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Abstract

We consider a competitive pricing problem where there are multiple firms with limited
inventories of substitutable products. Each firm chooses the prices that it charges for its product
over a finite selling horizon. The demand of each firm jointly depends on the prices of all firms
in a deterministic fashion through a linear demand function. The goal of each firm is to choose
its prices to maximize its total revenue. We study two types of equilibrium. In equilibrium
without recourse, each firm chooses its entire price trajectory at the beginning of the selling
horizon. In equilibrium with recourse, each firm adjusts its price at each time period as a
function of the current inventories of all of the firms. Although the demand of each firm is
a deterministic function of the prices so that there is no uncertainty in the responses of the
firms, there is a stark difference between equilibria with and without recourse. Considering the
commonly studied diagonally dominant regime, where the demand of a firm is affected more
by its price than the prices of the other firms, we show that the equilibrium without recourse
exists and it is unique. In contrast, we demonstrate that the equilibrium with recourse may
not exist or may not be unique. Motivated by this result, we look for approximate equilibrium
with recourse. Considering a low influence regime, where the effect of the price of each firm
on the demand of the others is diminishing, we show that the equilibria without recourse is an
approximate equilibrium even when we allow the firms not to commit to a price trajectory at
the beginning of the selling horizon.

1 Introduction

In many practical situations, multiple firms selling substitutable products set their prices
competitively to sell limited inventories over a finite selling horizon, when the demand of each
firm jointly depends on the prices charged by all firms. For example, airlines competitively set the
prices for their limited seat inventories in a particular market. Firms selling electronic products
take the prices of their competitors into consideration when setting their prices. In this paper, we
consider multiple firms with limited inventories of substitutable products. Each firm chooses the
prices that it charges for its product over a finite selling horizon. The demand that each firm faces
is a deterministic function of the prices charged by all of the firms, where the demand of a firm is
linearly decreasing in its price and linearly increasing in the prices of the other firms. Each firm

chooses its prices over a finite selling horizon to maximize its total revenue.

MAIN CONTRIBUTIONS. We study two types of equilibrium for the competitive pricing setting
described in the previous paragraph. In equilibrium without recourse, at the beginning of the selling
horizon, each firm chooses the prices that it charges over the whole selling horizon and commits

to this price trajectory, under the assumption that the other firms do the same. In equilibrium
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with recourse, at each time period in the selling horizon, each firm observes the inventories of all
of the firms and chooses its price at the current time period, again under the assumption that the
other firms do the same. Despite the fact that the demand of each firm is a deterministic function
of the prices so that there is no uncertainty in the responses of the firms, we show a clear contrast

between the equilibrium without recourse and the equilibrium with recourse.

We consider the diagonal dominant regime, where the price charged by each firm affects its
demand more than the prices charged by the other firms. In other words, if all of the competitors
of a firm decrease their prices by a certain amount, then the firm can decrease its price by the
same amount to ensure that its demand does not decrease. This regime is rather standard in the
existing literature and it is used in, for example, Allon and Federgruen (2007) and Gallego and Hu
(2014). Focusing on the equilibrium without recourse, we show that the best response of each firm
to the price trajectories of the other firms is a contraction mapping, when viewed as a function
of the prices of the other firms. In this case, it immediately follows that the equilibrium without
recourse always exists and it is unique. To our knowledge, this contraction property in the setting

of price competition with limited inventories is new.

We give counterexamples to show that the equilibrium with recourse may not exist or may
not be unique. Motivated by this observation, we look for an approximate equilibrium that is
guaranteed to exist. In particular, we consider the setting where a firm can adjust its price at each
time period based on the current inventories of all of the firms. We call a strategy profile for the
firms an e-equilibrium with recourse if no firm can improve its total revenue by more than e by
deviating from its strategy profile. We consider a low influence regime, where the effect of the price
of a firm on the demand of another firm is diminishing, which naturally holds when the number
of firms is large. We show that the equilibrium without recourse, which we know to uniquely
exist, is an e-equilibrium with recourse even when the firms may adjust their prices. So, intuitively

speaking, an e-equilibrium with recourse is expected to exist when the number of firms is large.

Our results fills a gap in a fundamental class of revenue management problems. Although there
is no uncertainty in the responses of the firms, the equilibria with and without recourse are not the
same concept and they can actually be qualitatively rather different. While the equilibrium without
recourse uniquely exists, one cannot say the same thing for the equilibrium with recourse. Also,
as far as we are aware, our contraction argument for showing the existence and uniqueness of the
equilibrium without recourse does not appear in the literature. This argument becomes surprisingly
effective when dealing with linear demand functions, but it is still an open question whether similar
arguments hold for other demand functions. Lastly, our results indicate that the equilibrium
without recourse in a low influence regime turns out to be an approximate equilibrium with recourse,

even when the firms are allowed to not to commit to a price trajectory.

LITERATURE REVIEW. Similar to us, Gallego and Hu (2014) consider price competition among

multiple firms with limited inventories over a finite selling horizon. In the diagonally dominant



regime, they show the unique existence of the equilibrium without recourse, but their argument
does not show the contraction of the best response. Having the contraction property allows finding
the equilibrium without recourse by successively computing the best response of each firm to the
others. Furthermore, for the setting we consider, we show that the equilibrium with recourse can
be different from the equilibrium withour recourse and the former equilibrium may not exist or
may not be unique, but the equilibrium without recourse may be a good approximation to the

equilibrium with recourse in the low influence regime.

There are a number of papers that study price competition over a single period. Milgrom and
Roberts (1990) show that pure Nash equilibrium exists for a wide class of so called supermodular
demand models. Gallego et al. (2006) provide sufficient conditions for uniqueness of equilibrium
in the Bertrand game when the demands of the firms are nonlinear functions of the prices, there
is a cost associated with satisfying a certain volume of demand and each firm is interested in
maximizing its expected profit. In particular, the authors use a slightly more general version
of the multinomial demand model to capture the relationship between price and demand. The
cost is a nonlinear function of the demand volume. Pierson et al. (2013) identify the conditions
for existence and uniqueness of pure Nash equilibrium when the demands are characterized by a
mixture of multinomial logit models and the cost of satisfying a certain volume of demand is linear
in the demand volume. Gallego and Wang (2014) consider the price competition between multiple
firms when the relationship between demand and price is characterized by the nested logit model
and provide conditions to ensure the existence and uniqueness of the equilibrium. Nazerzadeh and
Perakis (2015) prove the existence of pure strategy equilibrium in a price competition game between

two suppliers when capacity is private information.

Considering the papers on price competition over multiple time periods, Levin et al. (2009)
study a stochastic game when there are strategic consumers choosing the time to purchase. Lin
and Sibdari (2009) study a competitive pricing problem when the relationship between demand
and price is captured by the multinomial logit model and inventory levels are public information.
Martinez-de Albeniz and Talluri (2011) study the pricing game between two firms with limited
inventories facing stochastic demand. The authors characterize the unique subgame perfect
equilibrium. Liu and Zhang (2013) show that there exists a unique pure strategy Markov perfect

equilibrium in a pricing game between two firms offering vertically differentiated products.

ORGANIZATION. In Section 2, we describe the competitive pricing setting, formulate the
optimization problem that computes the best response of a firm when the firms commit to price
trajectories at the beginning of the selling horizon and show that the best response is a contraction
mapping when viewed as a function of the prices of the other firms, which allows us to conclude
that the equilibrium without recourse uniquely exists. In Section 3, we define the equilibrium with
recourse and provide counterexamples to show that the equilibrium with recourse may not exist or
may not be unique. In Section 4, we show that the equilibrium without recourse is an e-equilibrium

with recourse in a low influence regime. In Section 5, we conclude.



2 Equilibrium without Recourse

There are n firms indexed by N = {1,...,n}. Firm ¢ has ¢; units of initial inventory, which
cannot be replenished over the selling horizon. There are 7 time periods in the selling horizon
indexed by T'= {1,...,7}. We use p! to denote the price charged by firm i at time period ¢. Using
p' = (pl,...,pl) to denote the prices charged all of the firms at time period ¢, the demand faced
by firm i at time period ¢ is given by D!(p') = of — B¢ p! + E#i ’yf,j pz-, where a! > 0, 8t > 0
and 7;-57]- > 0. We assume that the price charged by each firm affects its demand more than the
prices charged by the other firms, in the sense that ) ki ’Vf,j < Bl forallie N,teT. Also, using
pt, = ... pl_1, Py, ... ph) to denote the prices charged by firms other than firm ¢ at time
period t, to avoid negative demand quantities, we restrict the strategy space of the firms such that
each firm ¢ charges the price p! at time period ¢ that satisfies af — B! pl + Zj# %t,j p§- > 0, given the
prices p' ; charged by the other firms. If the firms other than firm i commit to the price trajectories

p—i = {p', :t € T}, then we can obtain the best response of firm i by solving the problem

max{z (af = BEph+ Do) ot D (ad = Blpt+ o 0l8) <

teT ji teT i

of = Bipi+ ) Py >0 VteT, pi>0 Vte T}- (1)
J#i
Since Bf > 0, problem (1) has a strictly convex objective function and linear constraints, which

implies that the best response of firm i is unique.

Using the non-negative dual multipliers v; and {u! : ¢ € T'} for the first and second constraint
in problem (1), the Karush-Kuhn-Tucker (KKT) conditions for this problem are

(3 (af—simt+ >t p) —ci)vi=0,  (al=Blpl+ Y Alp))ui=0 vteT, (2)
teT i i
of —28ph+ > AP+ B (i —uf) =0 VteT.
J#i

Since problem (1) has a concave objective function and linear constraints, the KKT conditions
above are necessary and sufficient at optimality; see Boyd and Vandenberghe (2004). In other
words, for a feasible solution {p! : ¢t € T'} to problem (1), there exist corresponding non-negative
dual multipliers v; and {u! : t € T'} that satisfy the KKT conditions in (2) if and only if {p} : t € T}
is the optimal solution to problem (1). Note that we do not associate dual multipliers with the
constraints p§ > 0 for all ¢ € T in problem (1) since it is never optimal for firm ¢ to charge a
negative price. Therefore, we can actually view the constraints p! > 0 for all ¢ € T' as redundant
constraints. We use the KKT conditions in (2) extensively to characterize the best response of firm
1 to the price trajectories p_; of the other firms. In the rest of this section, we exclusively focus on
the strategies without recourse, where each firm ¢ commits to a price trajectory {p! : ¢t € T} at the
beginning of the selling horizon and does not adjust these prices during the course of the selling

horizon. If the price trajectory {p} : ¢ € T'} chosen by each firm i is the best response to the price



trajectories p_; chosen by the other firms, then we say that the price trajectories {p’ : t € T'} chosen
by the firms is an equilibrium without recourse. We show that there exists a unique equilibrium
without recourse. Furthermore, if we start with any price trajectory {p' : ¢ € T} for the firms
and successively compute the best response of each firm to the price trajectories of the other firms,
then the best response of each firm forms a contraction mapping when viewed as a function of the
prices charged by the other firms. Using this result, we show that there exists a unique equilibrium
without recourse. To capture the best response of firm ¢ to the prices charged by the other firms,

we define the set of time periods

t t t
O+ 2254 Vi Py - V}.
Bt

In the next lemma, we use 7;(v, p_;) to give a succinct characterization of the solution {p : ¢t € T'}

Ti(v,p—;) = {t eT:

and the corresponding dual multipliers v; and {u! : ¢ € T'} that satisfy the KKT conditions.

Lemma 1 If a feasible solution {p! : t € T} to problem (1) and the corresponding non-negative
dual multipliers v; and {ul : t € T} satisfy the KKT conditions in (2), then we have

i J#tz i 52 if t € Ti(vi,p—i) 0 if t € T;(vi, p—i)
up = B af + Zj;éi Vf,j p§»

if t € Ti(vi, p—i), K Bt ift & Ti(vi,p—i)-

pfz t ‘ t ot
O+ 2054 Vi Py

B;

Proof. Since the solution {p : t € T}, along with the dual multipliers v; and {u! : t € T}, satisfies
the KKT conditions in (2), solving for u} in the third KKT condition, we have
b i s
u; = t

Bi
For notational brevity, we let Al = (af + > it vi;P5)/Bi. Therefore, we can write (3) as
u! = Al — 2pl + v;. Furthermore, noting that 8! > 0 and dividing the second KKT condition
in (2) by B!, we observe that (Al — p')ul = 0 for all ¢ € T. Consider any ¢t € T;(vi,p—i)-
By the definition of T;(v;,p—;), we have Al > v;. In this case, by (3), it follows that u! =
Al — 2pt + v; < 2(Al —pt). Multiplying the last chain of inequalities by u! and noting that

—2pt 4 ;. (3)

(AL — phyul = 0, we get (uf)? < 0, which implies that uf! = 0. Using this value of u! in
(3) and solving for pf, we have p! = Al/2 + v;/2. Therefore, the desired result holds for any
t € Ti(vi,p—i). Consider any ¢t ¢ T;(vi,p—;). By the definition of 7;(vi, p—i), we have Al < v;.
In this case, using (3), it follows that u! = Al — 2pf 4+ v; > 2(A! — p!). Multiplying the
last chain of inequalities by Al — p! and noting that (A! — pl)uf =0, we have (Al — pl)? < 0,
which implies that p! = Af. Using this value of p! in (3) and noting the definition of Af,

u! = v; — AL, Therefore, the desired result holds for any ¢ € 7;(vi, p—i)- O

we get

By Lemma 1, we can characterize the solution {p! : ¢ € T} and the dual multipliers v; and
{ul : t € T} that satisfy the KKT conditions in (2) only by using the value of v;. If we know the



value of v;, then we can compute the set of time periods 7;(v;, p—;), in which case, we can choose
the values of {p! : t € T} and {u! : t € T;} as given in Lemma 1. Throughout the rest of this
section, we indeed choose the values of {p! : t € T} and {u! : t € T;} as given in Lemma 1, since we
are interested in solution thats satisfy the KKT conditions. Naturally, we do not know the value
of v; that allows us to obtain the solution {p} : ¢ € T'} and the dual multipliers v; and {u} : t € T’}
that satisfy the KKT conditions. In the next lemma, we give a characterization of the value of v;
that corresponds to the solution {p! : ¢ € T} and the dual multipliers v; and {u! : t € T'} satisfying

the KKT conditions in (2). In particular, we consider the function

S (ab=Bivedalpt) 20 ifv>0

teTi(v,p—i) J#i

Gi(v,p—i) =
P max Z at—i—z topl) —2¢;,0 ifv=20
i Yi,j Dj Ci, nIv=_u

teTi(v,p—i) J#i

In the appendix, Lemma 7 shows that G;(-, p—;) is strictly decreasing over some [0, v*] and has a

unique root. In the next lemma, we use its root to characterize a solution to the KKT conditions.

Lemma 2 If a feasible solution {pt : t € T} to problem (1) and the corresponding non-negative
dual multipliers v; and {ut : t € T} satisfy the KKT conditions in (2), then we have G;(v;,p—;) = 0.

Proof. As in the proof of Lemma 1, we let Al = (ol + i Vi j pﬁ) /B¢ for notational brevity. By
Lemma 1, we have p! = (Al +v;)/2 for all ¢t € T;(vi, p—i) and p! = Al for all ¢ € T;(vi, p—;). First,
we assume that v; = 0. Since of > 0, we have T;(v;,p_;) = T by the definition of 7;(v;, p—;),
which implies that pf = (Al +v;)/2 = Al/2 for all t € T. In this case, we obtain 3>, 81 Al =
Yoier BHAL = ph) = Yep(al — Biph + 30,47 p5) < i, where the second equality uses the
definition of Al and the inequality follows from the fact that {p! : ¢ € T} is a feasible solution to
problem (1). The last chain of inequalities imply that Y, 8f Al — 2¢; < 0. Noting the definition
of Al and the fact that 7;(v;,p—;) = T, we obtain Zteﬁ(vi,p_i)(o‘f + D ViP5 —2¢ <0,
which implies that G;(v;, p—;) = Gi(0,p—;) = 0. Therefore, the desired result holds when v; = 0.
Second, we assume that v; > 0. Using the fact that p! = (Al + v;)/2 for all ¢t € T;(vi, p—i) and
p; = A} for all t & Ti(vi,p—i), we have >, r(af — Bfp} + Zj;éi 75]' p;) = Yier B (AL —p) =
Dt Ti(wip_s) B (AL — v;)/2. Since v; > 0, by the first KKT condition in (2), we also have ¢; =
Sier(al — Bipt + P ’yf,j pz) In this case, by the last chain of equalities, we get

1 t AL
G=5 Z Bi (A7 —vi).
t€7i(vi,p—i)

By the definition of Af, the equality above is equivalent to 37, 7, » (@f = Bvi + 32,7 ; ph) —
2 ¢; = 0, which implies that G;(v;, p—;) = 0. Therefore, the desired result holds when v; > 0. g

By Lemma 2, if a feasible solution {p! : ¢t € T} to problem (1) and the corresponding non-
negative dual multipliers v; and {u! : ¢t € T} satisfy the KKT conditions in (2), then v; must be



the unique root of G;(-, p—;). Also, by Lemma 1, the values of {p! : ¢ € T} and {u! : t € T} must
be given as in Lemma 1. In the next theorem, we use these results to show that the best response

of firm ¢ is a contraction mapping when viewed as a function of the prices of the other firms.
Theorem 3 Let {pl(p_;) : t € T'} be the optimal solution to problem (1) as a function of the prices

charged by the firms other than firm i. For any two price trajectories p_; = {p', : t € T} and
p_i = {p', : t € T} adopted by the firms other than firm i, we have

Ej;éi ’Yf,j ﬁ; - 15§|
B

Proof.  For notational brevity, we let p! = pi(p_;) and p! = pi(p_;). In other words,

P} (p—i) — pi(P—i)| < max

{]3§ :t €T} is the optimal solution to problem (1) when we solve this problem after replacing
p—; with p_;. Similarly, {p!:t € T} is the optimal solution to problem (1) when we solve this
problem after replacing p_; with p_;. Also, we let ¥; and v; be such that G;(0;,p—;) = 0 and
Gi(0,p—i) = 0. Without loss of generality, we assume that 0; > ©;. Otherwise, we interchange
the roles of #; and ¥;. Finally, we let Al = (af + > i Vi P5)/Bf and Al = (af + D Vi D5/ B
for notational brevity. Note that |Af — AAf] §~ DtV
maxer{d ;47 ; [P — P51/ Bi}, we have |Af — Al] < M; for all t € T. We proceed to examining

ﬁﬁ- - 53!/65 In this case, using M; =

four cases to show that [p! — pt| < $M; + 3 max{M;, 0; — &} for all t € T. First, we assume that
t € Ti(0;,p—;) and ¢t € T;(v;,p—;). Using Lemma 1, we have |p! — p| = %]Af +9; — A — 5t <
%|A’; — Aﬂ + %(@Z — ;) < %Ml + %(@Z —9;) < %MZ + %maX{Mi,f),; — 0;}, as desired. Second, we
assume that t & T;(9;,p—;) and t & T;(0;, p—i). Using Lemma 1 once more, we have |pt — p!| =
|A§ — Aﬂ < M; < %Mz + %max{Mi,@i — Ui}, as desired. Third, we assume that ¢ € 7;(0;, p—;)
and t & T;(0;, p—;). Since t € T;(v;, p—;), we have Af > ©;, which implies 0; — Af < Af — Af < M;.
Also, since t & T;(0;, p—;), we have Af < ¥;, which implies ¥; — Af > 0; — ¥;. Noting the last two
inequalities, it follows that |0; — Al < max{M;, o; — 9;}. In this case, using Lemma 1 one last time
and using the fact that |9; — AY| < max{M;, o; — ©;}, we obtain |p! — pt| = |%Af + 10, — A <
LIAL =AY+ o — Al < LM+ Lo, — Al < L M; + L max{M;,9; — ;}, as desired. Fourth,
we assume that ¢t € T;(0;, p—;) and t € T;(0;, p—;), in which case, we can follow the same argument
in the third case to obtain |p! — pt| < % M; + % max{M;, 0; — 0;}. The preceding discussion shows
that |p! — pt| < %MZ + % max{M;, 0; — v;}. If v; < M;, then noting that v; > 0, the last inequality
implies that [p! —p¢| < M;, which is the result we want to show! In the rest of the proof, we proceed

under the assumption that 0; > M;.

Consider the function G;(-,p—;). By Lemma 7 in the appendix, the function G;(-,p_;) is
strictly decreasing over the interval [0, v*) for some v* and constant over the interval [v*,00). By
the same lemma, we also have G;(v*,p_;) = —2¢; < 0. In the rest of the proof, we show that
G;i(0;— M;,p—;) > 0. Also, we have G;(0;, p—;) = 0 by Lemma 2. In this case, since G;(v*,p_;) <0
and G;(-, p—;) is strictly decreasing over the interval [0, v*) and constant over the interval [, c0),
having G;(0; — M;,p—;) > 0 and G;(0;,p—;) = 0 implies that o; — M; < 0;. Therefore, we have



0 — 0; < M;, so that we get [pt — pt| < %MZ + % max{M;, 0; — ¥;} = M;, which is the result we
want to show. It remains to show that G;(0; — M;,p—;) > 0. Using 1(-) to denote the indicator
function, since v; > M;, by the definition of G;(-, p—;), we have

Giloy = Mipg) = 32 (of = B (5= M) + Do a5 ) — 2

teTi (0 —M;,p—;) J#i
= Z (a — Bt (b +Z%J pj)
teT; (95,P—3) J#
YA € T - M)\ T p >>( L= B (0 — M)+t )
teT I
—Zl(teﬂ(ﬁuﬁ—i)\ﬂ( — M;,p—i)) <a§—5t +Z7Hpj>
teT J#

We consider each one of the three terms on the right side above one by one. For the first term, by
Lemma 2, we have G;(0;, p—;) = 0. By the definition of M;, we also have 3=, i ;[0 —p|/Bf < M;
for all t € T', so that 3,75, 5 1) 2oj Vi, 105 = phl < M; D teTi(bsp ﬂt Thus, we get

Z (a — B¢ (o +Z’7”pj>

tEﬂ(ﬁiyﬁ—z) .77&"
= > (a%—ﬁf @¢+va,jﬁ§-)—2ci+ Yoo k- MY B
teTi (05,P—4) J# te€Ti(0i,p—i) JFi teT; (04,P—4)
= Gi(b,p)+ D>, Y W B -+ M Y B
teTi (05,p—:) JF4 teTi (05,P—4)
> Gilbypi)— Y, D I+ M Y B>,
teTi(0s,p—4) JF# teTi(0i,p—i)

where the second equality uses the fact that ©; > M; > 0 so that we have G;(0;,p—_;) =
Zte?’ (65D Z)( — BLo; + Z]#Z 'y”pj) — 2¢;.  Therefore, the first term on the right side
of (4) is non-negative. For the second term, by the definition of T;(0; — M;,p—;), we
have of + Z#i’yijﬁ; > B, — M;) for all t € T;j(¢; — M;,p—;). Therefore, we have
l(t S 7;(@1 - Mi,ﬁ_i) \7;(@1713—1)) (Odt - ,Bt (@Z - ) + Z];ﬁl ’yf]]aé) > 0, which implies that the
second term on the right side of (4) is non-negative. For the third term, we have a!+ . ki o ;D <
B (5 — My) for all ¢ & Ti(6; — M;, ps). Therefore, we have 1(t € (5, p_) \ To(0; — My ps)) x

(ak — B (9, — M;) + Dt ’yf,j ﬁ;) < 0, indicating that the third term on the right side of (4) is
non-positive. So, the first and second terms on the right side of (4) is non-negative, whereas the

third term is non-positive, in which case, we have G;(0; — M;,p—;) > 0. O

For the vector y = {y' : t € T}, we define the norm on R as ||y|lcc = maxser |y*|. By the
assumption that Z#i vf’ ; < Bt for all i € N and t € T, Theorem 3 implies that the best response
of firm ¢ is a contraction mapping with respect to the norm || - ||, when viewed as a function of
the prices of the other firms. Therefore, it immediately follows that if the price charged by each
firm affects its demand more than the prices charged by the other firms, then there always exists

a unique equilibrium without recourse.



3 Equilibrium with Recourse

In this section, we consider strategies with recourse, where each firm can change its price at the
current time period as a function of its inventory and the inventories of the other firms. In other
words, the firms do not commit to a price trajectory at the beginning of the selling horizon. We let
z! be the inventory of firm i at the beginning of time period ¢. Focusing on Markovian strategies

t

without loss of generality, as a function of the inventories ! = (z¢,...,z!) of all of the firms, we

use P!(z') to denote the price charged by firm 4 at time period ¢. It is useful to view P/(-) as a
function that determines the strategy of firm ¢ at time period ¢ as a function of the inventories of
all of the firms. We use P! = (P}(-),..., P!(-)) to capture the strategies of all of the firms at time
period t and P', = (P{(-),..., P! {("), PZtH( )y -, PL(+)) to capture the strategies of the firms other
than firm i at time period ¢. If the firms other than firm i use the strategies P_; = {P', : t € T'},

then we can find the best response strategy of firm ¢ by solving the dynamic program

Vf(wt)zmaX{@f ok At Pl )pﬁVt“( B ol = Biph+ > A Pla') >0,
J#i JF
ot = af = (of = Blpl+ Do, Flta)).
i
$Z+1:x§_<a2_ﬁépﬂ( )+7€zpz+ Z /YE‘]Pt( )) VEGN\{Z}a
J#{i0}

pi >0, 24t ZOVEGN},

with the boundary condition that V7*'(-) = 0. An optimal solution to the problem above

characterizes the best response strategy of firm 4 at time period ¢.

If the strategy {P!(-) : t € T} chosen by each firm i is the best response to the strategy P_;
chosen by the other firms, then we say that the strategies {P! : t € T} chosen by the firms is
an equilibrium with recourse. In the previous section, we show that there always exists a unique
equilibrium when we focus on strategies without recourse. We give two numerical examples to show
that if we focus on strategies with recourse, then there may not exist an equilibrium or there may
be multiple equilibria. Consider the case where there are two firms and the selling horizon has
two time periods. For given inventories of the two firms at the second time period, the problem of
computing the equilibrium strategy at the second time period is identical to finding an equilibrium
without recourse. So, there exists a unique equilibrium strategy for the firms at the second time
period for given inventories. Note that the prices charged by the firms in an equilibrium without
recourse at the second time period depends on the inventories of the firms at the second time period,
which, in turn, depends on the prices charged by the firms at the first time period. To obtain an
equilibrium with recourse, we compute the best response strategy of each firm at the first time
period as a function of the price of the other firm at the first time period. Recall that if we fix the

prices of the firms at the first time period, then we fix the inventories at the second time period,
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Figure 1: Best response of each firm when equilibrium with recourse does not exist and revenue of
the first firm.

in which case, we can compute the equilibrium strategies at the second time period. We plot the
best response of each firm at the first time period as a function of the price of the other firm. An

equilibrium with recourse corresponds to the intersection of the two best response curves.

Consider the parameters af =4, 8} =4, 82 = 2, %17]- = 16/5, %‘2,]' =1, ¢; =3 for all i € {1,2},
j€{1,2}\ {i} and ¢ € {1, 2}, which satisfy 3, v, < Bf foralli € {1,2,} and t € {1,2}, so that
we know that there exists a unique equilibrium without recourse. On the left side of Figure 1, the
solid line plots the best response of second firm at the first time period on the vertical axis, as a
function of the price of the first firm on the horizontal axis, whereas the dashed line plots the best
response of the first firm at the first time period on the horizontal axis as a function of the price of
the second firm on the vertical axis. The two best response functions do not intersect. Therefore,
there does not exists an equilibrium with recourse. The main driver of the lack of equilibrium is the
discontinuity in the best response function. The discontinuity is due to the fact that the revenue of
each firm is a multi-modal function of its price at the first time period. On the right side of Figure
1, we show the revenue of the first firm as a function of its price at the first time period, when the
price of the second firms is fixed at 2.2. So, firm 1 can jump from one mode to another based on
the price of the second firm. Considering the parameters aﬁ =4, 6} =5, ﬁ? =2, %'l,j =0.1, %«27]. =1
and ¢; = 5 for all i € {1,2}, j € {1,2} \ {i} and ¢t € {1,2}, Figure 2 shows the best response of
each firm at the first time period as a function of the price charged by the other firm. The best

response functions intersect at two points, indicating multiple equilibria with recourse.

4 An Approximate Equilibrium

If the strategy {Pf(-) : ¢ € T} chosen by each firm i cannot increase the revenue of firm i by
more than e given the the other firms use the strategies P_;, then we say that the price strategies

{P!:t € T} chosen by the firms is an e-equilibrium with recourse. Since there may not exist an
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Figure 2: Best response of each firm when there are multiple equilibria with recourse.

equilibrium with recourse or there may be multiple equilibria with recourse, we focus on e-equilibria
with recourse. We consider a low influence regime, where, roughly speaking, the price charged by a
firm affects its demand more than the prices charged by each of the other firms. In particular, letting
M = maxieNeT D4 7; ;/ 85 and noting the assumption that Doy < Btforalli e N,t €T, we
have M < 1. We consider the regime where the price charged by a firm affects its demand so much
more than the prices charged by each of the other firms such that we have v} i/ Bt < (1/M)—1. When
Zj# VfJ /B¢ < 1 and the number of firms is large, we expect this assumption to hold. For example,
if we have a symmetric setting, where the parameters related to each firm are the same, then
under the assumption that Z#i ’Vzt,j < Bt, we have ’yij/ﬁf < 1/(n — 1), in which case, the low
influence regime naturally holds as the number of firms gets large. In the low influence regime, we
show that the equilibrium without recourse studied in the previous section is an e-equilibrium with
.. . . . t t . . .
recourse. Intuitively speaking, this result uses the fact that if 4; ; /B; is small, then any deviation
of a firm from a given price trajectory has little influence on the prices of the other firms in the
subsequent time periods. In the next lemma, we formalize this idea. Throughout the rest of this
section, we use j = maX;ey, jeN\{i}, (T 75]-/@5 and 8 = max;en ter B/ minjen, rer BY. Note that p

is expected to be small in the low influence regime.

Lemma 4 Fizing the prices p' charged by the firms at the first time period, let the prices
{p':t € T\ {1}} form the equilibrium without recourse in the remaining portion of the selling
horizon. Define the prices p* at the first time period as p; = p} + & and ﬁjl =p; for all j € N\ {i}
for some & > 0. Fizing the prices p* charged by the firms at the first time period, let the prices
{pt:teT\{1}} form the equilibrium without recourse in the remaining portion of the selling
. . ~ 2uBd

horizon. If we have pp < (1/M) — 1, then maxs; tep\ (13 [P} — 5| < %

Proof. We consider the problem over the time periods 7"\ {1} where the inventory for each firm ¢
at the second time period is given by ¢, — D[} (p!). By the discussion that follows Theorem 3, if we

start with any set of prices for the firms at the initial iteration and iteratively we compute the best
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response of each firm to prices at the previous iteration, then we reach the equilibrium without
recourse. Therefore, to compute {p’ : ¢t € T'\ {1}}, we consider the problem over the time periods
T\ {1} with the inventory of each firm ¢ at the second time period given by ¢, — D} (p') and starting
with the prices {p’ : t € T\ {1}} at the initial iteration, we iteratively compute the best response of
each firm to the prices at the previous iteration. Letting {p** : t € T'\ {1}} be the price trajectories
for the firms at iteration k, we know that limy_,.o ﬁ?k =p, forall £ € N, t € T'\ {1}. Therefore,
for all t € T\ {1} and £ € N, we have |p} — pt| = [p}—pb" + 302, (5L — po* Y| <

Zk 1 |~“€ H“Jr1|, where the inequality uses the fact that ]52’1 = p,. In this case, to bound

Ip, — ph|, we can bound |ﬁ?k —ﬁz’k+1| for all ¥ = 1,2,... and add up the bounds on the
latter quantity. We proceed to bounding \ﬁ? pz k+1]. By definition, the price trajectory
;ﬁ?kﬂ :t € T\ {1}} of firm ¢ at iteration k + 1 is the best response of firm ¢ to the price
trajectories {ﬁt’k it E T \ {1}} of the other firms at iteration k. In this case, Theorem 3
implies that \pt Rl _ ] < maxteT\{l}{Z]#W]] pik ~tk 1\/55} for all £ € N, t € T\ {1},
k = 2,3,.... For nota‘monal brevity, we let ®f = maxteT\{l}{\pe - ﬁzk]} so that the last

inequality yields ®} < maxier (1} Py 'y}f’j @?_l/ﬁg forall/ € N, k = 2,3,.... Using the inequality
O} < maxer (1) >0 VE @ffl/ﬁg for firm ¢ = j with j # i and noting the definitions of M and
1, it follows that

t k—1 t k—1
(I)éf < max Z‘ZGN\{]ﬂ}t Jl L + 7.7:1 tl < M max {(I)]zfl} + M(I)ffl (5)
teT\{1} ﬁj Bj LeN\{j,i}

forall j #iand k = 2,3, .... Using the inequality @’g < maxer\ (1} Zj# '72]' @?‘1/55 again for firm
(=i, we get ®F < MAXieT\ (1} Do jti 'yf?j @?_1/@? < M max;z; @?_1 for all k = 2,3,.... If we use
the last inequality in (5), then for all j # i and k =3,4,..., we have <I>k <M maneN\{j,i}{q’f_l}—l-
Mu maxjﬁ{q) 2} So, letting ©F = = max;x; ¢ k the last inequality ylelds

@k < M@k—l +MM@k_2

for all & = 3,4,.... Adding the inequality above over all k = 3,4,..., we obtain ) ;- ek <
M S22, 08 + Mu Y22, ©F which is equivalent to > 50, ©F < M S22, 0F + Mu Y32, 0F +
Ol + 0% = (M + Mp) Y32, 0% + (1 — M)O! + ©%. Rearranging the terms in the last chain of
inequalities, we get > 70, ©F < ((1 - M)O'+02)/(1 - M — My).

Therefore, if we can bound ©! and ©2, then we can bound POy ©F. When we increase the price
of firm ¢ at the first time period by J, the inventory of firm 4 at the second time period changes by at
most 3} § and the inventory of firm j # i at the second time period changes by at most 71 0. In the
appendix, Lemma 8 shows that if we fix the price trajectories of the firms other than firm ¢, then the
best response of firm i, when viewed as a function of its initial inventory, is Lipschitz with constant
1/Bmin, where we let Syin = minen, ter Bf. Note that the best response of firm ¢ does not depend
on the inventories of the other firms, since the price trajectories of the other firms is fixed. By
definition, if we consider the problem over the time periods 7'\ {1} with the inventory of each firm ¢

at the second time period given by ¢, — D} (p'), by definition, {p} : t € T\ {1}} is the best response
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to the price trajectories {p* ,: ¢t € T'\ {1}}. Also, if we consider the problem over the time periods
T\ {1} with the inventory of each firm ¢ at the second time period given by ¢,— D} (p'), by definition,
{ﬁ?Q :t € T\ {1}} is the best response to the price trajectories {ﬁi’lg :t € T\ {1}}. Since the price
trajectories {p' , : t € T'\ {1}} and {ﬁt_lg t € T\ {1}} are the same, Lemma 8 in the appendix
implies that |5y — 5y'| = |5y — | < |(ce — DF(BY)) — (ce — D(DY))]/Bumin for all t € T\ {1}. As
discussed at the beginning of this paragraph, the expression on the right side of the last inequality
is bounded by 3! when ¢ =i and bounded by 'yjll 6 when ¢ = j with j # i. Therefore, we obtain
5" — B < BL6/Bmin < B0 and [p;° — P3| < 41, 0/Bmin < Bpud for all j # i. The second one
of the last two inequalities yields ©! = = max;z; teT\{1}{|ﬁ§-’2 — ]5;’1]} < 6. The first one of the
last two inequalities yields ®} = maxteT\{l}{]ﬁ?Q - ]5?1\} < /34, in which case, noting (5), we get
02 = max#i{(I)?} <MO'+u® <MuBds+pBs. Thus, ©F and ©2 are respectively bounded by
wBo and (1+ M) puB 0. In this case, for all j #i and t € T'\ {1}, we have

Z|~tk+1 ~tk max {tk+1 ~tk} Z@k

—, J#iteT\{1}
<(1— )@1+@2<(1— )uﬁ5+(1+M)uB(5< 2uB6
- 1-M-Mp — 1—M—Mpu ~1-M— My’
where the first inequality follows from the discussion at the beginning of the proof and the equality
is by the definition of ©F and @5 . O
Consider the problem over the time periods k,...,7 when the inventories of the firms at time
period k are given by = (z1,...,x,). We use pﬁv’t(l-ﬁ, x) to denote the price charged by firm 7 at

time period t in the equilibrium without recourse. We consider the following strategy with recourse

for firm ¢. If the inventories of the firms at time period ¢ is given by @, then firm 7 charges the price

P,

recourse, we have PiR’t(w) = pfv’t(t, x). Using Pt = (PlR’t(-), ..., PI*(1)) to capture the strategies

of all of the firms at time period ¢ and ¢ = (c¢1, ..., ¢,) to denote the inventories of the firms at the

x). In other words, letting PiR’t(-) be the strategy function of firm under this strategy with

first time period, note that if all firms use the strategies {P®! : t € T} over the selling horizon,
then the price charged by each firm ¢ at each time period ¢ is given by pfv’t(l, ¢), which is precisely
the prices corresponding to the equilibrium without recourse when we consider the problem over
the time periods T with the inventories of the firms at the first time period given by c¢. However, if
one of the firms deviate from the strategies { P! : t € T} at a time period, then the prices charged
by the firms will be different from those in the equilibrium without recourse. Therefore, it is not
generally true that the strategies { P® : t € T} correspond to an equilibrium with recourse. In the
remainder of this section, we show that the strategies { P : t € T'} correspond to an e-equilibrium
without recourse in the low influence regime. In the next lemma, we show that if firm ¢ unilaterally
deviates from the strategy {PiR’t(~) .t € T}, but the other firms use the strategies {P™! : t € T},

then firm ¢ does not increase its revenue by more than a simple function of .

In the proof of the next lemma, we make use of the fact that there is a natural upper

bound on the prices that can be used by each firm. As discussed in Section 2, we restrict
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the strategy space of the firms such that of — ! p! + Zj# ﬁ,j p§~ > 0 for all ¢ € N. Noting
the definition of M, for all i € N, we get pi < of/Bf + >0,;7%;05/8f < maxien{a}/B}} +
maxien{d_; 'yf’]/ﬁf} X maxjeN{pz-} < max;en{al/Bi} + M maneN{pé}, which implies that
maxieN{pg} < maxieN{aﬁ/ﬂf} + MmaxjeN{pE-}. In this case, we obtain the upper bound on

the maximum price given by max;en{p!} < max;en{al/B}/(1 — M).

Lemma 5 Assume that the strategies of all of the firms are {P™! .t € T}. Let va be the revenue
of firm i under these strategies. Also, assume that the strategies of the firms other than firm i are
{Pi-’t :t € T}, but firm i deviates to charge an arbitrary price at the first time period and uses the
strategy {PiR’t(') :t € T\ {1}} at the other time periods. Let 1P be the revenue of firm i under
this strategy. Letting Ppax = max;en{al/B}/(1 — M) and Bmax = max;en et Y, we have

2/BM/8maXPI%IaX (T_ 1):“

7 -1 < 1—M— My

Proof. We let 132 be the price charged by firm i at time period ¢ in the equilibrium without
recourse. As discussed right before the lemma, given that all of the firms use the strategy
{P%! .t € T}, the realized prices are {p! :i € N, t € T}. We use g} to denote the arbitrary price
charged by firm ¢ at the first time period. Given that firm ¢ uses the strategy {PiR’t(-) :teT\{1}} at
the other time periods and the other firms use the strategy {Pi’t teT},welet {¢!:ie N, teT}
be the realized prices. For each firm j # i, note that (j} = F)J-R’I(C) = pj.v’l(l,c) = ﬁjl. Also, by
Lemma 4, for all j # i and t € T\ {1}, we have [p} — ¢} < 2uB1pr — @t/ (1 — M — Mpu) <
21 B Prax/(1— M — Mp). We use 7t (pk, p' ;) to denote the revenue of firm i at time period ¢ when
firm 4 charges the price p! and the other firms charge the price p* , = (pl,...,p!_ 1,pi_s_l, oo, ph). We
have ITY = >, wl(pl, pt;) and ITP = 3, wi(G!, ¢ ;). In this case, we get

=3 wlphp'y) =D mihpt) =1P =Y i@ d' )+ > widp

teT teT teT\{1} teT\{1}

where the inequality uses the fact that {p! : ¢ € T} is the best response of firm ¢ to the prices
{p!,; :t € T} and the second equality uses the fact that ¢!, = p!.. Using Di(pt,p’ ;) to denote
the demand of firm ¢ at time period ¢ when firm ¢ charges the price p! and the other firms charge
the prices pt_l, by the inequality above, we get IIP — TV < Dotem\{1} Tt (g, q" ;) — mt(gt,p' )| =
>y |6 Di(d7, %) — aiDi(a, )| Since DY(aY, L) —Di(d;, p%y) = (f+B] G =325 47 5 45) —
(af + Bt gt E#i %‘,j pj) =D i %‘,j (ﬁ; — (j;), the last chain of inequalities yields 1P — IV <
> ter\{1} qt D it vi ;135 — 5| < > oter\{1} Pmax M B} max;; |§% — ph|, where we use the fact that
¢! < Ppax and M > D it ’y{j/ﬁf. At the beginning of the proof, we show that \ﬁ; — qj]
2018 Prax/(1 — M — My) for all j #iandt € T \ {1}. In this case, we obtain II” — IV
ZtET\{l} Pmax Mﬂlt maX]?éZﬂq; |} = 2/8Mﬁmax max (T - 1) M/(l — M — M,u)

O IA A

In the next theorem, we show that the strategy { P! : ¢ € T} is an e-equilibrium with recourse,

when the number of firms is large so that u is expected to be small.
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Theorem 6 Assume that the strategies of all of the firms are {P™t : t € T}. Let Hg\f be the
revenue of firm ¢ under these strategies. Also, assume that the strategy of the firms other than firm
i are {Pi’T :t € T}, but firm i uses an arbitrary strategy over the whole selling horizon. Let Hf‘ be
the revenue of firm i under these strategies. Letting T';, = B M Brmax Plax/(1 — M — Mu), we have

i -1 <T,7(r—1)pu

Proof. Consider the problem over the time periods &, ..., 7. We use Rev}(Pf(-),..., P/ (:), P_;, x)
to denote the revenue of firm ¢ over the time perlods Ky...,7, when the firm uses the
strategy {P/(:),...,P7(-)}, the other firms use the strategy P_; and the inventories at time
period k are given by . We let {Qi(-) : ¢ € T} be an arbitrary strategy used by firm
i.  We use induction over the time periods to show that Revi(QF(),...,Q7(-), PE xz) —
Revf(PiR’“(-),...,PZ.R’T(-),PE-,:C) < Tu(r—& —|— 1) (7 — k) . In this case, the result follows
by noting that 1T} = Rev}(Ql(),...,Q7(-), PR, @), IN = Rev}(P/*'(),..., P7(.), P &) and
using the last inequality with x = 1. Consider the case kK = 7. We have Rev] (Q7(-), P% x) —
Revl-T(PiR’T(-),Pi-,zc) < 0, where the inequality follows form the fact that PZ-RT( ) is the best
response of firm 4 to the prices PR’t( ). Therefore the result holds for k = 7. Assuming that the
result holds for k = ¢ + 1, we show that the result holds for x = t. Using D*(p, p’ ;) to denote the
vector of demands for the firms when the prlces are (pl, p' ;) and letting ' = x— D' (Q!(x), P ,(x)),
observe that Revi(Q!(-),Q"*1(),..., QT ("), PR @) — Revi(Q!(-), P (), ..., PP (), PR 2) =
Revi QM (1),...,Q7(-), PR, a') — Rev!™H (P! H1 () . RET(), PR

_17

"L '), since all firms make
the same pricing decisions at time period ¢ in the two revenue expressions on the left
side of the equality. By the induction assumption, the right side of the last equality is
bounded by T, (1 — ) (t —t — 1) . Also, considering Revi(Q%(-), PiR’tH(-), . ,RlR’T(-), PR x) —
Revf(l—’f’t(-),PiR’tH(-) . ,PiR’T(-),PfL;-,m), this expression is the change in the revenue of firm i
when firm i deviates from the strategy {PiR’t(~) :t € T} only at the initial period and there are
T —t 4 1 time periods in the problem. By Lemma 5, this expression is bounded by 2T, (7 —t) .

In this case, noting that

Revi(QL(+), ..., QI (), PR ) — Revt(PR’t(-),...,pfvT() P )
= ReV:(Qt() Qﬁ_l(')v s 7QT( ) 717 ) - ReVﬁ(Qf() P'R7t+1(')7 s 7R ( ) Pﬁ? )
+ Revi(QL(), BT, RET (), PR &) — Revi(P(),..., PP (), PE @),

the two differences on the right side above are bounded by I', (7 —t) (T —t+ 1) and 2T, (7 —t) p.
Since I'y (1 —t) (=t —1Dpu+2L, (1 —t)p =Ty (7 —t+1) (7 —t) p, the result holds for k = ¢t. [

We observe that as p approaches zero, I', 7 (7 — 1) 1 approaches zero as well. Therefore, by
the theorem above, if we are in the low influence regime, then no firm can improve its revenue
significantly by deviating from the policy {P*! : ¢ € T}, which implies that {P®* : ¢ € T} is an
e-equilibrium with recourse. As discussed earlier, the price trajectory realized under the strategy

{PR! .t c T} is precisely the price trajectory of the equilibrium without recourse.
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5 Conclusions

We studied a competitive pricing problem. In equilibrium without recourse, each firm commits to a
price trajectory, whereas in equilibrium with recourse, each firm can adjust its price at the current
time period based on the inventories of all of the firms. Although the demand is a deterministic
function of the prices so that there is no uncertainty in the responses of the firms, we showed
that the two equilibrium concepts can be quite different. While the equilibrium without recourse
always uniquely exists, the equilibrium with recourse may not exist or may not be unique. Our
uniqueness proof for the equilibrium without recourse uses a contraction property. A natural
research direction is to extend such contraction properties to demand models other than the linear
demand model. Also, it would be useful to see whether an analogue of equilibrium without recourse

can be defined under stochastic demand and check whether it uniquely exists.
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A Appendix: Omitted Results

In the following lemma, we show elementary properties for the function G;(-,p—;). We use these

properties throughout the paper.

Lemma 7 For fized p_;, let v* = inf{v € R, : Ti(v,p_i) = @}. The function G;(-,p—;) satisfies

the following properties.
(a) The function G;(v,p—;) is continuous in v € (0,00).

(b) The function G;(v,p_;) is strictly decreasing in v € [0,v*) and constant in v € [V*,00)

satisfying Gi(v,p—;) = —2¢; for all v € [V*, 00).

(¢) There exists unique v € [0,00) satisfying G;(v,p—;) = 0.

Proof. First, we show Part a. Fix v > 0 and € > 0 small enough that v — e > 0. The definition
of Ti(v, p—;) implies that T;(v —€,p_;) D Ti(v,p—i). Also, if t € T;(v — €,p—;) \ Ti(v, p—;), then we
% > v — ¢, which implies that we have 0 > of — 3¢ V—G—Zj# Wf,j pg > —ple. For
notational breviéy, we let .V = Ti(v,p—i), T, = Ti(v —e,p—;) and U; = T, \ T;* so that T,” =
7.7 U U;. Noting the definition of G;(v, p_;), we have

have v >

Gi(v,p—i) — Gi(v — €,p—;)

S st ) e} - { S (-0 Do) 2

eT+ j#i T j#i
t ot t .t t
= *Z (ai *@'VﬂLZ%‘,jpj) - Z B €,
tel; J# teT;Fu Uy

Since 0 > af —f! 1/—1—2]-# 7;]- pg- > —ftefor all t € U;, the equality above yields — Y e U, Ble<
Gi(v,p—i) = Gi(v —e,p—i) < = 1cr+ Ble, so that G;(v, p—;) is continuous in v € (0, c0).

Second, we show Part b. Fix v € (0,v*), in which case, by the definition of v*, we have
Ti(v,p—;) # @. In the proof of Part a, we show that G;(v,p_;) —G;(v—¢,p_;) < — Zte'ﬁ(u,p_i) Ble
for all € > 0 small enough that v — e > 0. Since 3! > 0 for all ¢t € T" and T;(v,p—;) # &, the last
inequality implies that G;(v — €,p_;) > G;(v,p—;) for all v € (0,v*) and € > 0 small enough that
v—e > 0. Also, noting that af > 0 and 8! > 0, by the definition of 7;(v, p_;), we have T;(e,p_;) =T
for small enough ¢ > 0. In this case, by the definition of G;(v,p—;), we obtain G;(0,p_;) >
Sier(al + P Vi D% —2¢ > (ol — Bie+ D Yi;P5) —2¢i = Gi(e,p—i), which implies
that G;(0,p—;) > G;(e, p—;) for small enough € > 0. Therefore, we have G;(v — €,p—;) > G;(v,p—;)
for all v € (0,v*) and € > 0 small enough that v — e > 0. Also, we have G;(0,p_;) > Gi(e,p—i)
for small enough ¢ > 0. The last two statements establish that G;(v,p_;) is strictly decreasing
in v € [0,v%). Lastly, fix v € (v*,00). By the definition of v*, we have 7;(v,p_;) = &, in which
case, by the definition of G;(v, p—;), we obtain G;(v,p_;) = —2¢;. Since G;(v,p—;) = —2¢; for all
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v € (v*,00) and G;(v, p—;) is continuous in v € (0, 00), it must be the case that G;(v*,p_;) = —2¢;

as well. Therefore, we have G;(v,p_;) = —2¢; for all v € [v*, 00).

Third, we show Part c. Assume that G;(0,p_;) > 0. Since af > 0 and 8! > 0, we have
7:(0,p—;) = T by the definition of 7;(v,p—;). In this case, by the definition of G;(v,p_;), we
get Gi(0,p—i) = Dpep(af + 20,47 ;P) —2¢; > 0. Similarly, since af > 0 and 8} > 0, we
have Ti(e,p—;) = T for small enough ¢ > 0. In this case, by the definition of G;(v,p_;), we
have Gi(e,p—i) = Yy (af = Bie +32,,7);P%) — 2¢i. Therefore, we have limeo Gi(e,p—i) =
G;(0,p_;), indicating that G;(v, p_;) is continuous at v = 0. Noting Part a, it follows that G;(v, p—;)
is continuous in v € [0,00). Since G;(v, p—;) is strictly decreasing in v € [0,v*) and G;(v,p—;) <0
for all v € [v*,00) by Part b and G;(v,p—;) is continuous in v € [0,00) with G;(0,p—;) > 0, there
exists unique # such that G;(7,p—;) = 0. Next, assume that G;(0,p_;) = 0. Clearly 7 = 0 satisfies
G;(0,p—;) = 0. Also, since G;(v, p—;) is strictly decreasing in v € [0, ") and constant at a negative

value for v € [v*,00) by Part b, there cannot be another 7 such that G;(7,p—;) = 0. O

In the next lemma, we show that if we fix the price trajectories of the firms other than firm i,

then the best response of firm ¢, when viewed as a function of its initial inventory, is Lipschitz.

Lemma 8 Fiz the prices p_; charged by the firms other than firm i and let {pi(c;) : t € T}
be the optimal solution to problem (1) as a function of the initial inventory of firm i. Letting

Bmin = Minien, ter Bf, for any two initial inventory levels ¢; and ¢;, we have

1
Le) — pt(é:)| b < Ci — Cil.
Itneag{\pz(cz) pz(cz)l}_ﬂmin & — il

Proof. Since the prices p_; charged by the firms other than firm ¢ are fixed and we work with
two different initial inventory levels, we drop the argument p_; from G;(v,p—_;) and make the
dependence of G;(v,p—;) on ¢; explicit. Thus, we use G;(v,¢;) to denote G;(v,p—;) throughout
the proof. For notational brevity, we let p! = p!(¢;) and p! = p!(¢;). Noting Lemma 2, we let o;
and ©0; be such that G;(9;,¢;) = 0 and G;(9;,¢;) = 0. Without loss of generality, we assume that
0; > ;. Since G;(v,¢;) is non-increasing in v € [0,00) by Lemma 7 and G;(9;,¢) = 0, we have
G;(0,¢;) < 0. Repeating the same argument in the first paragraph of the proof of Theorem 3, we
also get [p! — p| < 3(0; — ¥;) for all t € T. The only difference is that we have M; = 0 in this
context since the prices charged by the firms other than firm i are fixed. If ¥; < 2|¢ — &|/Bumin,
then the last inequality implies that |[pt — p¢| < |é; — ¢;|/Bmin, Which is the result that we want to

show! In the rest of the proof, we proceed under the assumption that 9; > 2 |¢; — &|/Bmin-

Noting that G;(0;,¢;) = 0 and G;(v,¢;) < 0 for all v € [v*,00) by Lemma 7, the definition of v*
implies that 7;(0;, p—;) # @. If, otherwise, T;(0;, p—;) = &, then we obtain v* < ©¥; by the definition
of v*, which contradicts the fact that G;(v;,¢;) = 0, G;(v*, ¢;) < 0 and G;(+, ¢;) is decreasing. Also,
since 0; > 21|¢ — &|/Pmin > 0, by the definition of G;(v,c;), we obtain G;(0;,¢;) — Gi(04,¢) =
—2(¢; — ¢;). Noting that G;(0;,¢) = 0, the last equality yields G;(0;,¢) = 2 (¢; — ¢;). In the proof
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of Part a of Lemma 7, we show that G;(v,¢;) — G;(v — €,¢;) < — Zteﬂ-(u,p_i) Bt e for all v € (0,00)
and € > 0 small enough that v — ¢ > 0. Using this inequality with v = ¥; and ¢; = ¢;, we obtain
Gi(0;—€,¢) > Gi(04,¢;) +Zte7§(ﬁi,p,i) Bt €. Using the last inequality with € = 2 |¢ — &/ Bmin, since
Ti(0;, p—;) # @ and G;(0;,¢;) = 2 (& — &), we get

G0~ =—

min

|éi — Ei|,5z’> > 2 (& — &) + PBmin |&i — €| > 0= Gi(v;,6).

2
ﬁmin
Noting that G;(v,¢;) is strictly decreasing in v € [0,v*) and constant at a negative value for
v € [v*,00) by Part b of Lemma 7, having G;(v; — BL |¢; — G, ¢é) > 0 = Gi(0;,¢;) implies that

V; — Bm% |(AZZ - Ei’ < 9;. So, we obtain |ﬁf —ﬁﬂ < %(@Z — ﬁi) < ,Bm%‘él - 6i| forallt e T. ]
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