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Abstract

A function, F, on the space of n x n real symmetric matrices is called spectral if it depends
only on the eigenvalues of its argument, that is F(A) = F (UAUT) for every orthogonal U
and symmetric A in its domain. Spectral functions are in one-to-one correspondence with
the symmetric functions on R": those that are invariant under arbitrary swapping of their
arguments. In this paper, we show that a spectral function has a quadratic expansion around
a point A if and only if its corresponding symmetric function has quadratic expansion around
A(A) (the vector of eigenvalues). We also give a concise and easy to use formula for the
‘Hessian’ of the spectral function. In the case of convex functions we show that a positive
definite ‘Hessian’ of f implies positive definiteness of the ‘Hessian’ of F. © 2002 Elsevier
Science Inc. All rights reserved.

Keywords: Spectral function; Matrix analysis; Eigenvalue; Hessian; Quadratic expansion; Unitarily
invariant

1. Introduction

In this work, we investigate a property of functions F on the real vector space of
symmetric matrices that are orthogonally invariant:

F(UTAU) = F(A) forall A symmetric and U orthogonal.

Every such function can be decomposed as
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F(A) = (f oM (A),
where A is the map that gives the eigenvalues of the matrix A and fis a permutation
invariant function. (See Section 2 for more details.) We call such functions F spectral
functions (or just functions of eigenvalues) because de facto they depend only on the
spectrum of the operator A. (All the results we present in this paper have parallel
versions for unitarily invariant functions on the space of Hermitian matrices, with
essentially identical proofs.)

In the past, such functions have been of interest for example to people work-
ing in the field of quantum mechanics [8,15]. With developments in semidefinite
programming, functions of eigenvalues became an inseparable part of mathemati-
cal programming. Optimization problems now often involve spectral functions like
log det(A), the largest eigenvalue of the matrix argument A, or the constraint that A
must be positive definite and so on. Remarkably, many properties of the function f
are inherited by the spectral function F. For example, this holds for differentiabili-
ty and convexity [9], various types of generalized differentiability [10], analyticity
[20], various second-order properties [17-19], and so on. Second-order properties
of matrix functions are of great interest for optimization because the application of
Newton’s method and recent interior point methods [12] requires that we know the
second-order behaviour of the functions involved in the mathematical model.

The standard reference for the behaviour of the eigenvalues of a matrix subject
to perturbations in a particular direction is Ref. [7]. Second-order properties of ei-
genvalue value functions in a particular direction are derived in [19]. What interests
us in this paper is a second-order property of spectral functions subject to perturba-
tion by an arbitrary matrix. Analytical properties subject to matrix perturbations are
discussed in [20]. In some sense our result about spectral functions having quadratic
expansions lies between the results in [9] and the results in [20]. In a parallel paper
[11], we show that F is twice differentiable if and only if fis, and also that F € %?
if and only if f € €.

Many functions have quadratic expansions. For example a theorem of Alexandrov
[1] states that every finite, convex function on an open subset of R” has quadratic
expansion at almost every point. Notice that it is not necessary for a function to be
twice differentiable in order to have quadratic expansion. For example, the function

_ x3sin(1/x) ifx #0,
f(x)_{o ifx=0

has quadratic expansion around x = 0 but is not twice differentiable there. On the
other hand being twice differentiable at x implies having quadratic expansion at x.

2. Notation and definitions

Let S” be the Euclidean space of all n x n symmetric matrices with inner prod-
uct (A, B) = tr (AB), and for A € S" denote by A(A)T = (A1(A), ..., 1, (A)) the
vector of its eigenvalues ordered in nonincreasing order. (All vectors in this paper
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are assumed to be column vectors unless stated otherwise and AY will denote the
(i, j)th entry of the matrix A.) For any vector x in R", Diag x will denote the diagonal
matrix with the vector x on the main diagonal, and x will denote the vector with the
same entries as x ordered in nonincreasing order, thatis x; > X, > - -+ > X,. Let R
denote the convex cone of all vectors x in R” such that x; > x, > --- > x,. The
following definition explains the property that interests us in this paper.

Definition 2.1. We say that a function f : R" — R has a weak quadratic expansion
at the point x if there exist a vector V f(x) and a symmetric matrix V2 f(x) such that
for small 2 € R”

fG+h) = fx)+(VF@), h) + % (h, V2 fOR) +o(h]?),
and a strong quadratic expansion at the point x if
fGx+h) = f(x)+ (V) h)+ 3(h, VEFOR) +O(IA]).

The vector h is called a perturbation vector.

A few comments on this definition are necessary. Clearly having a strong quadrat-
ic expansion implies a weak quadratic expansion. We want to alert the reader that
a function may not be twice differentiable at the point x but still possesses a strong
quadratic expansion at this point. (See the example at the end of Section 1.) It is clear
that if the function has quadratic expansion at the point x, then it is differentiable at
x and its gradient is the vector V f(x) from the above definition. If the function
has a weak quadratic expansion, then there is a unique vector V f(x) and a unique
symmetric matrix V2 f(x) (the Hessian) for which the expansion holds. There is
a slight abuse of notation when we call V2 f(x) the Hessian of f, but no danger
of confusion exists, at least when f is twice continuously differentiable around x,
because then consideration of the Taylor expansion shows that the symmetric matrix
V2 f(x) is exactly the Hessian. Finally, another way to write the quadratic expansion
of a function f, consistent with [12], is

fG+h) = f(x)+ V)R] + 5V f )L, k] + O(IA|1). (1)

We give some less common notation which will be used throughout the paper.
These are taken directly from [19]. We are interested in quadratic expansions of
matrix functions f o A around a matrix A. (In all of our preliminary results the matrix
A will be a diagonal matrix, Diag u.) Let H € S” be the perturbation matrix. Fix a
number m € N, 1 <m <n and let the “block structure” of the vector A(A) be given by

AMA) == Ay (A) > - > A 41(A) = -+ = A (A)
= =Ag(A) > - A, (A) (ko =0, k. =n).
That is, the eigenvalue X,,(A) lies in the /th block of equal eigenvalues. Let X =

[x!, ..., x"] be an orthogonal matrix such that XTAX = Diag A(A) (so x is a unit
eigenvector corresponding to A;(A)) and let
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X = [xkl“ﬂ, . ,xk’].

Let Uy =[v!, ..., o5 -1] be a (k;j — kj—1) x (ki — k;—1) orthogonal matrix such
that

UN(XHX))U; = Diag /(X[ HX)).
Set H) .= XZTHXI, 1 <1 < r, and suppose

MHD ==y (H) > > gy 1 (HD) = Apeig (Hp) -+
= Ay (Hp) > -+ Ay (H) (10 =0, 14 =k —ki—1).
Finally let
U,j = [vt”f*IH, ey v”»f].

We should point out that X; = X;(A,m), and U, ; = U; j(A, H, X, m) but from
now on we will write only X; and U ; to simplify the notation.

By AT we denote the Moore—Penrose generalized inverse of the matrix A. For
more information on the topic, see [16, p. 102]. But for our needs, because we will
be working only on symmetric matrices, the concept can be quickly explained. First,
(Diag x)lT’ j is equal to 1/x; if i = j and x; # 0, and is O otherwise. Second, for
any orthogonal matrix U that diagonalizes A, we have AT = (UDiag A(A)UT)T:=
U (Diag A(A)TUT.

3. Supporting results

Let A be in S” and its eigenvalues have the following block structure
M(A) =+ = A (A) > A +1(A) = -+ = Ay (A) > A4 1(A) - -+ Ay, (A),

where k. = n. All our results rest on the fact that for every block [ =1, ..., r, the
following two functions have quadratic expansion at A:

ki
ol () =D xi(),
i=1

ki
S =Y M0,

i=kj—1+1

We are going to give three independent justifications of this fact and two of them
will show that these functions are even analytic at A. We call a function of several
real variables analytic at a point if it is given locally by the sum of a power series
expansion: the term holomorphic is the corresponding complex variable notion. For
every index m = 1, ..., n and every block/ = 1, ..., r define the functions
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fu¥) =) %,
i=1
ki

sy = Y &

i=kj—1+1

The function f;, is the sum of the m largest entries in x. The functions f;, and s;(x)
are symmetric. (A function f is symmetric if f(x) = f(Px) for any permutation
matrix P. We denote the set of all n x n permutation matrices by P(n).) It is clear
that if the point x is such that x,,, > X,,,11, then f;, is linear near x (by which we mean
that it agrees with some linear function on a neighbourhood of x). In particular, for
points x near A(A) the functions f}, (x) and s;(x) are both polynomials in the entries
of x. Notice also that

ok () = (fig o 1) (),
Si() = (s102)().

The first justification comes from the following result in [11, Theorem 3.3].

Theorem 3.1. The symmetric function f : R" — R is twice continuously differen-
tiable around the point L(A) if and only if f o A is twice continuously differentiable
around the point A.

Since fi, is a symmetric function that is twice continuously differentiable around
A(A) (being locally linear), the theorem above shows that oy, is twice continuously
differentiable around A. A similar argument applies to ;.

The second justification is from [20, Theorem 2.1].

Theorem 3.2. Suppose f :R" — R is a function analytic at the point L(A) for
some A in S". Suppose also f(Px) = f(x) for every permutation matrix P for which
PA(A) = A(A). Then the function f o A is analytic at A.

As before, we know that the function fj, is symmetric, and analytic, being locally
linear, so the theorem above shows that oy, is analytic at A. The argument for §; is
similar.

For the third justification, we use the standard algebraic fact that every symmetric
polynomial in several variables can be written as a polynomial in the elementary
symmetric functions. We also use the following result [2]. Until the end of this sec-
tion only, A; (X) will denote an arbitrary eigenvalue of a matrix X, not necessarily
the ith largest one.

Theorem 3.3 (Arnold [2]). Suppose that A € C**" has q eigenvalues A1 (A), ...,
Ag(A) (counting multiplicities) in an open set 2 C C, and the remaining n — q
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eigenvalues not in the closure of Q. Then there is a neighbourhood A of A and
holomorphic mappings S : A — C9*9 and T : A — CU"~ VXD gych that for all
matrices X € A,

X is similar to (S(X) 0 ) ,

0 T(X)
and S(A) has eigenvalues 11(A), ..., Ay (A).

Using Arnold’s theorem we can prove that in fact the functions oy, and S; are
holomorphic around A.

Theorem 3.4. With the assumptions of Arnold’ s Theorem, for every symmetric poly-
nomial p : C1 — C, the function (p o A)(S(X)) is holomorphic around A.

Proof. It suffices to prove the theorem in the case of an elementary symmetric
polynomial, since any symmetric polynomial is a polynomial in the elementary sym-
metric functions (see for example [6, Proposition V.2.20.(ii)]). By continuity of the
eigenvalues, any matrix X close to A has g eigenvalues in £ and the remainder outside
its closure. Thus for every i = 1,...,n we can define a function A; : C**" — C
such that for matrices X near A, {); (X)}?:1 are the eigenvalues of X, and {A; (X)}?=1
are the eigenvalues of S(X). So the elementary symmetric functions of A(X), ...,
Aq(X) are the coefficients of the characteristic polynomial det(Al — S(X)) (as can
be seen by writing the characteristic polynomial as a product of linear factors). Since
S(-) is holomorphic, so, for any fixed A, is the characteristic polynomial det(Al —
S(+)), and hence so is each of its coefficients, as required. [

To deduce the results we need by this approach, we could for example apply it
with the set
Q={z: Rez > %(kk, (A) + Ag+1(A))}.

Then the eigenvalues in £ are exactly the largest k;, so oy, (X) = trace(S(X)) for all
matrices X close to A. Thus oy, is holomorphic near A. A similar argument applies
to §j.

4. Quadratic expansion of spectral functions
Our goal in this section is to prove the main result of the paper.
Theorem 4.1 (quadratic expansion). The symmetric function f :R" — R has a

strong quadratic expansion at the point x = A(Y)(Y € §™) ifand only if f o X has a
strong quadratic expansion at Y, and in this case

V(f o \)(Y)[H] = tr (HDiag V f (1)),
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VA(f o WNIH. HI = ) hyp fog(hgg + Y byl

p.q=1 P#q
Wp=Hgq

Rings
pamptn, 0T Ha

where u = A(Y), H=UTHU, Y = U (Diag wUT, U orthogonal, and the vector b
is defined in Lemma 4.8. The analogous result holds for the weak quadratic expan-
sion.

We will only discuss about the strong quadratic expansions in this paper: the
development for the weak version is analogous. We need the following result from
[19, Remark 6].

Lemma 4.2. Every eigenvalue, A, (Y), of a symmetric matrix, Y, has the following
expansion in the direction of the symmetric matrix H:

A (Y + tH) =20 (Y) + thym—i_ (XTHX))
3 Aty QU XTHOWm (VT = V) HX, U, )
+0(%), 2)

where the meaning of X; and U ; is explained in the previous section.
Definition 4.3 [10]. We say that the vector u € R" block refines the vector b € R" if
i = wj implies b; = b forall i, j € {1, ..., n}. Equivalently

Pu=pn = Pb=>b forall P € P(n).

Next we give a technical lemma that will allow us to cut down on the notation.

Lemma 4.4. Let u € R" be such that

M=o =y > kg4l == Ry > ol ke (ko =0, k= n),

and let the vector b € R" be block refined by w. Let H € S§" be an arbitrary matrix
and X; = [eki—""l, ey eki]for everyi = 1,...,r. Then we have the identities

(H. by, (i, I — Diag )" HX, XT) Z Z hipg:

p=ki—1+1 g=1
g #Fup

,
. b,—b
<H, > b, u, I — Diag u)*HXiX?> = > =l

i=1 Pq:Hp>Hq I’Lp - Mq
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Proof. The product X; X IT isann X n matrix with zero entries, except (X; X lT)p =
1 for p=ki_1+1,...,k. Thus the columns of HX; Xl.T are zero vectors, except
the columns with indices p = k;_1 + 1, ..., k; which are equal to the corresponding
columns of H. The matrix by, (i, I — Diag w) is equal to

by, by, by, by,
Diag( ki e ki ,0,...,0, ki e ki )
Mk, — K1 Mk, — Mk Mk; — Mki+1 Mk; — Mk,

Consequently we have

(H, by, (u I — Diag )" HX;: X[)

k,’ n
=Y Y
= _ Pq
p=ki 1+ g=1 Pk TH
g Fp
ki ki—1 n

and the first identity follows. The second identity follows by summing over i. [J

Our first goal is to find a formula for the Hessian of oy,, 1 </ < r. We denote
the standard basis in R"” by el e, ... ¢ Asa byproduct in the following lemma
we derive a formula for the derivative of the function oy, at the point Diag . This
formula had appeared many times in the literature: see for example Corollary 3.10
in [5], or the proof of Corollary 3.3 in [9]. The expression for the Hessian is also
known, see Formula (3.28) in [13]. Here we present yet another way of deriving it.

Lemma 4.5. For a real vector © € R", such that
1= = ey > g+ = = kg > g+l Mk (ko =0, kp = n),

the function

ki
ol () =D xi()
i=1

is analytic at the matrix Diag p with first and second derivatives satisfying
k;
Voy, (Diag w)[H] =tr [ H Diag ) e |,
i=1

k; n h2
Vo, (Diag w)[H, H1 =23 »  —

p=lg=iq+1 Hp — Ha
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I
=tr (2H Z(“ki I — Diag /L)THXiXiT> ,

i=1
where X; = [eki-1H1 . ki

Proof. The fact that oy, is analytic at the point Diag u follows from Section 3. Next,
summing Eqs. (2) with Y = Diag u, form = 1, ..., k; and using the fact that X = I
(so X; = [ehi—1t1 . ek, we get

oy, (Diag u + tH)

ki

= Zki(Diagu +tH)
i=1

l
= oy, (Diag ) +1 »_tr (X HX;)

i=1

si Lij—lij—1

l
HEYS Y 4 (2Uij?H(uk1 _Diag ) HX; U,»,,-) + 0@
i=1 j=1 v=1

ki
= oy, (Diag u) + ¢ <Diag Z e, H>

i=1

l Si
+123 S <2UE]-XZ-TH(M/([ I — Diag ) HX; U,-,,-) + 0.
i=1 j=1

We concentrate on the double sum above.

I s

DI (2U,TjX,TH(Mk,.1 — Diag ) HX; U,-,,-)
i=1 j=1
l Si
=3 Y (2X.TH(W<,1 — Diag ) HX,U; »UT)
i i t~¥L)>i,
i=1 j=1
l Si

= Ztr 2XTH (ui, I — Diag )" HX; Z Ui, U,
i=1 j=1
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|
AMN

tr (ZX;-FH(/,L/([. I — Diag /L)THX,‘)
1

1
=tr (2H Z(“kf I — Diag ) HX; X,.T>

i=1

The next to last equality follows from Lemma 4.4, with b = (2, ..., 2), and the last
equality after cancelling all terms with opposite signs. By the uniqueness of the
Hessian in the quadratic expansion of a function, we conclude that the last expression
above must be indeed the Hessian. [

Note 4.6. Notice that the Hessian above is a positive semidefinite quadratic form.
This is not a surprise since a well-known result of Fan [4] says that oy, is a convex

function forallm =1, ..., n.

Lemma 4.7. For a real vector n € R", such that

U1 =" = Wiy > Rig+1 = " = Uiy > kg1 Mk, (k():O, kr :I’l),
the function
ki
SO =D A0
m=kj_1+1

is analytic at the matrix Diag ., with first and second derivatives satisfying

ki
VS/(Diag w)[H] = 2uy,tr | HDiag Y ¢ |,
i=kj_1+1
ki k; n
ViS(Diag)[H, HI=2 Y 2, +4 S S —Hr_p2
pg=hi1+1 p=ki+1 g=1 Hp T Ha

KHp #l/-q

= (H,2X;XTHX; X[ + 4, (i, I — Diag ) "HX; X)),

where X; = [eki—1t1 . ek,
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Proof. The analyticity of S(-) at the point Diag i follows from Section 3. Next,
summing the squares of Egs. (2) with A = Diag u, form =1, ..., k; and using the

fact that X = I (so X; = [eki—1T1 .. eki]), we get
ki
> 2} (Diagu +tH)
m=kj_1+1
ki
= > (Mk, + Doty (X HX))
m=k;_1+1

2
2P <2U,Tj XTH (ug, I — Diag )" HX, Uy, j) + O(t3)>

ki
= (ki —k-Dug, +12 Y Ay, (XTHX)

m=kj_1+1
ki
Vg, Y Amek, (XTHX))
m=k;_1+1

sp hj—h -1

oY Y (2UlTjX,TH(Mk,1 _ Diag M)THX,U,,,-) + 0.
j=1 =1

We recall the fact that for every symmetric n x n matrix Q we have
n
Y 320) = (0. 0).
i=1
We use this fact to evaluate the second summand in the formula above.

k;
Z 22 (XTHX) = (X HX;, X HX)) = (H, X; X HX; X]").

m—kj_1
m=kj_1+1

Observe as in Lemma 4.5 that for the fourth summand in the formula above, we have

sp M-

XY a (2UZTJ.XITH(%1—DiagM)THX,Ul,,-)
J=1 =1

st
=Y (2UlTleTH(;LkII _ Diag M)THXZU,J)
j=1

—tr (2X,TH(M,<11 — Diag M)THXZ) .

Substituting everything in the original formula we get
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ki

Z A2 (Diag ju + tH)
m=k;_1+1

= (kj — kz—l)lLi, + tz(H, XIXITHXZX[T)

ki
+2t g, <Diag Z ei, H>

i=kj_1+1
+1% i, (H, 2(ux, I — Diag ) HX, X]) + O(t?)

k;
= (ki — ki— 1), + 2t <Diag > el,H>
i=kj_1+1

+13(H, 2X, X[ HX, X] + 4k, (ux, I — Diag ) "HX, X]) + O(1).

Using Lemma 4.4, with b = 411, we conclude that

ki ki n
2 : _ Z 2 Z Z Hp 2
\Y S](Dlag,bb)[H, H] =2 hqp+4 ﬁhqp.
p.q=ki—1+1 p=ki_1+1 g=1 " 4
UpFig

By the uniqueness of the Hessian in the quadratic expansion of a function, we con-
clude that the last expression above must be indeed the Hessian. [

Lemma 4.8. Let f : R" — R be a symmetric function having quadratic expansion
at the point u© € R, where

W1 == [y > Pkl =0 = gy > Mkotl Mk, (ko =0, kr =n),

and let P be a permutation matrix such that Pu = P. Then:
) Vf(uw) = PTV f(n), and

(i) V2f(u) = PTV2f(u)P.

In particular we can write

anEn + by I ankEn ay Eiy
V2 F 0 ax1 En anEx + bl - ayr Eoy
/"L = . . ’
ar1 B arnE R bk, I,

where each E,, is a (k, — k,—1) x (ky — ky—1) matrix of all ones, (aij)?;:1 is a
real symmetric matrix, b:= (b1, ..., by) is a real vector which is block refined by i,
and I, is a square identity matrix of the same dimensions as E;,. We also define the
following matrix:

A:=V?f(n) — Diagh = (a;Ejj)

,
ij=1-
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Before we give the proof, some comments about the above representation are
necessary:

(1) We make the convention that if the ith diagonal block in the above representation
has dimensions 1 x 1, then we set a;; = 0 and by, = fik,” (). Otherwise, the
value of by, is uniquely determined as the difference between a diagonal and an
off-diagonal element of this block.

(i1) Note that the matrix A as well as the vector b depends on the point around which
we form the quadratic expansion (in this case () and on the function f.

Proof. We have
FQu+h) = f(w)+ (VF@). h) + 3(h. V2 f(w)h) + O(|A]).
Let P be a permutation matrix such that Py = p. Then

FPG+h) = f(w) +(Vf(n), Ph) +5(Ph,V? f(u)Ph) + O(| Ph|)
= f(w) +(PTV f(w), h) +%(h, (PTV2 f () PYh) + O(||2|I*).

Using the fact that fis symmetric gives us that f(P(u + h)) = f(u + h) so Vf(r)
= PTV f(u). Subtracting the above two equalities we obtain

V2 f(uw) = PTV2f(u)P VP e P(n) st Pu = pu. (3)

The claimed block structure of V2 f (1) is now easy to check. [
Note 4.9. Observe that Eq. (3) holds for arbitrary u € R".
Lemma 4.10. The vector pu block refines V* f (1) .

Proof. Suppose Pu = u. Then using twice Eq. (3) and the above note, we get
PV f(wp = PPV fu)P)u =V fu)Pu=V>fu. O

Lemma4.11. Let u € Rj be such that

W1 = = gy > kbl =0 = gy > Mkl Mk, (ko =0, kp =n).

Suppose u block refines a vector b € R". Then bT ) is analytic at the matrix Diag jt
with quadratic expansion

b, —b
bA(Diagu + H) = b"pu + (Diagh, H) + Y —L—Lh2 +O(IH|?).
"

p.aip=ig P
Proof. Because the vector i block refines the vector b there exist reals b}, b}, ..., b},
with
bj =b; wheneverki_1+1<j <k, i=12,...,r.
We obtain
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r ki r
bIAC) =D b D0 a() =Y bk () = ok, ().
i=1 j=ki_1+1 i=1
Now applying Lemmas 4.5 and 4.4 gives the result. [

Lemma 4.12. Let f : R" — R be a symmetric function having quadratic expansion
at the point u© € R, where
ML= =y > g4l = = Wy > Mo+l ke (ko =0, k. =n).

Then the following matrix functions on S":

() F():=V )T,

(i) K():=p" V2 (A,
(i) G():=2()" V2 F(WA(),
have quadratic expansions at the matrix Diag u.

Proof. Later we will need the formulae, giving the quadratic expansions of these
functions, derived in the following proof. Notice that the first two parts follow im-
mediately from the previous two lemmas. So we can write, up to O(|| H 1%,

F(Diagp + H)~ V f(1) i + (Diag V f (), H)
) = fa(w)
Z Uy — [ hQP’
Pap>ig p q
K (Diag u + H) ~ uTV? f (u)u + (Diag V2 f (), H)
WIV2F )y — IV F()g 5
+ he .
Z Hp _ Nq qp

Poqitp>lig
(iii) Because of the block structure of V2 f(w) described in Lemma 4.8, we have

r r
AOTVFIAG) =Y a0, () = 01, () (0%, () = or, () + Y _bi Si),
i, j=1 =1
where the matrix (a,-j){’ =1 vector b, and S;(-) are defined in Lemmas 4.8 and 4.7.
Now by Lemma 4.5

oy, (Diag u + H) — oy,_, (Diag u + H)

k; ki
= ) ui+<Diag > ef,H>

i=kj_1+1 i=kj_1+1
+1(H, 2(ui, I — Diag )" HX, X[) + O(|H|1*)

ki ki ki
= D> wmi+ > hi+ ) (H (ul—Diaguw)He' ()T

i=kj_1+1 i=kj_1+1 i=kj_1+1
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3
+ O H|").

We can evaluate the first summand in the above representation of the function G(-).

r

" ajj(ow, (Diag p + H) — o,_, (Diag 11 + H))
ij=1

x (o, (Diag u + H) — o,_, (Diag i + H))
= uTAp + (diag H)T A(diag H) + 21T A(diag H)
+2 <H, Z i AV(u; I — Diag p) He' (e >T> +O(IH|?)
i,j=1
= uTAp + 2(Diag A, H) + (H, Diag A(diag H))
+2 <H, Z wiAY(ujI — Diag u)*Hef<ef)T> +O(IHI),
i,j=1

where diag: $” — R" defined by diag (H) = (h11, ..., huy) is the conjugate opera-
tor of Diag: R* — S§”. On the other hand Lemma 4.7 gives us

,
D biSi(Diag ju + H)
=1

r ki
= Zbkz ((kl - szl)ﬂé + 2 <Diag Z e, H>

=1 i=kj_1+1
+(H, X; XTHX; XTI +2 — Di ¥ T
» X1 X; HXX; + 2pup, (ui I — Diagu) " HX; X))
+O(IH|?)

,
= u"(Diag b)u + 2(Diag(Diag b)u, H) + <H, Z by, XIXITHX1X1T>
=1

n
- <H, 2 > pi(Diagh)¥(u;I — Diag m*Hef<e-">T> +O(IH|P).
ij=1
Adding these two formulae together we finally get
A(Diag u + H)'V? f(u)A(Diag u + H)
= u"V2f(w)p + 2(Diag V2 f (w) e, H)

i
+(H, Diag A(diag H)) + <H, > by, X;XITHX1X1T>
=1



112 A.S. Lewis, H.S. Sendov / Linear Algebra and its Applications 340 (2002) 97-121

+ <H, 2> (V2 () (u;I — Diag u)*Hef(ef')T> +O(IH|)
Jj=1

= pu"V? f(u)p + 2(Diag V2 f (u)pu, H) + (H, Diag A(diag H))
Tvz _ Tvz
4 Z bph[%q ) Z (n f(,U«))p - (n f(M))q h(zlp
Pqitp=/tq PG> ilg Hp = Hq
+O(I H|1%).

In the last equality we used Lemmas 4.10 and 4.4. [

Now we are ready to prove a preliminary case of Theorem 4.1, namely, that it
holds at X = diag u, (u € R}) and to give a formula for the Hessian of f o A at this
point. The results for the gradient of f o A that we will obtain along the way were
first obtained in [10].

Theorem 4.13. Let f : R" — R be a symmetric function having quadratic expan-
sion at the point p € R’ , where

W1 = =y > Rkl == ey > Mkt Mk (ko =0, ke =n).
Then f o A has quadratic expansion at the point Diag ., with

V(f o1)(Diag u)[H] = tr (HDiag V f (1))

V2(f o M)(Diag WH, H1 =Y hppf" pghag+ Y bphy,

p.q=1 P#q

Hp=Kqg

) — fq’(u)h2

Loy Bshw,
PqiipFily po

(with b defined by Lemma 4.8).

Note 4.14. Corollary 4.15 will show that the requirement that . € R’i can be omit-
ted. For a matrix representation of the above formula combine Eq. (4) below, and the
first identity in Lemma 4.4.

Proof. We are given that
FO=F) + Vi &=+ 300 =V F) & — w)
+O(lx — 1),
so after letting x = A(Diag u + H) and using the fact that
)(Diag st + H) = A(Diag p) + O(| H|))
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we get

(f o ) (Diagu + H) = f(u) + V £ ) "(Diag p + H) = V £ (1) 1t
+3(Diag pu + H)'V? f ()1(Diag pu + H)
—u'V2 [ (u)A(Diag ju + H)
VA f (W + O(IH ).
Substituting the three expressions in the proof of Lemma 4.12 we obtain

(f o 1)(Diag i + H) = (f o 2)(Diag 1) + (Diag V f (), H)

1 r
+5 <H, Diag A(diag H) + ) _ by, XIX,THXIXIT>
=1

[0 — £
roy WL agupy @

paupen,  Hr T Ha
Recall that X; = [ek’ -t ekl]. In order to obtain the representation given in the
theorem one has to use the definition of A and b = (by, ..., b,) given in Lemma 4.8

and the note that follows it. [

Proof of Theorem 4.1. Suppose f has quadratic expansion at the point A(Y), and
choose any orthogonal matrix U = [u! - --u"] that gives the ordered spectral de-
composition of Y, ¥ = U (Diag AMY)UT. Here we actually have A = A(A(Y)) and
b; = b;(\(Y)). While in formula (4) we had A = A(u) and b; = b; (1), to make the
formulae here easier to read we will write again simply A and b;. Then we have,
using formula (4) and some easy manipulations,

(f o (Y + H) = (f o »)(DiagA(Y) + UTHU)
= (f o A)(Y) + (Diag V f(A(Y)), UTHU)

1 r
+5 <UTHU, Diag A(diag UTHU) + ) " by, XX UTHUX, X,T>
=1

(UTHDP)? + O H ),

(1) = fo(u(Y)
+
qu: Ap(Y) —2q(Y)

xp(y);xqm
where X; = [ek-1t1 .. M. O

Corollary 4.15. Theorem 4.13 holds for arbitrary u € R", where
b(u) = Pb(ln), )

and P is a permutation matrix, such that PT . = fi.
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Proof. Pick a permutation matrix P such that PTy = fi and let r be the permutation
associated with it, that is i = (ix(1), - .., Wx(n)), OF in other words Pe' = e We
have that f has quadratic expansion at the point u, that is

fu+h) = fGu) + (V). h) + $(h, V2 f(u)h) + O(|h|).
Using the fact that fis symmetric we obtain
fGa+PThy= f(PT(u+h))
= f(u+h)
= f(w) +(Vf (), h) + L(h, V2 FGoh) + O]
= f(@) +(PTV f(u), PTh) + 3(PTh, PTV? f ) PP"h)
+O(|IPTh|).
So fhas quadratic expansion at the point i as well, and we have the relationships
V(i) =PIV f(w),
V2f() = PTV2f(u)P.

We have Diag u = P (Diag ji) PT. Applying Theorem 4.1 with Y = Diag uand U =
P, and using Egs. (6) and (5) we get

(6)

V2(f o 1) (Diag w)[H, H]

n
- — 12
= Z e (pye () fpg (D) (g) + Z bp(Ih% (p)x(g)

p.q=1 P#q
“p=iq

Ly 1@ = 13

— e
aprng 1P Ha
n / /
Tp) = fo ()
2 p q 2
= 2 o frgWhag + 3 bpGohi, + 3 T e e
p.q=1 P74 KpFitq b 1

Up=hq

The invariance of the formula for the gradient is shown in a similar manner. See also
[10]. O

5. Strongly convex functions

As we mentioned in Section 1, a symmetric function f is convex if and only if
f o X is convex. The analogous result also holds for essential strict convexity [9,
Corollary 3.5]. Here we study yet a stronger property.
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In this section, we show that if a symmetric, convex function f has a quadrat-
ic expansion at the point x = A(Y), then the symmetric matrix V2 f(x) is positive
definite, if and only if the same is true for the bilinear operator VZ(f o A)(Y).

Lemma 5.1. [fa function f : R" — R is symmetric, strictly convex, and differen-
tiable at the point |

1= = ey > g1 = = kg > kgl Bk (ke = n),
then its gradient satisfies

T — fa(w)

>0 forall p, q suchthat iy # 4.
Hp = Hq

Proof. Because fis strictly convex and differentiable at p, for every x € R" (1 # x)
we have that (see for example [14, Theorem 2.3.5])
(VIiw), x —p) < fx) = f(w).
Suppose pp, # jty. Let P be the permutation matrix that transposes p and g only.
Then we have
(g0 = [ (wp — 1g) =V f (1), P — ) < f(Pp) — f(p) = 0.
O

Lemma 5.2. Let f : R" — R be a symmetric function having quadratic expansion
at |, where

ML= e = kg > ] = = iy > gl ke (k= n).
If the Hessian V? f () is positive definite, then the vector b = (by, . .., b,), defined
in Lemma 4.8, has strictly positive entries.

Proof. It is well known that every principal minor in a positive definite matrix
is positive definite. Fix an index 1 <i < n. If w;—1 > u; > @i+, then from the
representation of the matrix V2 f(x) in Lemma 4.8 and the note after it, it is clear
that b; > 0. Suppose now that i is in a block of length at least 2. Then some principal
minor of sz(,u) of the form

a—+ b; a
a a + b;

is positive definite, and the result follows. [J

Theorem 5.3. Let f : R* — R be a symmetric, strictly convex function having qua-
dratic expansion at |4

ML= = [y > [Ahy+1 = = [bky > ho+1 " Rk, (kp = 1),
Then the symmetric matrix V2 f (1) is positive definite if and only if the bilinear
operator V*(f o A)(Diag w) is positive definite.
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Note 5.4. In fact by Alexandrov’s Theorem, if a function is convex it has quadratic
expansion at almost every point of its domain [1].

Proof. Suppose first that the symmetric matrix V2 f (1) is positive definite. Take a
symmetric matrix H # 0. Then we have

n
Z hpp frg(Wheq > 0,
p.q=1

because V2 f () is positive definite,

.
2 Z by, Z h%q =0,
=1

ki—1<p<q<ki
follows from Lemma 5.2, and
’ o
s Fyn) = £ 250
P.q:Hp>tq Hp = Hq

which follows from Lemma 5.1. Now because H # 0 at least one of the above in-
equalities will be strict.

In the other direction the argument is easy: take H = Diag x, for 0 # x € R"
in the formula for V2(f o A)(Diag ) given in Theorem 4.13 to get immediately
xTV2f(uw)x >0. O

Theorem 5.5. If f : R" — R is a symmetric, strictly convex function having qua-
dratic expansion at the point Y, then V> f(A(Y)) is positive definite if and only if
V2(f o M)(Y) is.

Proof. The proof of this theorem is now clear since V2(f or)(Y)is positive definite
if and only if V2(f o A)(Diag A(Y))is. [

6. Examples

Example 6.1. Let g be a function on a scalar argument. Consider the following
separable symmetric function with its corresponding spectral function

FE1 LX) =) g,
i=1

(f o (X)) =D ghi(Y)).
i=1
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Then if g has quadratic expansion at the points x1,. . .,x, sodoes fatx = (xy, ..., X,)
and we have

Vi) =@ @), ..., g )T,
V2 f(x) = Diag (" (x1), ..., &" (xn)),
b(x) = (g"(x1)s ..., & (xa))T.

Suppose g has quadratic expansion at each entry of the vector 1 € R', which satisfies

U1 = = [y > Rk+1 = = iy > Mo+l - Uk, (ke = 1),
Then Theorem 4.13 says that

V2(f o A)(Diag w)[H, H]

n / /
&' (np) — &' (1ng)
=Y o, + Y g uphl,+ Y =
p=1

p#q PqiipFitg Hp = Hq
Wp=igq
/ /
g (up) — 8 (1g)
= D &yt ), S,
Paip=ig Pt pFEilg P 4

Let us define the following notation consistent with [3, Section V.3]. For any function
h defined on a subset of R define

MO-hB) p o 2 g

h[”(a, B) = a—p
h(a) ifa = B.
If A is a diagonal matrix with diagonal entries 1, .. ., @, we denote by h[”(/l) the

n X n symmetric matrix matrix whose (i, j)-entry is R (o, aj).
Using this notation, for the function & = g’, we clearly have

V2(f o A)(Diag w)[H, H] = (H, h'"\(Diag p) o H),

V3(f o M(Y)[H, H] = (UTHU, "' (Diag A(Y)) o (UTHU)),
where Y = U (Diag A(Y))UT, U orthogonal, and X o ¥ = (xijy,:/)?j:] is the Had-
amard product of matrices X and Y.

Let us extend the domain of the function % to include a subset of the symmetric

)

matrices in the following way. If A = Diag («1, ..., o) is a diagonal matrix whose
entries are in the domain of 4, we define h(A) = Diag (h(ay), ..., h(ay)). If Yis
a symmetric matrix with eigenvalues «1, . .., «, in the domain of /, we choose an

orthogonal matrix U such that ¥ = UAUT and define h(Y) = Uh(A)U™T. (Notice
that the definition of /4 (Y) does not depend on the choice of the orthogonal matrix
U.) In this way we can define 2 (Y) for all symmetric matrices with eigenvalues in the
domain of A. Then the formula for the gradient in Theorem 4.1 says that for A = g’
we have

V(f oM (Y) = h(Y).
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Thus Eqgs. (7) are just the formulae for the derivative Vi given in Theorem V.3.3 in
(3].

Example 6.2. Now we specialize the above example even more. The following
spectral function finds many applications in semidefinite programming. Consider
the symmetric and strictly convex function and the corresponding spectral function:

n
fixeR, — —Zlogxi»
for:AeS] — —logdet(A).

(Here S’} | denotes the set of all positive definite symmetric matrices.) Then Theo-
rem 4.13 says that for u € R’ such that
ML= =y > gl =0 = [y > g+l ke (ke =),
we have
2

V2(f o 1)(Diag w)[H, H] = Zﬂ+ Z ot 2 S

pra PP paip g HPHe
Kp=Kq

n,n h2

p.g=1,1 H’pﬂ’q

= tr (Diag u) "' H (Diag ) "' H).
The last equality may easily be verified. In general, for an arbitrary symmetric matrix
A, we get
V2(foM)(A)H, Hl=tr (A-'HA'H).

This agrees with the standard formula for the second derivative of the function
—log det(A). (See for example [12, Proposition 5.4.5].) Moreover, the result in
Section 5 tells us that

A >0 impliestr(A"'"HA'H) >0 forall0# H € ",
and this result can also be verified directly.

Example 6.3. Consider the following symmetric function and its corresponding
spectral function:

¢r(x) = kth largest element of {x1,x2...,x,},
Ak (A) = kth largest eigenvalue of A.

The function ¢ (x) is linear near every point x such that

Xk—1 > Xk > Xgt1,



A.S. Lewis, H.S. Sendov / Linear Algebra and its Applications 340 (2002) 97-121 119

since locally we have ¢y (x) = x;,;, for the index m such that x,, is the kth largest
coordinate of x. In particular if x € R’f, then k = m. So

V() =", Vir(x) =0, by, (x) =0.
Then Theorem 4.13 says that for p € Rﬁ such that

Hk—1 > Wk > Ui+,

we have
n
1
V2 (Diag W[H, H] = V2(f o ))(Diag w)[H, H1 =2 ————h},.
—, Mk — Mg
g=1
q#k

This agrees with the result in [7, p. 92].

7. The eigenvalues of V2(f o 1)

A natural question one may ask is: Is there any relationship between the eigen-
values of V2 f(A(Y)) and those of V2(f o)(Y)? This section shows that local-
ly such a relationship will be quite weak, although more globally they are closely
related. Let Y be a symmetric matrix such that

AMP)=- =4 (¥Y) > > Ay 1Y) =--- = 2y (Y)

= =0M) > A (Y) (ko=0, kb =n).

Using the representation given in Theorem 4.1 and Corollary 4.15 one can see that
the eigenvalues of V2(f o 1)(Y) are:
o L(VEFO (M) |i=1,...,n}.
e by, is an eigenvalue forevery [ = 1, ..., r with multiplicity (k; — k;—1) (k; — k;—1
—1)/2.
fo, GQN)—=f, (V)

T N (1) is an eigenvalue with multiplicity (k; — kj—1) (ks — ks—1) for
every ordered pair (A, (Y), Ak, (Y)) such that Ay, (Y) > A (Y).
So we can immediately conclude that
Amax (V2(f 0 M)(Y)) = Amax (V2 f(L(Y))),
Anin(V2 £ (V) 2 Amin(V2(f 0 M)(Y)).

We are going to show now that the above inequalities may be strict.

®)

Example 7.1. Consider the convex function

x24+y? + cos 2x + cos 2y

fx,y)= 4 g ,

and the point
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u=Qm meR].

Then
X sin 2x s 2
3 s 5 sin” x 0
Vi(x,y) = (1 _ sin 2y) , Viflx,y) = < 0 sin y) :
2 7

Using the representation in Theorem 4.13 we get
V2 f(u) =0, V(f o) (Diagw)[H, H] = hi,
where
h h
= )
Then clearly
hmax (V2(f 0 W)(Diag ) = 1 > Amax(V2 f (1)) = 0.

In order to demonstrate a strict inequality between the smallest eigenvalues one
needs to consider the function — f(x, y) at the same point .

Even though we may not have equalities in (8) at a particular matrix Y, if we
consider the eigenvalues of V2 £(A(Y)) and V2(f o A)(Y) as Y varies over an or-
thogonally invariant, convex set we can see that they vary within the same bounds.
More precisely we have the following theorem. To make its proof precise, we need
the main result from [9,11] saying that: A symmetric function fis & 2 if and only if
f o Mis, and fis convex if and only if f o A is.

Theorem 7.2. Let C be a convex and symmetric subset of R", and let f : C — R
be symmetric, €* function. Then

min )»min(sz()’)) = min )»min(Vz(f o M(Y)). 9)
ye€ Yer1(C)
Proof.
rmin(V2FO) = VyeC
< f- %II > convex
o 2
& (r=31-17)on convex
o 2
< foi- 5” 15 convex
& Apin(V2(foM()2a VYeC. O

Remark 7.3. If we multiply both sides of Eq. (9) by —1 we will get

max Amax (V2 f») = T max (V2(f o (D).
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