uses three auxiliary results. By the discussion at the end of Section 6,
recall that if the Compact LP has multiple optimal solutions, then we choose the one that has the
largest value for the decision variable xy. To obtain a solution that has the largest value for the
decision variable for zq, for e >0, we can add the additional term ez, to the objective function of
the Compact LP. If € is small enough, then solving the Compact LP with the additional term in

the objective function provides an optimal solution to the original version of the Compact LP that
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has the largest value for the decision variable xy. Thus, we work with a version of the Compact LP

with the additional term exy in the objective function, which is given by

Zeompact = max {T Z T ( (N0, + (1= X)) v)z; + N6, EUJ y”> +exy (21)

2
(l‘ovw,y)ERXRTm iEN jEN

T Z aqi((/\Qi—i—(l—/\)vi)mi—i-)\Hinjyij) <c, Yqe M,

ieN jEN

iUoJrZUifUi:l,

€N
$i§$0 \V/ZGN,

Yij <wmi Vi,jEN, yi; <w, Vi,jEN}.

If € is small enough, then a basic optimal solution to the problem above is also a basic optimal
solution to the Compact LP. So, it is enough to show that if (z},x*,y*) is a basic optimal
solution to problem (21), then we have y;; = min{z;,z;} for all 4, j € N. For notational brevity, we
let P={(x,x,y) eRX RT”Q (oY ienViti =1, x;<x9 ViEN, y;; <min{w;,x;} Vi, j € N},
denoting the polytope captured by the last four constraints in the LP above. The proof of

Lemma H.1 uses three auxiliary results, given in three lemmas.

In our first auxiliary lemma, we consider a slightly modified version the Assortment LP, where

we add the additional term ez, to the objective function. In particular, consider the LP
{ Z T; ( (A0 +(1 —)\)vi)xi—l—)\Ginjyij) +exy : (x0,2,yY) EP}. (22)
(zo,@ y)GRXR"M ieN JEN

In the next lemma, we relate an optimal solution to the LP above to an optimal solution of a

slightly modified version of the Mixture problem.

Lemma H.2 For a basic optimal solution (xj,x*,y*) to problem (22), let S*={ie N :x; >0}.

Then, S* is an optimal solution to the problem

max{Zn(AQ—l— )\)1+‘;(S>>+1+;(5)}. (23)

€S

Lemma H.2 is an analogue of Theorem 3.2. We skip its proof since it uses the same argument in

the proof of Theorem 3.2. Also, problems (22) and (23) have the same optimal objective values.

In our second auxiliary lemma, we study an alternative representation of the dual of problem

(21), obtained by viewing the dual as taking place in two stages. In particular, associating the dual
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variables p={u,:qe M}, 7, a={co;:i € N}, n={n;; 14,7 € N} and o = {0y; :4,j € N} with the

five sets of constraints in problem (21), we can write the dual of this problem as

min i {Zcq,uq-i-ﬂ' L= e (24)

(p,m,,m,0)€ RTXRX i geM ieN
U T+ oy — ng ZUJZZT()\G +(1=XN)wv) ( Zaqz,uq> Vi€ N,
JEN JEN qeM
nij+aijZT)‘9in(Tz‘_zaqiﬂq> Vz’,jeN}.
qeM

We can solve this problem two stages. In the inner problem, we find the optimal values (7, o, n, o)

for fixed value of w. In the outer problem, we find the optimal value of p.

We use F°(p) to denote the optimal objective value of the inner problem as a function of the

fixed value of p. In particular, we have

Fe(p) = min {71' : ﬂ:Zai—l—e, (25)

n+2n2
(m,a,m,o)€ RXRY

ieN
v; T+ Q —an ZUJLET()\G + (1=, (r —Zamuq> Vie N,
JEN JEN qgeEM
777;j+0-7;j2T)\97;/Uj(Ti_zaqi/lq> W»jGN},
qgeEM

in which case, problem (24) is equivalent to mingerm > s Cq 1tg + (). In the next lemma, we

give an alternative representation of F'“(u).

Lemma H.3 Noting that F(u) is the optimal objective value of problem (25) for fized p € R},

we can compute F(u) alternatively as

?café{T 2 (“" Z“M) (Mﬁ(l_” 1+7x);(5)> TV }

€S qeEM

Proof. Associating the dual variables zg, * = {x;:9€ N} and y ={y;; : i, j € N} with the three sets
of constraints in problem (25), the dual of problem (25) is identical to problem (22) after replacing
each occurrence of r; with r; — >\ a4 ptg. Thus, we can obtain F'(p) by solving problem (22)
after replacing r; with T'(r; — > gem Gai tq). On the other hand, by Lemma H.2, we can obtain
the optimal objective value of problem (22) by solving problem (23). Thus, we can obtain F(u)
by solving problem (23) after replacing each occurrence of r; with T'(r; — 3/ agi fiq), Which is

equivalent to solving the problem given in the lemma. |

In our third auxiliary lemma, we use complementary slackness to give two useful properties that

are satisfied by an optimal primal-dual solution pair for problem (21).
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Lemma H.4 Using (z},x*,y*) and (u*,7*,a*,n*,0*) to denote a basic optimal primal-dual
solution pair for problem (21), let S* = {i € N :x} > 0}. Then, we have 7 =), .. a; 4+ € and
Zies* ZjeN(n;j + O-;i) = Zies* Zjes*(né‘j +U;})'

Proof. To see the first equality, note that zj > 0. Otherwise, we have x7 =0 for all i € N by the
third constraint in problem (21), in which case, it is impossible to satisfy the second constraint.
Since x5 >0 and z; =0 for all ¢ & S*, using complementary slackness on the third constraint in
problem (21), we have o =0 for all i ¢ S*, in which case, by the first constraint in problem (24),
we get 7" =) .o @ + €. To see the second equality, if i € S* and j € S*, then ;7 >0 and 2} =0, in
which case, by the last two constraints in problem (21), we have y;; =0 and y;; = 0. Therefore, we
get y5; <z and yj; <], so using complementary slackness on the last two constraints in problem
(21), we get n;; =0 and o}, = 0. Thus, if i € S* and j ¢ S, then 7;; =0 and o}; = 0. In this case,

the second equality in the lemma follows by noting that

Z Z(n:j+0;i) = Z Z(??Z}JFUZ)JF Z Z(nfﬂra;%)

i€S* jEN i€S* jeS* i€S* jgS*
* * 0\ * *
E § (nij+0ji) = E E (nij+aij)' u
i€S* jeS* i€S* jeS*

Proof of Lemma H.1. We use our auxiliary results to give a proof for Lemma H.1. Let (2, *,y*)

and (p*, 7, a*,n*,0*) be a basic optimal primal-dual solution pair for problem (21). We will show
that y;; = min{z},z}} for all4,j € N. Let S*={i€ N :x; > 0}. Consider 7, j € S*. We have x; >0
and x} > 0, so using complementary slackness on the last two constraints in problem (21), if y;; =0,
then 77, =0 and o}; =0. On the other hand, if y;; > 0, then using complementary slackness on the
last constraint in problem (24), we have n;; + o7, =T A0;v; (r; — > 5y @i piy). Therefore, for all
i,j € 5%, we have nj; + 0}, <TX0;v; (r; — > qent Qai u;)+, where we let (a)" = max{a,0}.

For all i € §*, xf > 0, so using complementary slackness on the second constraint in problem

(24), this constraint holds as equality for all i € S*. Adding over all i € S* yields

Zvﬂr*—i—Za TZ (A0, +(1—=A (n Zaqluq>+22nfj+220;i

i€S* i€S* i€S* qEM i€S* jEN i€S* jEN

(a) * * *

ET Y M+ Q=N w) (re= D a3 D (o)
i€S* qEM i€S* jES*

() N

STZ A0+ (1= (rl Zaqzuq)—i-TZZ)\Hv (ri—Zaqi,u;>
i€eS* qeM i€S* jES* qeM

©)

< TZ(lf)\)vi(rifZaqi,uq) +TZ)\9 (14+V(S™)) (n Zaqlpq) ,
1€S* qeM 1€S* qeEM

where (a) follows from Lemma H.4, (b) holds since n;; + o7, <T A0;v; (r; — > qent Qai ,u:;)+ as in the
previous paragraph and (c) holds by arranging the terms and noting that >, g. v; =V(5*). The
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expression on the left side of the chain of inequalities above is given by > . _c.v; 7"+, . af =
V(S*) T 4+ cqe @f = (1+V(S*)) ™" — €, where the last equality follows from Lemma H.4. In this
case, replacing the left side of the chain of inequalities above by (14 V(S*))7* — e and dividing
both sides of the inequality by 1+ V(S*), we get

ﬂ*_H%(S*)S T; <ri—Zaqiu;> (Aeﬁ(l—x)%). (26)

qeEM

To show the result by contradiction, assume that there exist i,j € N such that y;; < min{z},z}}.

Since y7; > 0, it must be the case that 7 >0 and z} > 0, so we get i,j € 5.

Noting that 7,j € S* are such that y;; <min{x},x}}, using complementary slackness on the
last two constraints in problem (21), it follows that »;; =0 and o}; = 0, in which case, by the
last constraint in problem (24), we have 0> r; — >\ aqpty. Thus, there exists i € S* such that

T —quMaqi,u; <0. Let N*={ieS*:r,— quMaqi,u; <0}, so N* is non-empty.

The optimal objective value of problem (21) is 2¢,mpe and (u*, 7, @*,n*,0*) is an optimal

solution to its dual given in problem (24). Therefore, we get

€ . * *
ZCompact - E Cf] :u’q +m

qeEM
< S e+ (7" > a u*>+</\9 + (1= N7 >+ ;
< . i qi i - * *
qEM ! i€S* qeM ' H V(S ) 1+ V(S )
© et .
(e) T o T 0; +(1—
> camytT Y (7’1 Z%%) (A i+ ( )‘)1+V(S*)>+1+V(S*)
qEM i€ES*\N* qeM
D SETTRED Dl L DY | CVRNIISS VI a— P
q:LLq 4 4 ) i qz,uq 7 1+V(S*\N*) 1+V(S*\N*)
qEM i€ES*\N qeM
* * Ui ‘
< Zcq,uq-{— Iglgaﬁrc {TZ(W-Z%iM) <A9i+(1_)\)1+v(5)> +1+V(S)}
qEeM i€S qeM
() * € *
LN e+ F(w), (27)
qeEM

where (d) uses (26), (e) holds since r; — >~ ), agipt; <0 for all i € N*, (f) holds since N* # &, so
V(S*\ N*) < V(5*) and (g) holds by Lemma H.3.

By the discussion right after problem (25), note that > gen Catty +F ‘(p*) corresponds to the
optimal objective value of the dual of problem (21). Therefore, the right side of the chain of
inequalities in (27) is also given by 2, ., in Which case, observing the strictly inequality in (f)

in the chain of inequalities above, we get a contradiction. |



ec26 e-companion to Mixture of Independent Demand and Multinomial Logit Models

H.2 Recovering a Dual Optimal Solution

We give a proof for the second part of Theorem 6.1. Associating the dual variables pp = {u,:qg€ M}

and 7 with the two sets of constraints in the Choice-Based LP, the dual of this problem is
minm Z Cqlbg+T:
(m,m)€ R XR {qu

WZTZQ«Z.—Z%%) <A0i+(1—>\)1+v‘;(s)> VSQN}. (28)

€N qeM

The dual of the Compact LP is given by setting e =0 in (24). We will show that if (u*, 7*, a*,n*0™*)
is an optimal solution to problem (24) with € =0, then (u*,7*) is optimal to problem (28).

Letting 2¢,mpe D€ the optimal objective value of the Compact LP, noting that the dual of the
Compact LP is given by problem (24) with ¢ =0 and using the fact that an optimal solution to
problem (24) with e=01is (u*, 7", a*,n*0™), we have 2¢,. . = > cps Cq 1y + 7. Furthermore, by
the discussion right after problem (25), problem (24) is equivalent to minepm > <5/ ¢ g + (1),
which implies that the dual of the Compact LP is equivalent to mingerm 3°, /¢ ftg + F°(pt). Thus,
we also have 2o = D _genr Co My + FO(1*), yielding 7 = FO(u*).

On the other hand, letting z¢ ... be the optimal objective value of the Choice-Based LP, since
problem (28) is the dual of the Choice-Based LP, the optimal objective value of problem (28) is also
Z&noice- By Lemma H.3, we can write the constraints in problem (28) equivalently as 7 > F°(u). So,
problem (28) is equivalent to min(,me ryxr D genr Coblg+ 77 = F°(u)}. By the discussion in the
previous paragraph, we have 7" = F°(u*). Thus, (7* p*) is feasible to problem (28). Since problem

(28) is a minimization problem, its optimal objective value satisfies z&gce < D eps Co iy + 7"

So far, we have 2¢ompace = D _yenr Co g + T > Z¢gice- Int our proof for the first part of Theorem 6.1,
by (20), we have z& o < Zénoicer THUS, We get 2Chgice = D oens Co g + 77, 80 (", 77) is feasible to

problem (28) and its objective value is equal to the optimal objective value of problem (28). MW

Appendix I: Computational Benefits of the Compact Formulation

In this section, we check the computational benefits from using the Compact LP in conjunction
with Theorem 6.1 to get an optimal solution to the Choice-Based LP, rather than solving the

Choice-Based LP directly by using column generation.

Experimental Setup:

We generate multiple instances of the network revenue management problem. For each instance,

we solve the Compact LP and use the Recovery formula to obtain an optimal solution to the
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Choice-Based LP. We also solve the Choice-Based LP directly by using column generation. We use
the following approach to generate our problem instances. The set of products is N ={1,...,n}
with n =100 and the set of resources is M ={1,...,m}, where m is a parameter that we vary. In

the multinomial logit model, for each product 7, we generate n; from the uniform distribution over

[0,1] and set the preference weight of product i as v; =n; (1}50)/ > jenTjs where Py is another
parameter that we vary. Thus, if we offer all products, then a customer in the multinomial logit

_ 1
N 1+(1-Py)/Po

demand model, we generate «; from the uniform distribution over [0, 1] and set the probability of

= P,. In the independent

segment leaves without a purchase with probability ; +Z-1
1€

demand for product i as §; =~;/ > jen ;- The purchase probability of product ¢ within assortment

Sis ¢;(S)=A0;+(1—X) Hiﬁﬁ’ where A is one more parameter that we vary.

We have T =100 time periods. We sample the revenue r; of each product i from the uniform
distribution over [100,500]. For each product i, we randomly choose a resource ¢; and set
a,,,; = 1. For the other resources, we set a,; = 1 with probability 1/5 and a,; = 0 with probability 4/5
for all ¢ € M\ {¢;}. Thus, the expected number of resources used by a product is 1+ (m —1)/5. To
come up with the capacities of the resources, noting that ¢;(.S) is the choice probability of product
1 within assortment S in the previous paragraph, we let S* be an optimal solution to the problem
maxscn ) ,cq 7 ¢i(S), which is the assortment that maximizes the expected revenue under infinite
resource capacities. If we offer the assortment S* over the entire selling horizon, then the total
expected capacity consumption of resource q is T') . _ o. aq: ¢5(S*). We set the capacity of resource

qascg=rKTY o g ¢:(S*), where k is a last parameter that we vary.

Computational Results:

Varying (m, Py, \, k) € {25,50} x {0.1,0.2} x {0.25,0.75} x {0.6,0.8}, we obtain 16 parameter

combinations. For each parameter combination, we generate a problem instance by using the
approach in the previous two paragraphs. We obtain an optimal solution to the Choice-Based LP
for each problem instance by using two methods. First, we solve the Choice-Based LP directly by
using column generation. We refer to this method as COG, which stands for column generation.
Second, we solve the Compact LP and build on Theorem 6.1 to use an optimal solution of this
LP to recover an optimal solution of the Choice-Based LP. We refer to this method as CLP, which
stands for compact LP. We show our results in Table EC.3. The first column gives the parameter
combination. The second column gives the running time for COG to obtain an optimal solution to
the Choice-Based LP through column generation. The third column gives the running time for CLP
to solve the Compact LP and use an optimal solution to this LP to recover an optimal solution to
the Choice-Based LP. We use Gurobi 9.0 as our LP solver. The fourth column gives the ratio of the

running times in the second and third columns. Column generation may get near-optimal solutions
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1% Gp. 1% Gp. 1% Gp. 1% Gp.
Param. COG CLP Secs. COG 1% Secs. Param. COG CLP Secs. COG Secs.
(m, Po, \, K) Secs. Secs. Ratio  Secs. Ratio (m, Po, A\, k) Secs. Secs. Ratio Secs. Ratio

(25,0.1,0.25,0.6
(25,0.1,0.25,0.8

62.51 4.24 14.74 22.82 5.38
58.34 5.09 11.46 21.06 4.14
(25,0.1,0.75,0.6) | 70.50  4.79  14.72 37.98 7.93
(25,0.1,0.75,0.8) | 72.07  7.72 9.34 31.94 4.14

) (50,0.1,0.25,0.6) | 101.38  6.02 16.84 20.63 4.92
) (
) (
) (
(25,0.2,0.25,0.6) | 55.21  4.11 13.43 2356  5.73 (
) (
) (
) (

50,0.1,0.25,0.8) | 93.84 4.11 22.83 2799 6.81
50,0.1,0.75,0.6) | 128.20 6.95 18.45 46.15 6.64
50,0.1,0.75,0.8) | 143.04 8.78 16.29 55.12  6.28
50,0.2,0.25,0.6) | 139.19  5.15 27.03 29.62 5.75
50,0.2,0.25,0.8) | 149.65 5.12 29.23 46.32  9.05
5
5

(25,0.2,0.25,0.8) | 52.23  5.37 9.73  20.03 3.73
(25,0.2,0.75,0.6) | 86.15  5.02 17.16 36.20 7.21 0,0.2,0.75,0.6) | 145.13 10.32 14.06 55.17 5.35
(25,0.2,0.75,0.8) | 74.90 9.80 7.64 31.43 3.21 0,0.2,0.75,0.8) | 122.47 11.07 11.06 38.22 3.45

Average 12.28 5.18 Average 19.47 6.03

Table EC.3 Running times for solving the Choice-Based LP through two methods.

quickly but may take a while to close the remaining portion of the optimality gap. To check for
this possibility, the fifth column gives the running time for COG to solve the Choice-Based LP with
a 1% optimality gap. The sixth column gives the ratio of the running times in the third and fifth
columns. Our results indicate that CLP can improve the running times for COG by up to a factor
of 29.23. The average improvement in the running times is a factor of 15.88. If we allow COG to
terminate with a 1% optimality gap, but run CLP until it gets to the optimal solution, then CLP
can still improve the running times for COG by up to a factor of 9.05. The improvements in the
running times become more pronounced when m is larger, so that we have problem instances with
a larger number of resources. In our test problems, most of the running time for CLP is spent on
solving the Compact LP. It takes less than one-tenths of a second to recover an optimal solution to

the Choice-Based LP by using the Recovery formula.

We also compare the performance of COG and CLP for larger test problems with n = 500
products and m = 100 resources. For such test problems, COG does not reach an optimal solution
within one hour of running time. We give our results in Table EC.4. The first column shows the
problem parameters. The interpretation of the problem parameters Py, A, and k is the same as the
one presented earlier in this section. The second column shows the optimality gap for COG after
one hour of running time. The third column shows the running time for CLP to get the optimal
solution. Over all the test problems, the average optimality gap of the solutions obtained by COG
after one hour of running time is 8.56%. There are test problems for which COG terminates with
more than a 14% optimality gap. The average running time for CLP to obtain an optimal solution
is about 23 minutes, the longest running time not exceeding 41 minutes. Thus, the benefits from

the Compact LP are even more pronounced when we work with larger test problems.

Appendix J: Detailed Description of the Expectation-Maximization Algorithm

In Section 7.1, we give a closed-form expression for the conditional expectations that we need to

compute in the expectation step. Furthermore, we argue that the optimization problems that we
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COG
Param. % Opt. CLP
(Po, A\, k) Gap. Secs.
(0.1,0.25,06) | 493 676.13
(0.1,0.25,0.8) 5.27 2139.15
(0.1,0.75,0.6) 14.27  909.10
(0.1,0.75,0.8) 9.51 2420.80
Average 8.49 1536.29

COG
Param. % Opt. CLP
(Po, \, k) Gap. Secs.
(0.2,0.25,0.6) | 7.17 408.59
(0.2,0.25,0.8) 4.71 1059.42
(0.2,0.75,0.6) 14.10  950.74
(0.2,0.75,0.8) 8.53 2458.98
Average 8.63 1219.43

Table EC.4  Optimality gaps and running times for the two methods for solving the Choice-Based LP with n =500

products and m = 100 resources.

need to solve in the maximization are convex problems and they decompose by the two segments.

Below is a step-by-step description of our expectation-maximization algorithm.

Expectation-Maximization Algorithm:

The input is {(S;,4;):t=1,...,7}, where S; is the assortment offered to customer ¢ and i, is the

product purchased by customer t. If customer t left without a purchase, then 7, = 0.

Step 1. Choose the initial parameter estimates (A!,0',v'), such that \' € [0,1], ' € [0,1]",
> ien 0 <1 and v' €0, B]". Initialize the iteration counter by setting £ = 1.
Step 2. (Compute the Conditional Expectations) For each customer ¢t =1,...,7 in the purchase
history, compute z¢ € [0,1] as
MO .
" if i, #0
29t 1— M\ it
Y A ™t ( AY) 14+ e s, v
Z, = (29)

(1= s, 00)

if 7, =0.
D ies, 07) + (1 =A%) W '

M (1 -

Step 3. (Maximize the Likelihood) Compute the parameters (A1 0“1 v**1) at the next

iteration by solving the problems

A+ — argmax{Z{zf log A+ (1 —%)) log(l—)\)}}

A€[0,1] i—1
0! = argmax { fo{ Z 1(i =) log 0; +1(i, = 0) log (1 - Z‘g’)} : Zei < 1}
6clo,1]™ —1 ISy i€Sy ieN
v+l = argmax { Z(l _zf){ Z 1(i =1,) logv; —log (1 + Z vj> }}
ve[0,B]" =1 i€S, JESt

Step 4. For fixed € > 0, if max{|]\“t? — X, ||@“T! — 0|, |[v**! — v*||} <, then stop. Otherwise,

increase the iteration counter £ by one and go to Step 2.

Recall that we use the random variable Z with support {0,1} to capture the market segment

of a generic customer, whereas we use the random variable P(S) with support SU{0} to capture
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the choice of a generic customer within the assortment S. In Step 2, given that the customers
choose according to our mixture model with parameters (A, 8% v*), we compute the expectation
zt =E{Z|P(S;) =1i,}. In Step 3, given the complete purchase history C* = {(z¢, S;,i,) : t=1,...,7},
we find a maximizer of the likelihood function L(\,0,v;C*) given in (4). As discussed in Section 7.1,
the three optimization problems in this step can be formulated as convex programs. In Step 4,
we stop the algorithm when the estimates of the parameters do not change significantly from one
iteration to the next. The norm || - || stands for the Euclidean norm. In the remainder of this section,
we show that the sequence of parameter estimates generated by our expectation-maximization
algorithm monotonically improves the likelihood function built by using the purchase history
H={(S;,i;):t=1,...,7} that is available for estimation. Thus, we can also stop the algorithm

when the improvement in the likelihood function diminishes.

Monotonicity of the Likelihood Function:

Consider the likelihood function built by using the purchase history H = {(S;,4;):t=1,...,7}

available to estimate the parameters of our mixture model. This likelihood function is given by

T

1(ip=i)

1(iz=0)
X<A(1_Zei)+(1—x)1+;w) . (30)

1€S

The likelihood function above is known as the incomplete likelihood function, whereas the likelihood

function in (4) is known as the complete likelihood function.

In the next proposition, we argue that the iterates of our expectation-maximization algorithm

monotonically improve the likelihood function in (30).

Proposition J.1 Letting the sequence {(\*,0°,v*):0=1,2,...} be generated by the expectation-

mazimization algorithm, we have LAY, 0 v H) > L\, 0% v*;H) for all £=1,2,....

Proof. The set of parameter values P = {(\,0,v) € [0,1]'*" x [0, B]": Y, _\ 6; < 1} for our mixture
model and the incomplete likelihood function in (30) satisfy properties (5)-(7) in Wu (1983). Noting
the definition of Z{ in (29), z¢ is continuous in the parameters (A, 0% v*). Also, the likelihood
function in (4) is continuous in z;. Therefore, the likelihood function in (4) satisfies the continuity

property (10) in Wu (1983) as well. In this case, the result holds by Theorem 2 in Wu (1983). W

The data that we have available to estimate the parameters of our mixture model is

H={(S;,i):t=1,...,7}. In particular, we do not have access to {z;:t=1,...,7}, which capture
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the type of each customer. Therefore, to estimate the parameters of our mixture model, we need
to maximize the likelihood function in (30). Our expectation-maximization algorithm uses the
likelihood function in (4), but the sequence of parameters that is generated by our expectation-
maximization algorithm does monotonically improve the likelihood function in (30), which is indeed
the likelihood function that we would like to maximize to estimate the parameters of our mixture
model. Thus, we can view our expectation-maximization algorithm as an alternative approach to

find a local maximizer of the likelihood function in (30).

Appendix K: Performance Guarantee for Pricing

To minimize notational overhead, we consider the case where we have ¢; =0 for all i € N. Our
discussion naturally extends to the case where the products have non-zero marginal costs. Using
v to denote the common value of the price sensitivity parameters {n;:i € N} and {§;:71 € N},
we want to solve the problem maXpern Y oien ()\ ; % + (1 =X %) p;. In this
problem, we make the change of variables w; = €7, in which case, we have p;, = % (vi —logw;).
Since p; > 0, we obtain w; < e". Letting o; = e*i /e for notational brevity, using the decision

variables w = {w; : i € N}, the problem given in this paragraph is equivalent to

1 oW w;
— max Aoy ——— 4+ (1= )\) ; —logw;) ». 31
In the rest of our discussion, we drop the constant multiplier % above. In the next lemma, we give

bounds on the decision variables in an optimal solution to problem (31).

Lemma K.1 Letting U; =€ and L; =e¥!/exp (ZjeN e'i+3 N €"i), there exists an optimal
solution w* to problem (31) that satisfies L; <w; < U, for alli€ N.

The lemma above follows by checking the derivatives of the objective function of problem (31).

We defer the proof to the end of this section. For fixed t € R, consider the problem

g; W; w;
G(t) ﬁ?é{ g <)\042 oo a +(1-=X) 1+t> (i — logw;) E w; t} (32)

i€EN 1EN

Noting Lemma K.1, there exists an optimal solution w* to problem (31) that satisfies
Yoien Wi €D ienLis Y oien Uil so it is enough to consider the values of t €[>,y Li,> oy Uil
in (32). Letting t* = argmaxie(s,_\ 1.5,y v G(¢), We can show that if we solve problem (32) with
t =t*, then we obtain an optimal solution to the pricing problem in (31). For fixed t € R, we can
solve problem (32) by using a dynamic program with a continuous state space. In this dynamic
program, the decision epochs correspond to the products. In the decision epoch for product ¢, the

action is to choose the value of w; for product ¢ and the state variable is the value of Z;;ll w;
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accumulated over the decision epochs 1,...,7 — 1. If we take action w; in decision epoch i, then
the reward is (Aa; 17575 + (1 = A) 195 ) (v — logw;). Lastly, if the value of the state variable after

the last decision epoch exceeds t, then we obtain a reward of —oo, ensuring that we find a solution
w that satisfies ),y w; <t. Using such a dynamic program to obtain an optimal solution to
problem (32) poses two sources of difficulty. First, to solve this dynamic program, we need to
discretize the state space, so we should characterize the error from discretizing the state space.
Second, discretizing the state space in the dynamic program allows us to approximately compute
G(t) at a fixed t. To solve the problem max;c(s,_ .55,y v:] G(t), We need to discretize the interval

> ien Lir 2 ;e n Us], so we should also characterize the error from discretizing this interval.

We proceed to giving an approach to discretize the state space in the dynamic program and
the interval [}, .y Li, > ey Ui] in the problem max;ess, 1,5, 5 0,] G(t), so that we obtain a
solution to the pricing problem (31) with a performance guarantee that we can quantify. Our
approach resembles the construction of our FPTAS in Section 5. For a fixed accuracy parameter
a > 0, we consider the grid points that are integer powers of 1 + «, which are given by
Grid = {(1+a)*: k € Z}. Noting Lemma K.1, letting Grid, = (GridN (L;, U;)) U{L;, U;}, we consider
the values of w; € Grid, in problem (32). Thus, Grid; includes all points of Grid in the interval (L;, U;)

n n

as well as the two points L; and U;. In this case, writing the constraint in (32) as >, .y & w; <2,

we consider an approximate version of problem (32) given by

~ 0; W; Ww; .
G(t) —gé%é { ieEN ()\O&iw‘i‘(l —A) 1+t> (i — logw;) :
n n —
| ‘ —
Z bthJ_{a], w; € Grid; VzeN}. (33)

By the definition of Grid, for any w; € [L;,U;], there exists some w; € Grid; such that

w; <w; < (14 a)w;. In the next lemma, we show that we can construct a feasible solution to

problem (33) by using a feasible solution to problem (32).

Lemma K.2 Using w* to denote an optimal solution to problem (31), let t and @ be such that
D ien Wy <t< (14+a) > ,cvwi, w; <w; < (14 a)w; and w; € Grid; for all i € N. Then, w is a

feasible solution to problem (33) when we solve this problem with t =1.

Proof. By our choice of ¢ and w, we have Doien Wi Yo ywi < t, which yields Dien mw; <

In this case, we get >,y Zw;] <[Z], so w satisfies the constraint in problem (33). Noting that

w; € Grid; for all i € N, w is a feasible solution to problem (33). [ |

Note that w; in the lemma above is obtained by rounding w; down to the nearest point in Grid,.
In the next lemma, we show that we can use problem (33) to obtain a solution with a performance

guarantee for problem (31). Recall that problem (31) is equivalent to our pricing problem.
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Lemma K.3 Using w* to denote an optimal solution to problem (31) with the expected revenue
z*, let t be such that Yoien W; < t<(1+a) Y ien Wi Then, letting w be an optimal solution to
1 *

problem (33) with t =1, W provides an expected revenue of at least ey TaZ?

Proof. To compute the expected revenue provided by the solution w, using the fact that < |z | +1

and [z] <x+1, we get the chain of inequalities

~ Oé? n _ Ot%\ n _ Oti\ n _
Z w;,; = — —=Ww; S — \‘A’LUZJ + 1 @ — Z \‘A’U}ZJ +n
n ot n el at n ot

i€EN i€EN i€EN

®) of t - -
< a({"}rn) < a<n+1+n> - t<1—|—a+a> < T(1+2a), (34)
n (6 n (6% n

where (a) holds since |N| =n and (b) holds since w is a feasible solution to problem (33) when we

solve this problem with ¢ = t.

Let w be such that w; <w; < (1+a)w; and w; € Grid; for all : € N. By Lemma K.2, w is feasible

to problem (33) when we solve this problem with t =1. In this case, we get

3 (Aaiwm—» ““) (7: — log ;)

s 140, w; L+ 8 W
2 ;(Aai%+(l—A)HU@W) (i — log w;)
¢ i (o ) oo, @

where (c¢) holds by (34) and logw; <logU; = ~; since w; € Grid;, whereas (d) holds since w is an
optimal solution to problem (33) with ¢ =% but @ is only feasible to problem (33) with ¢t =1.

We lower bound each term in the summation on the right side above. In particular, noting that

(14 o) w; > w} > w;, we obtain

o, @, o, 2 v
Ay ——— 4+ (1= N) —= | (yi —logw;) > | Aoy — 22—+ (1 —\) 2 | (4, —logw}
2 e T 1) ) (- log )
— | Ay —— — = ; — logw;
T 14+« 1+o,w; 1+¢ i &
H 1 o w¥ w*
> Aoy ———+(1-N) —=——| (7i —logw}),
= (1+a)2< 1+o,w ( )1+Zjer;>(7 gw;)

where (e) holds by writing the first fraction in the parenthesis on the left side of the inequality
1+a:-ai wy

. * . *
o w; 1 o w;

as Tfato,w; = Tta Itouwl’

and noting that

whereas (f) holds because we have
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T<(1+ @) .cnw; by our choice of 1. Using the last chain of inequalities above on the right side
of (35), it follows that

S (Aalm‘ﬂ +(1- ) ““) (v — log @,)

= + o w; L+ en W

1 Lt *
S (Aai"”‘%m - ) “’1> (7 — log w}).

2 * *
(1+20)(1+ ) = 140w} L+ enw;

The desired result follows by noting that the sums on the left and right side above, respectively,

correspond to the objective values of problem (31) evaluated at w and w*. |

Similar to the development of our FPTAS, for fixed ¢, we can find an optimal solution to
problem (33) by using the dynamic program

Ji(q; t) = max {(Aaiw+(1—/\) i >(fyi—logwi) + Jisa (q—i— L%wiJ ;t>}- (36)

w; €Grid; 14+ 0; w; 1+t

The boundary condition is that J,11(q;t) =0 if ¢ < [2], whereas J,,;1(q;t) = —00 otherwise, so we
find a solution w to problem (33) that satisfies >, [ 2% w;| < [Z2].

Noting that | w;| is an integer, the state variable in the dynamic program takes on integer
values. Furthermore, as we move from one decision epoch to the next, the state variable in the
dynamic program can only increase. If the state variable exceeds [2] at any decision epoch, then
we can immediately conclude that the value function takes the value —oo, since the boundary
condition of the dynamic program depends on whether the state variable exceeds []. In this case,
noting that the state variable takes on integer values, we have O(2) possible values for the state
variable. Since there are |Grid;| possible actions in each decision epoch, for fixed ¢, we can solve

the dynamic program in (36) in O(g Y ien ]Gridi]> operations. Thus, for fixed ¢, we can obtain an

optimal solution to problem (33) in the same number of operations.

As discussed just after (32), it is enough to focus on t € [3°,_\ Li, >,y Ui]. Letting w* be an
optimal solution to problem (31), by the definition of Grid, there exists ¢ € Grid N D ien Lir 2 ien Uil
such that >, yw; <t < (1+a) Y, yw;. By Lemma K.3, if we solve problem (33) with ¢ =1,
m-approximate solution to the pricing problem. So, if we solve problem
(33) with t =1 for each 7 € Grid N [>ien Lis ;e n Us] and pick the solution that provides the largest

then we get a

expected revenue, then we get a m—approximate solution to the pricing problem. We have

o (log(zieloNg[(JliiaZ)iEN Li)) =0 <i log (%ngl)) points in GridN [}, .y Li, >, 5 Ui]. Thus, noting the
1€ v

number of operations to solve the dynamic program in (36), we can get a m-approximate
solution to the pricing problem in O(% log (%) Doien |Gridi|) operations.

Given € € (0,1), we choose the accuracy parameter in Grid as a = ¢/4. Since a =¢/4 € (0,1) and

m >(1—4a)=1—¢€ for any a € (0,1), we can use the approach outlined above to obtain
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a solution to the pricing problem in (31) such that the expected revenue provided by this solution
deviates from the optimal expected revenue by at most a factor of 1 — e and we can obtain this

solution in O(}2 log (%) Yien \Gridi\) operations. By the definition of U; and L; in Lemma
S g

K.1, we have % =O0(exp(D_en e + > ,cne”)) and % = O(exp(Xjcn e + > ,cne’)), in
which case, the first equality yields |Grid;| = O (%) =0 (X,cnei+X,cn€)). So, we can

obtain a (1 — €)-approximate solution to the pricing problem in O (% log (%) Y oien \mzo =
O(Z—; (Xien €1+ cn €77)) operations. If e/ and €7 are uniformly bounded by a fixed constant,
then this running time is polynomial in the size of the input and in 1/e. If e#i and e are parts of
the problem input, then this running time is pseudo-polynomial in the size of the input and in 1/e.
In either case, the discussion in this section shows how we can focus on a finite number of solutions

that scale polynomially in the number of products and 1/e to obtain a (1 — €)-approximate solution

to the pricing problem. In the rest of this section, we give a proof for Lemma K.1.

Proof of Lemma K.1:

Noting that w; = €Y "?i and p; > 0, we have w; < e, so w; < U;. In the rest of the proof, we

focus on showing that there exists an optimal solution w* that satisfies w; > L, for all i € N. For

notational brevity, let g;(w;) = ;74— (vi — logw;) and h(w) = Z"Eﬁrwiz;_:fwi)

objective function of problem (31) is ¢(w) =X Y.y @i 0; gi(w;) + (1 — A) h(w). We show that if

, in which case, the

w; < L; for some i € N, then % > 0, which implies that we can increase the value of ¢)(w) by
increasing w; infinitesimally. Thus, we cannot have w} < L, in an optimal solution w* to problem

31) and the desired result follows. First, we claim that if w; < L;, then M > 0. In particular,
dw

differentiating g;(-), we have d-";gf” = 1+a1i w; <7ﬂflfc;gwuzi — 1). Since w; < L;, noting the definition L;,

we get w; < e/ exp(d_ i yet) =€’/ exp(D_ .y ;€% ), where the equality uses the definition
of ;. Thus, we have logw; <v; —1— Z]EN 0;e <~;—1—0,;€". In this case, we obtain

d 4 i 1 Z—l i (a) 1 1 i Vi ®

g(w): vi—logwi ) (@ +o;e 1Y,

where (a) holds since logw; <; —1 —0; €7 and (b) holds noting the fact that w; < e"i. Thus, the

chain of inequalities above establishes that the first claim holds.

Second, we claim that if w; < L;, then % > 0. Since w; < L;, by the definition of L;, we get

w; < et/ exp(_;c v €). Differentiating h(-), we also have

ah(fw) (71’ —1- logwi) <1 + ZjeN wj) - ZjeN W (’Yj - logwj) (37)
3wi N 2 ’

(1 + ZjeN wj)

Since w; < €Y7t/ exp(}_;cy€”), we have y; — 1 —logw; > >,y e%. Thus, we get the inequality
(vi =1 =logw;) (1 + > ey wi) > O jen€) (14 X ey wi) > 32 cn €. On the other hand, the
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1

maximum value of the function f(x) = x(y; —logz) over the interval [0,00) is €% ™', so have

wj (y; —logw;) < €~ Thus, noting the last inequality in this paragraph, it follows that

(9 — 1= logw) (1+Z“’J’) = wj(y; —logw,) > € =Y en 7 >0,

JEN JEN JEN JEN
in which case, by (37), we have 825:’) > 0, so the second claim holds. By the two claims, we get if
wi<Lif0rsomei€N,then%>0. |

Appendix L: Computational Experiments under Censored Demands

In this section, we modify our expectation-maximization algorithm to handle demand censorship

and give computational experiments under censored demands.

L.1 Expectation-Maximization Algorithm

Demand censorship refers to the fact that if we did not have sales over a period of time, then we
may not necessarily know whether no customer arrivals occurred or the arriving customers did not
purchase anything. We divide the data collection horizon into small enough time periods that there
is at most one customer arrival at each time period. We use H = {(S;,4;):t=1,...,7} to capture
the purchase history observed over the data collection horizon, where 7 is the number of time
periods in the data collection horizon, S; is the assortment of products offered during time period
t and 4, is the product purchased, if any, during time period ¢. If there was no purchase during
time period ¢, then i, = 0. The parameters that we need to estimate are (5,\,0,v), where the
parameters (A, 0,v) of our mixture model are as in Section 7 and £ is the probability that we have
a customer arrival during a time period. We make use of the following observation to construct our
expectation-maximization algorithm. In addition to the purchase history H = {(S;,%,):t=1,...,7},
if we knew whether there was an arrival during each time period, as well as the segment of the
arriving customer, if any, then we could estimate the arrival probability 8 separately from the
parameters (A, 0, v) of our mixture model. Moreover, we could separately fit independent demand

and multinomial logit models to the purchases from the two segments.

For the moment, assume that we do have access to whether there is a customer arrival during each
time period and the segment of the customer arriving during each time period. For (ay,y;) € {0,1}2
for each t =1,...,7, we use C{(as, y:,S;,i;) :t=1,...,7} to capture the complete purchase history,
where a; =1 if and only if we had a customer arrival during time period ¢ and y, =1 if and only if
we had a customer arrival during time period ¢ and this customer was in the independent demand
segment. Note that a, > y;, so a; —y, € {0,1} and a, —y, =1 if and only if we had a customer

arrival during time period ¢ and this customer was in the multinomial logit segment. If we had
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access to the complete purchase history C = {(as,ys, Si, %) :t =1,...,7}, then we could estimate

the parameters (3, A, 0,v) by maximizing the likelihood function

L (5.0,0,0:0) =] {(1 — By (m [Tor (1~ Zei)l(”_o’)

t=1 1€ESY €St
1(it=1) 11(iz=0) \"* ¥t
o U 1+
H'LGSt [ ) . (38)

X(““” L4 V(S)

In the likelihood expression above, if 1 —a; = 1, then we do not have an arrival during time period ¢,
so the likelihood of this event is 1 — 3. If y, = 1, then we have a customer arrival during time
period ¢ and this customer is in the independent demand segment, so the likelihood of this event
is B . Also, if the customer arriving during time period ¢ is in the independent demand segment,
then she purchases product 7 € S; with probability 8;, whereas she leaves without a purchase with
probability 1 -3 s, 0i- If, however, a; —y, = 1, then we have a customer arrival during time
period t and this customer is in the multinomial logit segment, so the likelihood of this event is
B(1—M). Also, if the customer arriving during time period ¢ is in the multinomial logit segment,
then she purchases product ¢ € S; with probability Hxiii(stw whereas she leaves without a purchase

with probability resulting in the likelihood function in (38). We will need three random

variables. We use the random variable A with support {0,1} to capture whether there is a customer
arrival during a generic time period, where A =1 if and only if there is a customer arrival. We use
the random variable Y with support {0,1} to capture whether there is a customer arrival during
a generic time period and the segment of the arriving customer, where Y =1 if and only if there
is a customer arrival and this customer is in the independent demand segment. Lastly, we use the
random variable P(S) with support S U {0} to capture the product sold during a generic time
period, where P(S) =1 if and only if there is a sale for product ¢ € S. If P(S) =0, then we may
have a customer arrival and this customer left without a purchase or no customer arrival at all. If
the parameters of our mixture model are (3,\,0,v), then A is Bernoulli with parameter 3, Y is
Bernoulli with parameter S\ and P(S) takes value ¢ € S with probability S\0; + 5 (1 — \) 1++Z(S)

Description of the Expectation-Maximization Algorithm:

At iteration ¢ of our expectation-maximization algorithm, we have the current parameter
estimates (3, \’,0°,v"). Letting {(a’,y!):t=1,...,7} be the estimates of {(al,yf):t=1,...,7}
at iteration ¢, we compute @. as the expectation of A conditional on the fact that the arrival
and choice process during time period t is governed by our mixture model with parameters
(8%, A, 0%, v") and the product purchased, if any, during this time period is 7,. We compute 7! as the

expectation of Y conditional on the same information. In this way, we obtain the estimated complete
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purchase history C* = {(a', 7', S;,4;) :t =1,...,7} at iteration £. The parameters of our mixture
model take values in the set @ ={(3,\,0,v) €[0,1]*™ x [0, B]": >_._\ 0; <1}. We maximize the
likelihood function L"™(3,\,0,v;C") subject to the constraint that (8, ),0,v) € Q to obtain the

ieN

parameter estimates (BT, AL @1 v®+1) at the next iteration. Thus, during the course of our
expectation-maximization algorithm, given that the arrival and choice process is governed by our
mixture model with some parameters (5, A, 0,v), we need to compute conditional expectations of
the form E{A|P(S) =i} and E{Y | P(S) =1i}. Noting that the support of the random variables
A and Y are {0,1}, the last two conditional expectations are equal to P{A =1|P(S) =1} and

P{Y =1| P(S) =1}, in which case, we can compute them as

(1 if1£0
. . _P{Azl,P(S’):i}_
P{A=1|P(8) =i} = —Frpiey oy — = g(m_ziesemu—»ﬁ(s)) .
(-0 +8(A1-Tisb)+ (- N )
BAG: if i #£0
PIy —11p(S) =t — P =L P(S) =d} _ B(Mﬁ(l_/\)lﬁ(s))
WP =0 =" @ =iy~ BN~ Sies0) .
(1=8)+5 (M1 = Ties0)+ (13 1157

In the first case of the first equality, having P(S) =i with ¢ # 0 means that we have a purchase for
product i, so a customer must have arrived. Thus, if i # 0, then P{A =1, P(S) =i} =P{P(S) =}.
In the second case, having P(S) =0 means that we do not have a purchase, which happens when
either a customer does not arrive or a customer arrives and she leaves without a purchase. In the
first case of the second equality, having Y =1 and P(S) =i with ¢ # 0 means that a customer
arrives, she is in the independent demand segment and she purchases product ¢, which happens
with probability S\ 6;. Also, having P(S) =i with i # 0 means that we have a purchase for product
i, which happens when there is a customer arrival and she purchases product ¢ regardless of her

segment. We can interpret the second case of the second equality similarly.

During the course of our expectation-maximization algorithm, for some complete purchase
history C, we also need to maximize the likelihood function L®"™(3, )\, 0,v;C) subject to the
constraint that (8,\,0,v) € Q. We can express the logarithm of the last likelihood function
as log L°"(B,,0,v;C) = L$*(3;C) + L§™(\;C) + LS™(0;C) + L™ (v;C), where LS™(\;C),
L$™(0;C) and L$™(v;C) have, respectively, the same form as L;()\;C), Ly(0;C) and Ls(v;C)
in Section 7.1 after replacing each occurrence of z; with y, and each occurrence of 1 — z;, with

a; — y¢. Lastly, L{®(8;C) has the form L{*(8;C) =Y ;_ {a; log8+ (1 —a;) log(1 — 8)}. Putting
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the discussion in the last two paragraphs together, below is a step-by-step description of our

expectation-maximization algorithm under censored demands.

Expectation-Maximization Algorithm Step-by-Step under Censored Demands:

The input is {(S;,4;) :t=1,...,7}, where S; is the assortment offered and i, is the product

purchased during time period t. If there was no purchase during time period ¢, then ¢; = 0.

Step 1. Choose the initial parameter estimates (8',\!,0',v'), such that ' € [0,1], A! € [0,1],
0' [0,1]", >,y 0 <1 and v' €[0, B]". Initialize the iteration counter by setting ¢ = 1.

K2

Step 2. (Compute the Conditional Expectations) For each time period ¢ = 1,...,7 in the
purchase history, compute @ € [0,1] and 3¢ € [0,1] as

: if iy, #0
- | 39
" B (Ae(l_ZieStef)—i_(l_)\[) ﬁ) if i, =0 "
t — b
’ 1
(=89 +8° (M (1= D, 0+ (1= 2) 7t )
ALt
B it i lf Zt#o
’ Y N VA N S
¢ 8 ()\ 07, + (1 =) 3 es, ”5)
. (40)
BN (1= Y5, 00) if i, =0
. =0.
(16948 (M (1= S, 0+ (1= X) )

Step 3. (Maximize the Likelihood) Compute the parameters (81, A1 9+ v**1) at the next

iteration by solving the problems

B = argmax { i: {Ef log B+ (1 —a?) log(1 — 5)}}

gep] | =

AFL = argmax { Z {yf log A+ (@t —7%) log(1 — A)}}
t=1

A€[0,1]
0! = argmax { ny{ Z 1(i =1,) logb; + 1(i, = 0) log (1 — Z 92>} : Z@ < 1}
ocfo,1]n =1 ieS; 1ES 1EN
vt = argmax { Z(af _yf){ Z 1(i =1,) logv; —log (1 + Z vj) }}
velo.B" | ics, J€st

Step 4. For fixed € > 0, if max{|3‘"! — 8, |\“T1 — X[, |0“T! — 0|, [[v*T — v!||} <, then stop.

Otherwise, increase the iteration counter ¢ by one and go to Step 2.

By the discussion in Section 7.1, the last three optimization problems in Step 3 have concave

objective functions and linear constraints. The first optimization problem in Step 3 share the
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same characteristics. Next, we discuss the monotonicity of the likelihood function at the iterates

generated by our expectation-maximization algorithm.

Monotonicity of the Likelihood Function:

Using the past purchase history H = {(S,4;) :t=1,...,7} that we have available to estimate

the parameters of our mixture model, we have the likelihood function

T

1(iz=1)
—Cens vi
L"(,0.0.0:30) =1 I1 (5““5(1” 1+V(S)>

t=1 1€ESE

1(i4=0)
x<(1_ﬁ)+m(1_29i)+5(1—m%) . (41)

i€S;
where we use the fact that if we have no purchase during time period ¢ so that i; =0, then either
there was no customer arrival during time period ¢, which happens with probability 1 — 3, or there
was a customer arrival during time period ¢, but this customer left without a purchase, which
happens with probability SA(1 -3¢ ;) +8(1—A) m In the next proposition, we argue
that the sequence of parameter estimates generated by our expectation-maximization algorithm

monotonically increases the likelihood function in (41).

Proposition L.1 Letting the sequence {(B8°\,0°v"):4=1,2,...} be generated by the
—Cens —Cens(ﬁé’ )\e,ae,ve;’ﬂ)

expectation-mazimization algorithm, we have L~ (B NHL 9L w1 H) > L

forallt=1,2,....

Proof. The result follows by verifying the conditions of Theorem 2 in Wu (1983). The likelihood
function in (41) and the set Q of possible values for the parameters of our mixture model
satisfy properties (5)-(7) in Wu (1983). By (39)-(40), @ and 7! are continuous in the parameters
(B4, A\, 0%, v"). Furthermore, the likelihood function in (38) is continuous in a; and y,. Thus, the
likelihood function in (38) satisfies the continuity property (10) in Wu (1983). Therefore, the result
follows from Theorem 2 in Wu (1983). [ |

Thus, the monotonicity of the likelihood function at the iterates of our expectation-maximization

algorithm follows by verifying the conditions of a classical result in Wu (1983).
L.2 Experimental Results

We give computational experiments under censored demands to check the ability of our mixture

model to predict customer choices and to identify profitable assortments.

FEzxperimental Setup. Our experimental setup closely follows the one in Section 7.2. We use the

dataset from Kamishima (2018) exactly as in that section to come up with the ground choice
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model. Recall that the parameter i) controls the length of the preference lists in the ground
choice model. Once we come up with the ground choice model, we generate the purchase histories
of customers making purchases according to the ground choice model. In the past purchase
history {(S;,%;) :t=1,...,7}, 7 corresponds to the number of time periods, S, corresponds to
the assortment offered during time period ¢ and 4; is the product purchased, if any, during time
period t. To generate the past purchase history, we include each product in the assortment S; with
probability 0.5. During each time period ¢, no customer arrival occurs with probability 0.1. If a
customer arrival does occur, then we sample the product purchased by the customer according to
the ground choice model. During each time period ¢, we may not have a purchase because a customer
did not arrive or the arriving customer left without making a purchase. We fit our mixture choice
model, multinomial logit model and independent demand model to the past purchase histories that
we generate. The Python code in Berbeglia et al. (2021) to fit exponomial and Markov chain choice
models is not designed to work with censored demands and we do not provide comparisons with the
exponomial and Markov chain choice models. We vary v over {0.5,0.6,...,1.0} to obtain different
lengths for the preference lists in the ground choice model. We vary 7 over {1250,2500,5000} to

capture different levels of data availability in the training data.

Comparing Out-of-Sample Log-Likelihoods. We use MIX to refer to our fitted mixture choice

model, MNL to refer to the fitted pure multinomial logit model and IDM to refer to the fitted
pure independent demand model. In Table EC.5, we compare the out-of-sample log-likelihoods of
MIX, MNL and IDM. We use the same approach in Section 7.3 to compare the out-of-sample log-
likelihoods under censored demands. The top, middle and bottom blocks of the table correspond to
the values of 7 € {1250,2500, 5000}. Recall that we repeat our computational experiments 50 times,
each replication involving a different ground choice model, as well as training and testing data. The
first column gives the value of the parameter 1 controlling the length of the preference lists. The
second, third and fourth columns give the average out-of-sample log-likelihoods obtained by MIX,
MNL and IDM. The next three columns compare the performance of MIX and MNL, where the
fifth column gives the percent gap between the average out-of-sample log-likelihoods of MIX and
MNTL, the sixth column gives the number of replications in which the out-of-sample log-likelihood
of MIX exceeds that of MNL and the seventh column gives the number of replications in which the
outcome is reversed. The last three columns compare the performance of MIX and IDM similarly.
Out-of-sample log-likelihoods of MIX are noticeably better than those of MNL and IDM. These

gaps in log-likelihoods transfer to gaps in expected revenues, as we demonstrate shortly.

Comparing Fxpected Revenues. In Table EC.6, we compare the expected revenue performance of

MIX, MNL and IDM. We use the same approach in Section 7.3 to compare the expected revenues.
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T=1250

Out-of-Sample MIX vs. MNL MIX vs. IDM

Log-Likelihood Perc. MIX MNL | Perc. MIX IDM
P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.
0.5 |-3,709 -3,712 -3,846 | 0.09 40 10 3.57 50 0
0.6 |-3,646 -3,652 -3,741 | 0.15 42 8 2.52 50 0
0.7 |-3,589 -3,597 -3,655| 0.23 44 6 1.82 50 0
0.8 |-3,532 -3,542 -3,574 | 0.29 45 5 1.18 50 0
0.9 |-3,486 -3,498 -3,515| 0.33 49 1 0.83 50 0
1.0 |-3,443 -3,456 -3,463 | 0.39 49 1 | 058 48 2

Avg. | -3568 -3576 -3632 | 0.24 44.8 5.2 1.79 49.7 0.3

T = 2500
Out-of-Sample MIX vs. MNL MIX vs. IDM
Log-Likelihood Perc. MIX MNL | Perc. MIX IDM

P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.
0.5 |-3,704 -3,710 -3,844 | 0.15 44 6 3.63 50 0

0.6 |-3,641 -3,649 -3,738 | 0.22 47 3 2.61 50 0
0.7 |-3,584 -3,594 -3,653 | 0.28 47 3 1.89 50 0
0.8 |-3,527 -3,540 -3,572| 0.36 49 1 1.26 50 0
0.9 |-3,482 -3,496 -3,514| 040 50 0 091 50 0
1.0 |-3,437 -3,453 -3,460 | 0.47 50 0 0.67 50 0

Avg. | -3562 -3574 -3630 | 0.31 47.8 2.2 1.86 50.0 0.0

7= 5000
Out-of-Sample MIX vs. MNL MIX vs. IDM
Log-Likelihood Perc. MIX MNL | Perc. MIX IDM

P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.

0.5 |-3,701 -3,708 -3,842 | 0.19 47 3 3.67 50 0
0.6 |-3,638 -3,648 -3,737| 0.26 49 1 2.65 50 0
0.7 |-3,581 -3,593 -3,652 | 0.33 49 1 1.95 50 0
0.8 |-3,524 -3,538 -3,671 | 0.41 50 0 1.32 50 0
09 |-3,480 -3,495 -3,513| 043 50 0 0.96 50 0
1.0 |-3,435 -3,452 -3,460 | 0.50 50 0 0.71 50 0

Avg. | -3560 -3572 -3629 | 0.35 49.2 0.8 1.91 50.0 0.0
Table EC.5 Out-of-sample log-likelihoods of the fitted choice models under censored demands.

The top, middle and bottom blocks of the table correspond to the values of 7 € {1250, 2500,5000}.
The first column gives the value of the parameter v controlling the length of the preference lists in
the ground choice model. The second, third and fourth columns give the average expected revenues
obtained by the assortments that are computed under the assumption that the choices of the
customers are governed by the fitted MIX, MNL and IDM. Recall that the averages are computed
over the 50 replications. The next three columns compare the performance of MIX and MNL, where
the fifth column gives the percent gap between the average expected revenues of MIX and MNL,
the sixth column gives the number of replications in which the expected revenue of MIX exceeds
that of MNL and the seventh column gives the number of replications in which the outcome is
reversed. The last three columns compare the performance of MIX and IDM similarly. If customers
choose under the independent demand model, then it is always optimal to offer all products. Thus,
the expected revenue performance of the assortments obtained by IDM does not change from one
replication to the next. Our results in the table indicate that the assortments obtained by using the
fitted MIX perform noticeably better than those obtained by using the fitted MNL and IDM. The
noticeably superior performance of MIX over MNL and IDM is largely consistent across the 50

replications under each value of the parameter .
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T=1250

MIX vs. MNL MIX vs. IDM
Expected Revenue | Perc. MIX MNL | Perc. MIX IDM
P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.

0.5 | 5.821 5.803 5.503 | 0.32 33 17 5.77 50 0
0.6 |5.713 5.655 5.503 | 1.02 48 2 3.80 50 0
0.7 | 5.641 5.535 5.503 | 1.92 50 0 2.50 50 0
0.8 | 5.587 5.441 5.503 | 2.68 50 0 1.51 49 1
0.9 | 5.551 5.362 5.503 | 3.52 50 0 0.85 48 2
1.0 | 5.527 5.292 5.503 | 4.45 50 0 0.43 47 3

Avg. | 5.640 5.515 5.503 | 2.27 46.8 3.2 248 49.0 1.0

T = 2500
MIX vs. MNL MIX vs. IDM
Expected Revenue | Perc. MIX MNL | Perc. MIX IDM
P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.

0.5 | 5.842 5.803 5.503 | 0.67 46 4 6.15 50 0

0.6 | 5.737 5.657 5.503 | 1.43 50 0 4.25 50 0
0.7 | 5.658 5.537 5.503 | 2.19 50 0 2.81 50 0
0.8 | 5.599 5.441 5.503 | 290 50 0 1.72 50 0
0.9 | 5.561 5.364 5.503 | 3.67 50 0 1.04 50 0
1.0 |5.5636 5.294 5.503 | 4.57 50 0 0.59 50 0

Avg. | 5.655 5.516 5.503 | 2.53 49.3 0.7 | 2.76 50.0 0.0

7= 5000
MIX vs. MNL MIX vs. IDM
Expected Revenue | Perc. MIX MNL | Perc. MIX IDM
P MIX MNL IDM | Gap Btr. Btr. | Gap Btr. Btr.

0.5 | 5.861 5.805 5.503 | 0.96 50 0 6.50 50 0

0.6 | 5.755 5.658 5.503 | 1.71 50 0 4.56 50 0
0.7 |5.670 5.539 5.503 | 2.36 50 0 3.02 50 0
0.8 | 5.608 5.443 5.503 | 3.04 50 0 1.90 50 0
0.9 | 5.567 5.365 5.503 | 3.76 50 0 1.15 50 0
1.0 | 5.540 5.295 5.503 | 4.62 50 0 0.66 50 0

Avg. | 5.667 5.518 5.503 | 2.70 50.0 0.0 296 50.0 0.0
Table EC.6 Expected revenues obtained by the fitted choice models under censored demands.




