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We study revenue management problems with heterogeneous resources, each with unit capacity. An arriving
customer makes a booking request for a particular interval of days in the future. We offer an assortment
of resources in response to each booking request. The customer makes a choice within the assortment to
use the chosen resource for her desired interval of days. The goal is to find a policy that determines an
assortment of resources to offer to each customer to maximize the total expected revenue over a finite selling
horizon. The problem has two useful features. First, each resource is unique with unit capacity. Second, each
customer uses the chosen resource for a number of consecutive days. We consider static policies that offer
each assortment of resources with a fixed probability. We show that we can efficiently perform rollout on
any static policy, allowing us to build on any static policy and construct an even better policy. Next, we
develop two static policies, each of which is derived from linear and polynomial approximations of the value
functions. We give performance guarantees for both policies, so the rollout policies based on these static
policies inherit the same guarantee. Lastly, we develop an approach for computing an upper bound on the
optimal total expected revenue. Our results for efficient rollout, static policies, and upper bounds all exploit
the aforementioned two useful features of our problem. We use our model to manage hotel bookings based on
a dataset from a real-world boutique hotel, demonstrating that our rollout approach can provide remarkably

good policies and our upper bounds can significantly improve those provided by existing techniques.

1. Introduction

Revenue management problems focus on managing limited service capacities to serve booking
requests that arrive randomly over time. Serving a booking request generates a certain amount of
revenue and consumes the availability of multiple types of service capacities. These problems appear
in airlines, hospitality, retail, railways, and broadcasting, where the meanings of a service capacity
and a booking request take different forms depending on the specific industry setting. The main
tradeoff is between serving a current booking request to generate immediate revenue and reserving
the service capacities for a more profitable booking request that may arrive in the future. Different
booking requests consume different types of service capacities, so computing an optimal policy
requires keeping track of all types of remaining service capacities simultaneously, resulting in the

curse of dimensionality as the number of different types of service capacities increases.

We study revenue management problems with unique resources, each with unit capacity. An

arriving customer makes a booking request for a particular interval of days in the future. We offer

*The first three authors are listed alphabetically. The last author mainly contributed to computational experiments.
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an assortment of resources in response to each booking request. The customer makes a choice
within the assortment to use the chosen resource for her desired interval of days and returns the
resource after her use. The goal is to find a policy for determining an assortment of resources to
offer to each customer to maximize the total expected revenue. Dynamic programming formulation
of the problem has a high-dimensional state variable to keep track of the availability of resources
on each day in the booking horizon, so it is computationally difficult to find the optimal policy. We
give efficiently computable policies with performance guarantees and upper bounds on the optimal
total expected revenue. As we discuss in our contributions below, all of our results exploit the fact

that the resources have unit capacity and the customers use resources over consecutive days.

The class of revenue management problems that we consider in this paper appears in a number
of applications. Market places for lodging, such as Airbnb and Vrbo, as well as boutique hotels and
bed-and-breakfasts, offer unique rooms, apartments or houses. Customers make booking requests to
use such lodging options for a number of consecutive days. Matching platforms for freelancers, such
as Upwork and Fiverr, recommend differentiated workers with unique characteristics. Employers
seek to make use of the skills of the workers for certain durations of time. When the projects
are intensive enough that each freelancer can work on one project at a time, the problem of
offering differentiated workers to employers also has the characteristics of our revenue management
problem. With these applications in mind, our work is partly motivated by the boutique hotel
Villa Mahal (2020) in Kalkan province of Turkey. The hotel offers six rooms: Moonlight Room,
Moonlight Deluxe, Sunset Deluxe, Sunset Suite, Pool Room, and Cliff House. Each room is unique,
as it is decorated differently, has different views, and offered at a different price. During the booking
process, the customers are shown the available rooms for their desired days of stay, and they choose

a specific room. Boutique Homes (2020) lists 150 boutique hotels with a similar setup.

Main Contributions: Our technical results focus on policies with performance guarantees,

efficient rollout on such policies, and a novel upper bound on the optimal total expected revenue.

Efficient Rollout of Static Policies. A static policy offers a (possibly random) assortment of

resources without paying attention to the current state of the system. Letting N be the number
of resources and T" be the number of days in the booking horizon, to compute the value functions
associated with a static policy, we need to solve a dynamic program with O(2%7) possible states
that keep track of the availability of each resource on each day. We show that we can compute
the value functions of a static policy by using N separate dynamic programs, each with O(7T?)
possible states (Theorem 3.1). Intuitively speaking, this result is based on the following observation.
Because each resource has unit capacity and customers use resources over consecutive days, if a

resource is not available on day ¢, then we cannot use this resource to serve a booking request
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for an interval that starts on or before day ¢ — 1 and ends on or after day ¢+ 1. In our dynamic
program, we keep track of the availability of each resource over uninterrupted intervals of days and
use the fact that we cannot serve booking requests that straddle disjoint intervals. Thus, using our
dynamic program, we can compute the value functions of a static policy in a number of operations

that is polynomial in the number of resources and the number of days in the booking horizon.

Once we compute the value functions of a static policy, we can perform rollout on the static
policy. Rolling out a static policy yields a policy that is guaranteed to perform at least as well
as the static policy on hand; see Section 6.4.1 in Bertsekas (2017). Because the static policy does
not consider the current state of the system, it may offer an unavailable resource in response
to a booking request. We show that the rollout policy, in contrast, never offers an unavailable
resource. The benefits from rolling out a static policy can be substantial. In our experiments,
rolling out a static policy improves the performance of the static policy by up to 15%. In most
rollout applications, the value functions of the static policy are approximated by using Monte Carlo
simulation, but we can exactly compute the value functions of our static policies, precisely because
each resource has unit capacity and customers use resources over consecutive days. Therefore, our
results on computing the value functions of a static policy and performing rollout on a static policy

both exploit the special structure of our revenue management problem.

Static Policies via Linear Approximations. By the discussion in the two previous paragraphs, if

we have a static policy with a performance guarantee, then we can efficiently perform rollout on this
static policy to obtain another policy that is at least as good. Letting D,,.x be the maximum number

of days of resource usage in a booking request, we use linear approximations of the value functions to

1

TP fraction of the optimal total expected revenue

give a static policy that is guaranteed to obtain
(Theorem 4.1). Our result uses a characterization of feasible booking requests that holds under unit
resource capacities. Earlier performance guarantees for linear value function approximations are in
an asymptotic regime, where the resource capacities and the expected demand increase at the same
rate; see, for example, Talluri and van Ryzin (1998). Our result does not require an asymptotic
regime. Indeed, such an asymptotic regime is not relevant to us at all, because each resource is

unique, so resource capacities are always one. Before our work, it was not known whether linear

approximations could yield performance guarantees without asymptotic regimes.

Static Policies via Polynomial Approximations. Letting D ;. be the minimum number of days in

a booking request, we use polynomial approximations of the value functions to give a static policy

1
2+’—(Dmax - 1)/Dmin-|

establish this result, corresponding to each possible interval of days for a booking request, we

that is guaranteed to obtain fraction of the optimal total expected revenue. To

designate a so-called intersection preserving subset of days with the following property. If we do
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not have capacity on a day in the intersection preserving subset, then we can immediately conclude
that we cannot accommodate a booking request for the corresponding interval. As a function of the
number of days in the intersection preserving subsets, we give a performance guarantee for the static
policy from the polynomial value function approximations (Theorem 5.1). Next, using the fact that
resources have unit capacities and customers request resources over consecutive days, we bound
the number of days in the intersection preserving subsets by 1+ [(Dyax — 1)/Dmin| (Theorem 5.2).
Putting these two results together yields the desired performance guarantee. Surprisingly, if all
booking requests are for the same duration (D = Dmin), then our policy yields a constant 1/3
performance guarantee. Our linear approximations have a looser guarantee than our polynomial

ones, but the practical performance of both policies, especially after rollout, is competitive.

Upper Bound on the Optimal Policy Performance. We give an efficiently computable upper

bound on the optimal total expected revenue. To assess the optimality gap of a policy, we can
compare its total expected revenue with such an upper bound. Our upper bound is based on
allocating the revenue from a booking request over different resources and solving a separate
dynamic program to control the capacity of each resource. We show that this approach yields an
upper bound on the optimal total expected revenue (Proposition 6.1). A common approach to
obtain an upper bound is to formulate a linear programming approximation under the assumption
that the choices of the customers take on their expected values; see Gallego et al. (2004). We show
how to choose our revenue allocations such that the upper bound from our approach is at least as
tight as that from such a linear program (Theorem 6.2). The dynamic program that we solve for
each resource still has O(27) states, keeping track of the availability of the resource on each day.

We give an equivalent dynamic program with only O(7?) states (Theorem 6.3).

One motivation for using a linear program to construct an upper bound is that such upper bounds
are tight in the asymptotic regime discussed earlier. This asymptotic regime does not apply to our
problem because our resource capacities are always one, irrespective of the number of resources.
In our experiments, the upper bounds from the linear program are substantially looser than our
upper bounds, with gaps reaching 29%. Another approach to obtain an upper bound is based on
decomposing the dynamic program for the problem by the components of the state vector; see
Topaloglu (2009). The approach in Topaloglu (2009) constructs value function approximations that
are separable by each resource and day of use, whereas our approach constructs value function
approximations that are separable by each resource, but not by day of use. In our experiments,

the upper bound from Topaloglu (2009) was almost as poor as that from the linear program.

Validation on Real-World Hotel Data. We test our policies on a dataset from an actual boutique

hotel, as well as randomly generated datasets. Our policies can handle real problem sizes. Policies
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based on our linear and polynomial approximations outperform strong benchmarks. Moreover,

rolling out a static policy can significantly improve the static policy on hand.

Literature Review: Rollout is a general approach to improving the performance of any policy;
see Section 6.4.1 in Bertsekas (2017). The idea is to compute the value functions of the initial policy
on hand and use the greedy policy with respect to the value functions. The policy from rollout is
guaranteed to perform at least as well as the initial policy. Therefore, if the initial policy on hand has
a performance guarantee, then the same performance guarantee applies to the policy from rollout,
but the practical performance of the rollout policy is often reported to be significantly better than
that of the initial policy. The difficulty of performing rollout is in computing the value functions of
the initial policy on hand. Computing the value functions of the initial policy can be as difficult as
computing the optimal policy itself, so these value functions are often estimated by simulating the
performance of the initial policy on hand. In contrast, we are able to exploit the unit capacities
of the resources and the interval structure of the booking requests to exactly compute the value
functions of a static policy and to perform rollout on the static policy, yielding policies stronger than
the static policy. Rollout has been used in combinatorial optimization, scheduling, vehicle routing,
and revenue management, but most existing work uses approximations or simulations to estimate
the value functions of the initial policy; see Bertsekas et al. (1997), Bertsekas and Castanon (1999),
Secomandi (2001), and Bertsimas and Popescu (2003).

There is work on managing resources with reusable features. Rusmevichientong et al. (2020)
consider a problem with reusable resources where the resources are rented for random durations
of time and become available to be used by other customers once returned. The authors give a
policy that obtains at least 50% of the optimal total expected revenue. An important differentiating
factor in our problem is that a customer arriving into the system makes a booking request to use a
resource on a future day. In other words, our problem has advance reservations, which is, naturally,
critical for lodging market places, hotels and freelancer matching platforms. As far as we are aware,
it is not possible to incorporate advance reservations into the policy proposed by Rusmevichientong
et al. (2020). In particular, the authors use the fact that if they have single unit of a resource,
then they can find the optimal policy to manage this unit by solving a simple dynamic program.

Letting T" be the number of time periods in the planning horizon and K be the maximum number

of days that a resource can be rented, their value functions are of the form v} for t =1,2,...,T,
¢=0,1,..., K, where v} is the optimal total expected revenue from a unit of the resource over time
periods t,...,T given that this unit has been in use for ¢ time periods at the beginning of time

period t. Since their problem does not allow advance reservations, they only need to keep track of

whether the unit is in use and (if it is) for how many time periods it has been in use. They do not
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need to keep track of future time periods at which the resource might be committed for use. In our
problem, even if we manage single unit of a resource, we cannot characterize the optimal policy
in such a simple fashion. We need to keep track of the availability of the resource on each day
in the future. We get around this difficulty as follows. First, under our linear approximations, we
show that we can use a linear function of the capacities to check whether we can serve a booking
request for a set of future days. Second, under our polynomial approximations, we show that we can
use the intersection preserving subsets for the same purpose. Third, once we construct our static
policies, we show that we can efficiently compute the value functions of a static policy by focusing
on uninterrupted availabilities over intervals of days. All of these results are possible because the
resources have unit capacities, the booking requests are for intervals of days and we focus on static
policies. Rusmevichientong et al. (2020) use rollout but they can do so only when there are no
advance reservations and the usage durations are negative binomial. They cannot perform rollout
even when the usage durations are deterministically known at the time of booking, which is the
relevant case for lodging market places, hotels and freelancer matching platforms. Manshadi and
Rodilitz (2020) consider a problem with reusable resources, where volunteers are asked to perform
tasks, each volunteer becoming inactive for a duration of time after she is tapped for a task. It is

not clear how to incorporate advance reservations into their work either.

Considering non-unit resource capacities and booking requests not necessarily over intervals of
days, letting L be the maximum number of days used by a booking request, Back and Ma (2021)
give a policy with a performance guarantee of 1%: Their setting is more general than ours, but
exploiting the special structure of our problem, we give improvements in three directions. First, it
is not possible to compute the value functions of the policy proposed by Baek and Ma (2021), so
we cannot perform rollout on their policy. Rollout provides dramatic performance improvements.
Performing rollout on our static policy with polynomial approximations, we can improve the total

expected revenue by more than 15%. Second, the policy in Baek and Ma (2021), when applied

1

T If Dyax > D > 1, then we have

to our problem, provides a performance guarantee of

1 > 1
2+’—(Dmax*1)/Dmin-| 14+Dma

guarantee. Platforms may indeed impose minimum use requirements, so D,,;, > 1. For example, in

—, SO our policy with polynomial approximations has a better performance

addition to its six rooms, Villa Mahal offers three villas, each requiring a minimum stay of seven
days. Third, Baeck and Ma (2021) use the linear programming approximation mentioned earlier
in this section to construct their policy. This approximation works well in an asymptotic regime
where the resource capacities are large, but leveraging the linear program when each resource has
a unit capacity yields a policy that does not perform as well in practice. Our policy is designed to

deal with unit capacities and can improve the one in Baek and Ma (2021) by up to 20%. Similarly,
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_1

Ma et al. (2020) give a policy with a performance guarantee of A

but their policy also does not

allow rollout, is insensitive to D,,;, and is not designed to deal with unit resource capacities.

Some papers build linear programming approximations for revenue management problems and
characterize the optimality gaps of the policies derived from such approximations; see Talluri
and van Ryzin (1998), Cooper (2002), and Jasin and Kumar (2012). These papers focus on the
asymptotic regime discussed earlier in this section, but such a regime, once again, is not relevant
to us because the capacities of our resources are always one. The policies derived from the linear
programming approximations are often characterized by bid prices, where one attaches a bid price
to each resource to capture the opportunity cost of a unit of resource. The decision for accepting a
booking request is made by comparing the revenue from the booking request with the opportunity
cost of the resources used by the booking request; see Adelman (2007), Topaloglu (2009), Tong
and Topaloglu (2013), Kirshner and Nediak (2015), Vossen and Zhang (2015a,b), and Kunnumkal
and Talluri (2016a). The policies in this last set of papers do not have performance guarantees.
There is work on incorporating customer choice into revenue management problems, where the
customers choose among the offered booking options; see Gallego et al. (2004), Liu and van Ryzin
(2008), Kunnumkal and Topaloglu (2008), Bront et al. (2009), and Meissner et al. (2012). Some
papers focus on approximating the value functions under customer choice; see Zhang and Cooper
(2005, 2009), Zhang and Adelman (2009), Kunnumkal and Topaloglu (2010), and Kunnumkal and

Talluri (2016b). These papers do not give performance guarantees either.

In our problem setting, the revenues from the booking requests are fixed and the only decision is
the assortment of resources offered in response to each booking request, but all of our results hold
with little modification when the prices are also decision variables. In particular, we can create
multiple copies of a resource, each copy corresponding to offering the resource at a different price
level. In this case, we offer an assortment of resource and price pairs in response to each booking
request, naturally with the constraint that a resource, if offered, can be offered at one price level.
This approach immediately extends our results to deal with a finite number of possible price levels,

but we can rederive our results to deal with prices that lie on a continuum as well.

Organization: In Section 2, we give a dynamic programming formulation for our problem. In
Section 3, we show how to perform rollout efficiently on a static policy. In Section 4, we give a
static policy using linear value function approximations. In Section 5, we give a static policy using
polynomial value function approximations. In Section 6, we give a method to obtain an upper
bound on the optimal total expected revenue. In Section 7, we give computational experiments. In
our computational experiments, we test the performance of our static and rollout policies, as well
as a policy that builds on the value function approximations used to construct our upper bound

on the optimal total expected revenue. In Section 8, we conclude.
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2. Problem Formulation

We have N unique resources indexed by N = {1,..., N}. The resources are available for use during
the days indexed by T ={1,2,...,T}. Let F={][s,f] : 1 <s< f<T} denote the set of possible
intervals of use, where the interval [s, f] corresponds to a use over days {s,..., f}. The revenue
from booking resource i over interval [s, f] is r; s ;. The booking requests arrive over the time
periods indexed by @ ={1,2,...,Q}. Each time period is a small enough interval of time that there
is at most one booking request at each time period. At time period ¢, we have a booking request
for using a resource over interval [s, f] with probability Af, ;. With probability 1 -3, = AL, 4,
there is no booking request at time period ¢. Given that we offer assortment S C N of resources
at time period ¢, the customer making a booking request at time period ¢ chooses resource ¢ with
probability ¢7(S). The choice probability ¢7(.S) is governed by a general choice model, as long as
the choice probabilities of the resources in an assortment decrease as we add more resources into

the assortment; that is, ¢J(SU{j}) <¢!(S) for allie S and j & S.

Our goal is to find a policy for deciding which assortment of resources to make available for the
customer arriving at each time period to maximize the total expected revenue from all booking
requests. We formulate a dynamic program to compute an optimal policy. We use the vector
x=(xip:1 €N, L€T)e{0,1}"*T to capture the state of the system at a generic time period,
where we have z, , =1 if and only if resource ¢ is available for use on day ¢. To accommodate a
booking request to use resource i over the interval [s, f], we need to have this resource available
on days {s,..., f}. In other words, given that the state of the system is x, we can accommodate a
booking request to use resource i over the interval [s, f] if and only if HLS x; o =1. Let J9(x) be the
optimal total expected revenue over time periods {g,...,Q} given that the state of the system at
time period ¢ is @. Using e; s 5 € {0,1}V*7 to denote the vector with ones only in the components
corresponding to resource ¢ and days {s,..., f}, we can find the optimal policy by computing the

value functions {J?: ¢ € Q} through the dynamic program

f
= > Ay | e { A <H$é> [Ti,[s,f] +J (@~ ei,[s,f])}

s, f]l€F =
- X ]
[s,fleF

Z¢§’(S)<1—Hm) +1-) (S ] JH (x } -
with the boundary condition that J9** =0. In this case, letting e € {0,1}V*T be the vector of all

iEN iEN

ones, the optimal total expected revenue is given by J'(e).

In the dynamic program above, if we offer the assortment S of resources to a customer with

a resource request over the interval [s, f], then she chooses resource i with probability ¢7(S). If
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HLS x; 0 =1, so that resource i is available to accommodate a booking over the interval [s, f],
then we generate a revenue of ; |,  and resource ¢ becomes unavailable over days {s, ..., f}. With
probability > .\ ¢7(S) (1 — HLS Z;4), the customer chooses a resource that is not available on
some day over the interval [s, f]. With probability 1 —3_._., ¢{(S), the customer does not choose
any of the resources in the offered assortment. In either case, we do not consume capacity of any

of the resources. Lastly, with probability 1 — E[ )\?57  we do not have a booking request, in

s, fleF
which case, we do not consume capacity of any of the resources either. In our dynamic program,
we assume that if we have a customer making a booking request for the interval [s, f], then we
may offer a resource that is not available on one of the days {s,..., f}. If the customer chooses
this resource, then she leaves without making a booking. This assumption is innocuous because,
as we argue shortly, there exists an optimal policy that never offers an unavailable resource for a

booking request. The dynamic program above can be unwieldy, but arranging the terms on the

right side, we can write this dynamic program equivalently as

/
JiU(x) = Z X[ISJ] Ispc%\)/( {Zgbg(S) <H$”g> [Ti,[s,f] + J‘I+1(m — eiy[syf]) — Jq+1(:c)}} + J‘H‘l(m). (1)
[ c

s, fleF ieN l=s

Given that the state of the system at time period ¢ is @, we interpret J¢*!(z) — J9 (x — e, (5,5)) as

the opportunity cost of the capacities used by booking resource ¢ for days {s,..., f}.

Using the dynamic program above, we can argue that there exists an optimal policy that
never offers an unavailable resource for a booking request. In particular, given that the state of
the system at time period ¢ is @ and we have a booking request for the interval [s, f], we can
compute the optimal assortment of resources to offer by solving the maximization problem on the
right side of (1). This maximization problem is of the form maxscy > _,cp 7 (9) P, (), where
P} (@)= (HLS Tig) oo,y T (@ — € 15, 51) — J9T (2)]. In Appendix A, we consider the problem
maxscy Y en i (S)p: and show that there exists an optimal solution S* to this problem that
satisfies S* C {i € N : p; > 0}. In other words, if p; <0, then S* does not offer resource i. This
result follows from the assumption that the choice probabilities satisfy ¢f(SU{j}) < ¢{(S) for all
i€ S and j & S. If resource ¢ is not available for some day over the interval [s, f], then we have
HLS x;, =0, which implies that pg’[s’ fl (x) = 0. Therefore, there exists an optimal solution to the
maximization problem on the right side of (1) that does not offer resource i when this resource is

unavailable for a booking request over the interval [s, f].

The state variable z in (1) has O(2¥7) possible values, making an optimal policy difficult to

compute. Thus, we focus on developing policies with performance guarantees.
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3. Efficient Rollout of Static Policies

In this section, we show that we can compute the value functions of a static policy efficiently, which
ultimately allows us to perform rollout on the static policy. A static policy p is a collection of offer
probabilities {uf, /(S): S CN, [s, f] € F, ¢ € Q} such that if we have a booking request for interval
[s, f] at time period ¢, then the policy offers the assortment S of resources with probability ,uﬁg’ fl (9).
Naturally, we require } s\ p1f; 5 (S) = 1. Because the offer probabilities do not depend on the state
of the system, a static policy may offer an unavailable resource. If a customer chooses an unavailable
resource, then she leaves without making a booking. Nevertheless, we will ensure that, just like the
optimal policy, the rollout policy based on a static policy never offers an unavailable resource. To
compute the value functions of the static policy p, we define ¢ ;4 =3 g 1l 1(S) ¢7(5), which
is the probability that a customer arriving at time period ¢ with a booking request for interval [s, f]
chooses resource ¢ under the static policy u. Let J g(ac) be the total expected revenue obtained by

the static policy p over time periods {g,...,Q} given that the state of the system at time period
q is . We compute the value functions {J FRAS Q} through the dynamic program

f
HOEDS Aﬁs,f]{sz,i,[s,ﬁ(ﬂw) [mm+Jz“<w—ei,[s,ﬁ>—Jﬁ“(wﬂ}+Jz“<w>, e
[ l=s

s, fleF ieN

with the boundary condition that J 3*1 = 0. In this case, the total expected revenue obtained by

the static policy p is given by J} (e).

The dynamic program in (2) is similar to that in (1), but when computing the value functions of
a static policy, the assortment that we offer is determined by the static policy, rather than being a
decision variable. In particular, under the static policy u, if we have a booking request for interval
[s, f] at time period ¢, then the customer chooses resource ¢ with probability wfm)[s) - The state
variable  in (2) has O(2V7) possible values, just like the state variable in (1), but two properties of
static policies allow us to compute the value functions of a static policy efficiently. First, under the
static policy u, given that we have a booking request for interval [s, f| at time period ¢, resource
1 receives a booking with fixed probability wz’i’[s’ i Therefore, intuitively speaking, each resource
faces an exogenous stream of booking requests, allowing us to focus on each resource separately.
Second, if resource ¢ is available on days {a,...,b—1} and days {b+1,...,c}, but not on day b,
then this resource can never accommodate a booking request for an interval that starts before day
b—1 and ends after day b+ 1. Thus, we can separately compute the total expected revenue from

each uninterrupted interval of available days for a resource.

Motivated by the discussion above, to compute the value functions of the static policy u, we

let V] ,(a,b) be the total expected revenue collected by the static policy u from resource i over
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Figure 1 = Maximal available intervals for x; (top) and maximal intervals for x; — e[s,g) (bottom).

time periods {g,...,Q} given that resource i is available for all the days in the interval [a,b]. We

compute the value functions {V/];:q € Q} by solving the dynamic program

Z AL { o f] { A+ VI a, s — 1)+ VI (f+1,0) — ViITH(a, b)}} + VI a,b), (3)
[s ]C[ab

with the boundary condition that ij ' = 0. Given that resource i is available on all days in
the interval [a,b], to compute the total expected revenue collected by the static policy p from
this resource over time periods {q,...,Q}, we consider the booking requests only for the intervals
within the interval [a,b]. With probability A, , the customer arriving at time period ¢ makes a
booking request for interval [s, f]. Under the static policy u, this customer chooses resource i with
probability w /ils,f» i which case we generate a revenue of 7 5,5. Furthermore, resource ¢ becomes
no longer avallable on all days in the interval [a, b], but it is still available for the intervals [a,s — 1]
and [f 4 1,b]. Given that resource i is available on all days in the interval [a,b] at time period ¢,
we can interpret ijl(a,b) - Vji{l(a,s —-1)— ijl(f +1,b) in (3) as the opportunity cost of the
capacities used by booking resource i for the days {s,..., f}. If s=a, then we set ijl(a, s—1)=0,
whereas if f =b, then we set V./T'(f+1,b) =0 in (3).

The state variable (a,b) in (3) has O(T?) possible values. Therefore, we can solve the dynamic
program in (3) efficiently. Our main result in this section shows that we can compute the value
functions {JZ:q € Q} in (2) by using the value functions in {V/];:q € Q} in (3). In particular,
we use @; = (z;1,...,2;7) € {0,1}T to denote the state of resource i, where x;, =1 if and only if

resource i is available for use on day ¢. We refer to the interval [a, ] as a mazimal available interval

with respect to @, if and only if resource ¢ is available on all days in the interval [a,b], but not
available on days a — 1 and b+ 1; that is, sza xio=1,2,,1=0and z;,;1 =0. Let Z(x;) be the
collection of maximal available intervals with respect to «;. In the top portion of Figure 1, we show
the collection Z(x;) for a specific value of @; with T'= 14. Each circle in the top portion corresponds
to a day with x;, =1 for the black circles and x;, = 0 for the white circles. The collection of

maximal available intervals is Z(x;) = {[2, 4], [6, 10], [13, 14]}.

We use two properties of maximal available intervals. First, we have HLS x;¢ =1 if and only if

there exists a maximal available interval [a,b] € Z(x;) such that [s, f] C [a,b]. In the top portion
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of Figure 1, for example, we have ]_[2:7 x;¢ =1, so there must exist a maximal available interval
[a,b] € Z(x;) such that [7,9] C [a,b]. This maximal available interval is [6,10]. Second, using
es,7 €{0,1}" to denote the vector with ones only in the components corresponding to the days
{s,..., [}, if [a,b] is the maximal available interval that includes the interval [s, f], then we have
the identity Z(z; — e 57) = (Z(x:) \ [a,b]) U {[a,s — 1], [f + 1,b]}. In this identity, if s =a, then we
omit the interval [a,s — 1]. Similarly, if f = b, then we omit the interval [f + 1,b]. In the top
portion of Figure 1, for example, we have Z(x;) = {[2, 4], [6, 10], [13, 14]} for the specific value of x;.
Considering the interval [8,9], the maximal available interval that includes this interval is [6, 10].
In the bottom portion of Figure 1, we have Z(x; — ejsq)) = {[2,4],[6,7],[10,10], [13,14]}, which is
indeed equal to (Z(x;) \ [6,10]) U{[6, 7], [10,10]}.

In the next theorem, we use these properties to show that we can compute the value functions

{J:q€ Q} in (2) by using the value functions in {V,!,:q€ Q} in (3)

Theorem 3.1 (Efficient Rollout) If the value functions {Jg :q € Q} are computed through (2)
and the value functions {V,!,:q € Q} are computed through (3), then we have
@) = 3
iEN [ableZ(x;)

Proof: We show the result by using induction over the time periods. At time period @ + 1, we have
J Otl — (= VQJrl so the result holds at time period @ + 1. Assuming that the result holds at time
period ¢ 4+ 1, we show that the result holds at time period g as well. By the first property just
before the theorem, we have Hj;:s x;¢ =1 if and only if there exists a maximal available interval
la,b] € Z(x;) such that [s, f] C [a,b]. Thus, using 1;; to denote the indicator function, we have
HLS x; =1 if and only if Z[a,b]ef(mi) Tiis,51cfa,0y = 1. Furthermore, by the second property just
before the theorem, if [a,b] is the maximal available interval that includes the interval [s, f], then
we have Z(x; — e[, 51) = (Z(x;) \ [a,b]) U{[a,s — 1], [f +1,b]}. In this case, considering the maximal
available interval [a,b] € Z(x;), for each interval [s, f] C [a,b], using the induction hypothesis, we

obtain the chain of equalities

T @)~ T @ —einn) = Y, Vitled) - Y Vi(ed)
le,d]€T(x;) [c,d|€ET(z;—e[5 f])
= Y Vit(cd) ( > Vit (ed) - vgjl(a,b)Jrvgjl(a,s—1)+vgj1(f+1,b)>
le,d|€Z(x;) [e,d]€Z(x;)
+1 +1 +1
= Vi (a,b) =V (a,s—1) = Vi (f +1,b), (4)

where the first equality holds because we have Jit'(x) = ZieNZ[qd]eI(mi)VqJ'rl(C’ d) by the

b

induction hypothesis, whereas the second equality holds because, for all [a,b] € Z(x;) and
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[s, f] C [a,b], we have the identity Z(x; — e ) = (Z(x;) \ [a,b]) U{[a,s — 1], [f +1,b]}. Thus, using
the fact that []/_, z;, =1 if and only if 3", 7 L ficlasy = L, by (2), we obtain

Z Ao f {Z% ifo.f < > ]1{[s,f1ga,b]}> [Tz:[s,f] + I (@ — i) - Jﬁﬂ(fv)}}JrJZ“(w)

fleF ieEN [a,b]€Z(x;)

(a)
> z DS A;;ﬂ{zwz,i,[s,ﬁ{n,[s,ﬂ+Jz+1<x—ei,[s,ﬂ>—Jz+l<x>}}+Jz+l<x>

€N [a,b]€Z(x;) [s,f]C[a,b] ieEN

o Z Z Z Alss) {Z L {T@[&ﬂ — VI a,0) + Vi (a,s = 1)+ VIT(F+1, b)]}

ieN  [a,bl€Z(x;) [s,f]Cla,b] ieN

—|—Z Z V("Jr1 (a,b)
€N [a,bl€Z(x;)
DD

€N [a,b]€Z(x;)
where (a) follows by reordering the three sums on the left side of (a), (b) holds because (4) holds
for all [a,b] € Z(x;) and [s, f] C [a,b], along with the induction hypothesis, and (¢) holds by (3). H

The rollout policy from the static policy g makes its decisions by replacing {J?:q € Q} in (1)
with {J:q € Q}. We discuss the rollout policy from the static policy u.

Rollout Policy Based on a Static Policy:

Given that the state of the system at time period ¢ is  and we have a booking request for

interval [s, f], the rollout policy from the static policy p offers the assortment of resources

!
SR () = arg max { S oi(s (H””4> |:Ti,[s,f] + JI N (2 — e g)) — Jzﬂ(m)} } (5)
l=s

The problem above is identical to the maximization problem on the right side of (1) after replacing
{J?:q€ Q} with {J:q € Q}. By the same argument that we give just after (1), there exists an
optimal solution SRO"°;§ ‘() to the problem above such that i ¢ SRC"'C’”t “(x) for each i € N with
HLS x; ¢ = 0. Thus, the rollout policy never offers an unavailable resource for a booking request. It
is a standard result that the total expected revenue obtained by the rollout policy from the static
policy p is at least as large as the total expected revenue obtained by the static policy p, so the
rollout policy from the static policy p is guaranteed to be at least as good as the static policy w;
see Section 6.4.1 in Bertsekas (2017). Thus, if we have a performance guarantee for a static policy,
then the same performance guarantee holds for the rollout policy based on this static policy as
well. Our computational experiments indicate that the rollout policy based on the static policy w

can perform significantly better than the static policy w itself.

Next, we give static policies with performance guarantees. By the discussion above, these

performance guarantees hold for the corresponding rollout policies.
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4. Resource Based Static Policy with Linear Approximations

We develop a static policy based on linear approximations of the value functions. In particular, we
use linear value function approximations {jf :q € Q} of the form

2D e

ieEN LeT
In the approximation above, we interpret the coefficient nf, , as the opportunity cost of the capacity

of resource i on day £ given that we are at time period q.

We use the following algorithm to compute the coefficients {773,1% ieN, LeT, qe Q}. For all
1€N and t €T, we set nQH =0. For each ¢=0Q,Q —1,...,1, we execute the two steps.

e Construct Ideal Assortments: For each [s, f] € F, compute the ideal assortment to offer

to a customer with a booking request for interval [s, f] as

L = argmax > 6i(S [n 5.1 Zn‘”l}- (6)

e Compute Opportunity Costs: For all i € N and ¢ € T, compute the opportunity cost of

the capacity of resource i on day ¢ as

Wecis. sy
o= D Aup d)g(A([ZS,f])ﬁ[ il an“} i (7)
[s,fleF

This algorithm fully specifies the parameters {n{,:i €N, £ €T, q &€ Q}, which in turn specify
our value function approximations. We give some intuition for the algorithm above.

n (6), S0_, nit" is the total opportunity cost of the capacities consumed by booking resource i
for interval [s, f] at time period ¢. Thus, r; [ 5 — A i_.mit" gives the revenue from booking
resource i for interval [s, f], net of the opportunity cost of the capacities consumed. In this case,
A'[JS) 5 ls the assortment that maximizes the net expected revenue from a customer making a booking
request for interval [s, f] at time period ¢. In (7), we compute the opportunity costs of the capacity
of resource i on day ¢ by using a recursion similar to that in (3). With probability )\[qu ) we have
a customer arriving at time period g with a booking request for interval [s, f]. If we offer the ideal

assortment A‘[I& 7+ then this customer chooses resource ¢ with probability qbf(A‘[; f]). At time period

q, if we book resource ¢ over interval [s, f], then we obtain a net revenue of r; [, s — Zi . nff, but
by doing so, we consume the capacity of resource ¢ on each day ¢ € {s,..., f}. Noting the fraction
Il{fge%, we spread the net revenue evenly over each day ¢ € {s,..., f}.

The discussion in the previous paragraph provides only rough intuition for the algorithm we

use to construct our linear value function approximations. Nevertheless, we will be able to use
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this algorithm to develop a static policy with a performance guarantee that we can precisely

quantify. In particular, noting the ideal assortments {Af, ;:[s, f| € F, ¢ € Q} computed through

s.f]
(6), we consider a static policy that always offers the assortment A’[]S, s of resources to a customer
making a booking request for interval [s, f] at time period q. We refer to this static policy as the

resource based static policy because our linear value function approximations have one component

for each resource and day combination. In our problem context, the total number of resource and
day combinations corresponds to the amount of resource capacity we have available. In the next
theorem, we give a performance guarantee for the resource based static policy. In this theorem and
throughout the rest of the paper, we let Dy = max sjer {f — s+ 1}, which corresponds to the

maximum use duration for any possible booking request.

Theorem 4.1 (Performance of Resource Based Static Policy) The resource based static

policy obtains at least 1/(2Dyax) fraction of the optimal total expected revenue.

The proof of Theorem 4.1 is in Appendix B. The proof explicitly uses the fact that each resource
is unique so that we have one unit of capacity for each resource on each day. When the resource
capacities are not all one, it is unclear if we can use linear value function approximations to develop
policies with performance guarantees. Being a static policy that offers each assortment of resources
with fixed probabilities, the resource based static policy may end up offering an unavailable resource
for a booking request, so it may not be appropriate to use this policy in practice. However, as
discussed at the end of Section 3, the rollout policy from the resource based static policy never
offers an unavailable resource. Furthermore, the rollout policy from the resource based static policy
inherits the performance guarantee of 1/(2D,ax). Lastly, problem (6) has a combinatorial nature,
but we can solve this problem efficiently under a variety of choice models; see Talluri and van Ryzin

(2004), Davis et al. (2014), Blanchet et al. (2016), Aouad et al. (2020), and Cao et al. (2020).

The coefficients {nﬁZ:iEN , LeT, g€ Q} capture the opportunity costs of the capacities
of different resources on different days, providing a natural interpretation of our linear value
function approximations. Ma et al. (2020) and Baek and Ma (2021) use nonlinear value function
approximations to give a policy with a performance guarantee of 1/(1 + D,,.y), which is stronger
than the performance guarantee of 1/(2Dyax) in Theorem 4.1. In our computational experiments,
the performance of our linear value function approximations are comparable to that of nonlinear
value function approximations. The competitive practical performance of our linear value function
approximations, coupled with their interpretability, make them particularly appealing. In the next
section, we use nonlinear value function approximations to give another static policy that improves

the performance guarantee in Ma et al. (2020) and Baek and Ma (2021) even further.
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5. Itinerary Based Static Policy with Polynomial Approximations

We develop a static policy based on polynomial approximations of the value functions. In particular,

we use polynomial value function approximations {jg (g€ Q} of the form

=2 2 f]Hw

ieN  [s,flEF
Here, we have one component for each resource and interval pair. The component for resource @
and interval [s, f] is a function of the availability of resource i over interval [s, f]. To choose the
coefficients {7;”[5’ PREAS N, [s,fl€F, g€ Q}, we will use a succinct representation of whether two

intervals overlap. We refer to the subset of days Cf, ;) €T as an intersection preserving subset for

the interval [s, f] if it satisfies the following two properties. (i) We have C, 5 C [s, f]. (it) For all
la,b] € F, if [s, f] N [a,b] # @, then we have Ci, N [a,b] # @. By the first property, the subset
Cls,g) includes only days in the interval [s, f]. By the second property, if the interval [s, f] overlaps
with the interval [a,b], then the subset of days Cj; s preserves this relationship and overlaps with
the interval [a,b] as well. A trivial way to construct an intersection preserving subset Ci, s is to
set Cls,5) = {s,..., f}. Using intersection preserving subsets with fewer elements will yield better
performance guarantees. Later in this section, we discuss finding the smallest intersection preserving
subsets and give nontrivial examples of intersection preserving subsets. Let C = {Cj, g : [s, f] € F}

be a collection that includes an intersection preserving subset for each interval [s, f] € F.
Using this collection, we compute the coefficients {’yZ[S’ fqitE N, [s,f] € F, q€ Q} as follows.

For all i e N and [s, f] € F, set ny[j} 0. For each ¢=Q,Q —1,...,1, we execute the two steps.

e Construct Ideal Assortments: For all [s, f] € F, compute the ideal assortment to offer to

vf,r;b]}}- ®)

e Compute Coefficients: For all i € A/ and [s, f] € F, compute the coefficient corresponding

a customer with a booking request for interval [s, f] as

B[qs n = argmaX{Zqﬁq [7“1 [s,f] — Z ) ﬂC[a’b]

la,b]eF

to resource i and interval [s, f] as

Vsl = Mol 9By p)) [Tz‘,[s,ﬂ -y ‘[Saf]mc[a,b]

la,b]eF

LAt IR AP C)

In (8)-(9), |C| is the cardinality of set C'C T. The algorithm above fully specifies the coefficients
{Viepii€ N, [s, f]€F, q€ Q}. We give some intuition for the algorithm. Given that all resources
are available on all days at time period ¢, J%(e) is the optimal total expected revenue from
booking requests over time periods {q,...,Q}. We approximate this optimal total expected revenue

by Ji(e) = Dien 2uis fler Vigs- Thus, we intuitively interpret 77, ; as an approximation to the
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optimal total expected revenue over time periods {g,...,Q} from booking requests for resource 4
over interval [s, f]. In (8), by the definition of an intersection preserving subset, if [s, f] N [a, b] # &,
then [s, f]NCl.y # @ as well. Also, if [s, f]N[a,b] # @, then accepting a booking request for

resource i over interval [s, f] prevents us from accepting a booking request for the same resource

+1

a,p) tO capture the opportunity cost of

over interval [a,b]. So, we can use Z[mb]ef ﬂ{[s’f]ﬂc[a,b] #o} 7;’7
the booking requests that we can no longer accept by booking resource i for interval [s, f]. We use
Z[a ber [s, fINClap 73{;11,] as an upper bound approximation to this opportunity cost. In this case,
BEIS s the assortment that maximizes the net expected revenue from a customer making a booking

q+1

request for interval [s, f] at time period ¢. Using the upper bound -, ;c | [s, f1N Clay | V[0 o0

ila
the opportunity cost allows us to upper bound the optimal total expected revenue in Proposition
C.3. In (9), we accumulate our approximation to the optimal total expected revenue over time
periods {gq,...,Q} from booking requests for resource i over interval [s, f]. On the right side of (9),
the first term captures the net expected revenue at time period ¢ under the ideal assortment BEIS, 1

and the second term captures the total expected revenue over time periods {¢+1,...,Q}.

Although the preceding discussion gives only rough intuition for the algorithm, we can use this
algorithm to give a static policy with a performance guarantee. It turns out that this performance
guarantee holds for any collection of intersection preserving subsets that we can possibly use
in the algorithm. In particular, noting the ideal assortments {Bf, ;:[s, f] € F, ¢ € Q} computed
through (8), we consider a static policy that always offers the assortment BE; 1l of resources to a
customer making a booking request for interval [s, f] at time period ¢. In revenue management,
each resource and interval of use combination that can be booked by a customer is referred to as an
itinerary. Our polynomial value function approximations have one component for each resource and

interval of use combination, so we call this static policy the itinerary based static policy. In the next

theorem, we give a performance guarantee for the itinerary based static policy. For the collection
of intersection preserving subsets C = {Cl, s : [s, f] € F}, we define the norm of this collection as
|IC|| = maxy,, fje 7 |Cls,5|- The performance guarantee that we give for the itinerary based static
policy depends on the norm of the collection of intersection preserving subsets that we use in the

algorithm. The performance guarantee favors using a collection with a smaller norm.

Theorem 5.1 (Performance of Itinerary Based Static Policy) The itinerary based static

policy obtains at least 1/(1+||C||) fraction of the optimal total expected revenue.

We give the proof of Theorem 5.1 in Appendix C. Similar to Theorem 4.1, the proof of Theorem
5.1 uses the value function approximations {jg :q € Q} to upper bound the performance of the

optimal policy and to lower bound the performance of the itinerary based static policy, but the
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specifics of the proof uses properties of intersection preserving subsets. In Appendix D, we show that
the performance guarantee in Theorem 5.1 is tight. Recall that setting C, s = {s,..., f} trivially
yields an intersection preserving subset for the interval [s, f]. For this intersection preserving subset,
we have |C[s7 f]| = f — 54+ 1 < Dy.x, so there exists a collection of intersection preserving subsets
whose norm is at most D,,... By Theorem 5.1, the itinerary based static policy that we obtain by
using such a trivial collection of intersection preserving subsets has a performance guarantee of
1/(1 + Dpax). In the next theorem, letting Dy, = ming sjex{f — s+ 1} to capture the minimum
use duration for any possible booking request, we show that there exists a collection of intersection
preserving subsets whose norm is at most 14 [(Dyax — 1)/Dumin | and we can find this collection by
solving a linear program. In particular, noting that the norm of the collection C = {CY, s : [s, f] € F}
is ||C|| = maxs e 7 |Cls, g, using the decision variables {C, s : [s, f] € F} and ¢, to find the collection

of intersection preserving subsets with the smallest norm, we can solve

min{t 1t > ’C[&f]‘ V[S,f]E.F,
‘C[Sﬂ N[a,b] ‘ > 1 Vs, f] and [a,b] € F such that [s, f]N[a,b] # &,
o Cls.f] ¥ls. J1€F, t=0}. (10)

By the first constraint, we have ¢ = max(, sjer |Cls, 1| in an optimal solution to problem (10). The

second and third constraints ensure that Cf, ;) is an intersection preserving subset.

Theorem 5.2 (Smallest Norm Collection) The optimal objective value of problem (10) is at
most 1+ [(Dmax — 1)/Dmin |- Furthermore, we can obtain an optimal solution to this problem by

solving a linear program with O(D?_ T) decision variables and O(D3_ T) constraints.

max max

We give the proof of Theorem 5.2 in Appendix E. By Theorem 5.2, there always exists a collection

of intersection preserving subsets whose norm is at most 1+ [(Dyax — 1)/Dmin |- By Theorem 5.1,

1
2+[(Dmax —1)/Dmin]°

Considering a more general case with non-unit resource capacities, Baek and Ma (2021) give a

the corresponding itinerary based static policy has a performance guarantee of

1 > 1
2+ ((Dmax - 1)/Dmin—| 1+Dmax’

so we get a stronger performance guarantee by focusing on resources with unit capacities. There

policy with a performance guarantee of m. If Dypax > Diin > 1, then

are two other significant differences for the two papers. First, Baek and Ma (2021) use a recursion
similar to the one in (9) to capture the opportunity cost of a resource, but they obtain the analogue
of the assortment BE’S’ 1l by solving a linear programming approximation; see Section 4.1 in Baek and
Ma (2021). This approximation works well in an asymptotic regime where the resource capacities
are large, but leveraging the linear program when the resources have unit capacities yields a policy

that does not perform as well in practice. Second, their policy is not static, so we cannot perform
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rollout on their policy, which is critical for boosting practical performance. Closing this section, we

give examples of intersection preserving subsets in two special settings.

First, consider the setting where there exists a set of days {r1,...,7x} such that each booking
request starts on one of these days. In this case, we can show that Cj, 5y = [s, f] N {71,...,7x} is
an intersection preserving subset for the interval [s, f]. Second, consider the setting where each
booking request is for the same number of days, so s — f = L for all [s, f] € F. In this case, we can
show that C, sy = {s, f} is an intersection preserving subset for the interval [s, f]. In Appendix F,
we show that these two examples are indeed intersection preserving subsets in their respective
settings. By Theorem 5.2, we always have a collection of intersection preserving subsets with norm

at most 1+ [(Dmax — 1)/Dmin |, but the norms in these special settings may be smaller.

6. Upper Bound on the Optimal Policy Performance

We give an approach to computing an upper bound on the optimal total expected revenue. Such

an upper bound becomes useful for assessing the optimality gaps of different policies.

6.1 Resource Based Problems Through Revenue Allocations

The starting point for our upper bound on the optimal total expected revenue is a linear
programming approximation that is formulated under the assumption that the arrivals and
choices of the customers take on their expected values. To formulate such an approximation,
we use two sets of decision variables. First, we use the decision variable h‘[ls’ f](S) to capture the
probability of offering the assortment S of resources to a booking request for interval [s, f] at time
period ¢. Second, we use the decision variable y ) to capture the expected number of bookings
for resource 4 at time period ¢ by a customer 1nterested in making a booking for interval [s, f]. In

this case, we consider the linear programming approximation

Z/, = max Z Z Z Ti s, 01 Yi (s, £] (11)

qeQ €N [s,fleF

st Z Z Z]l{ge f]}¢ ) [ef]( ) <1 VZ'GN,KET

q€Q [s,fleF SCN

Zh :)\sf] V[S,f]Ef,qEQ

SCN

Zgbq sf] ) :yiq,[s,f] VZGN, [S7f]6]:7q€Q
SCN

hiq(S) >0 Vs, fleF, SCN, ¢€Q.

We do not explicitly impose nonnegativity on the decision variable yf’[& 1 because the third and

fourth constraints above ensure this constraint. In the objective function, we accumulate the total
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expected revenue from the bookings. By the first constraint, the expected capacity consumption of
resource ¢ on day £ does not exceed one. By the second constraint, the probability that we offer an
assortment to a customer arriving at time period ¢ with an interest in making a booking for interval
[s, f] is equal to the arrival probability of such a customer. By the third constraint, we compute the
expected number of bookings of resource ¢ at time period ¢ by a customer interested in making a
booking for interval [s, f]. Linear programs as in (11) are commonly used to obtain upper bounds on
optimal expected revenues. Such upper bounds are asymptotically tight as the resource capacities
and the expected customer arrivals increase at the same rate. In our problem, the capacities of all
resources are invariably one, making such an asymptotic regime irrelevant. In our computational
experiments, the upper bound from the linear program in (11) can indeed be quite loose. Here, we
give a different upper bound. Recall that we refer to each resource and interval of use combination
as an itinerary. Thus, for each i € N and [s, f] € F, we have an itinerary (i, [s, f]). Our approach is

based on allocating the revenue associated with an itinerary to different resources.

Let ﬂf’[& f; be the portion of the revenue associated with itinerary (i,[s, f]) allocated to
resource j at time period q. We do not yet specify how we choose the revenue allocations, but if
we add the revenue allocations of an itinerary over all resources then we should get the revenue of

the itinerary, so the revenue allocations satisfy Zj en B =T [s,§]- In our approach, we solve

infs. £
a separate revenue management problem for each resource and add the value functions for each
resource to get an upper bound. In the revenue management problem for resource j, we have limited
capacity only for resource j, but infinite capacity for all other resources. Moreover, if we accept a
booking request at time period ¢ for itinerary (i, [s, f]), then the revenue we collect is the revenue
allocation of this itinerary over resource j, which is 63[5_’ it We capture the state of resource j by
using the vector &; = (z;1,...,2;7) € {0,1}7, where x; , =1 if and only if resource j is available for
use on day /. Noting that e[, s; € {0,1}" is the vector with ones in the components corresponding to

days {s,..., f}, we can find the optimal policy in the revenue management problem for resource j

by computing the value functions {Vj ; : ¢ € Q} through the dynamic program

= 2 M rsncaff({ (HQMM Bllanmi TVay (5 —ewn) = Vg5 (= )}

[s,fleF
+ D0 S Bl } FVE ), (12)
ieN\{j}
with the boundary condition that Vﬂ?fl = 0. In the value functions {Vj:q € Q}, we make their
dependence on B= {3/, ;4] eN, [s,fl€F, qe€ Q} explicit.

In (12), at time period ¢, if we offer the assortment S of resources to a booking request for interval

s, f], then the customer chooses resource j with probability ¢7(.5). If we have capacity for resource j
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to accommodate the booking request, then we make the revenue of BJ (5./] ="

The opportunity
cost of the consumed capacities is ngl( i) — Vg; (x; — efs,51)- We have infinite capacity for all
resources other than resource j, so if the customer chooses some other resource 7, then we make the

revenue of BZ but the opportunity cost of the consumed capacities is zero. Because booking

[s,f]—=3°

resource ¢ brings the revenue of ﬁZ[s, it may indeed be optimal to offer resource i € A"\ {j}. In

fl=3°
the next proposition, we show that we get an upper bound on the value functions {J?: ¢ € Q} in

(1) by solving the dynamic program in (12). We defer all proofs in this section to Appendix G.

Proposition 6.1 (Decomposition Upper Bound) For any revenue allocations B that satisfy
D ien Blis 1y =Tifs.p) for alli€ N, [s, fl € F and q € Q, letting the value functions {Vg ;:q € Q}
be computed through (12), for each x = (z;:j€N) € {0,1}¥*T and q € Q, we have
D Vi () = T,
JEN
Next, we consider the question of choosing the revenue allocations such that our upper bound

compares favorably against that from the linear programming approximation.

6.2 Choosing the Revenue Allocations

In problem (11), duplicating the decision variable hf& 1 for each resource j to obtain the decision

variables {h?s, NoiJ € N}, we consider a variant of this problem given by

XD DD MYy (13)

qeQ €N [s,fleF

st ZZ Z]l{ge f]}¢ ) ()Sl \V/iGN,EET

q€Q [s,fl€eF SCN

Zhef]—>j )\?s,f] VJGN, [S,f]Ef, QGQ

SCN

Z¢ ,f]—>]( ) = yZ[s,f] VZ,] GN’ [Saf]ej:7 qu
SCN

ht[ls,f]—n‘(s) Z 0 vjENa [S,f]EJ:, SQ/\/', q€Q~

In Lemma G.1 in Appendix G, we show that the problem above has the same optimal objective
value as the linear programming approximation in (11). Intuitively speaking, although problem
(13) duplicates the decision variable hy ; in problem (11) for each resource j, it does not duplicate
the decision variable y7 (s./]" Because the objective functions of both of these two problems depend

only on the decision variables {y;, ;:i € N, [s,fl€F, q€ Q}, the two problems end up having

[s,f] "
the same optimal objective value. We use the dual solution to problem (13) to choose the revenue

allocations. Associating the dual variables {37 i, €N, [s,f]€F, q€ Q} with the third

i,[s,f1—=J
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constraint in problem (13), in the dual of problem (13), the constraint associated with the decision
variable y/' (s >0 Bl L = Tifs.)- Thus, letting 8= {BZ[s,ij 1,7 €N, [s,fl€F, qe Q}
be the optimal values of the dual variables associated with the third constraint in problem (13),
we use these optimal values as our revenue allocations. In the next theorem, we show that if we
use these revenue allocations in the dynamic program in (12), then we obtain an upper bound on
the optimal total expected revenue that is at least as tight as that from the linear program in (11).

In this theorem, we use e’ € {0,1}” to denote the vector of all ones.

Theorem 6.2 (Choice of Revenue Allocations) Letting B be the optimal values of the dual
variables associated with the third constraint in problem (13) and the value functions {ng 1q€ Q}
be computed through (12) with the revenue allocations ,[3’, we have
> Va,(€) < Zip.
JEN
Noting Proposition 6.1, we get Z{p >>"._ Vﬁ}’j(e’) > J'(e),80 > cn Vﬁ}’j(e’) is an upper bound
on the optimal total expected revenue, and this upper bound is at least as tight as that provided

by the optimal objective value of the linear programming approximation in (11).

6.3 Computing the Upper Bound

In (12), although we focus only on one resource, the state variable is still high-dimensional, so
it is not clear whether we can solve this dynamic program efficiently. We will give an equivalent
formulation for this dynamic program by using intervals of days as the state variable, which we will
be able to solve efficiently. We use x; = (z;1,...,2;7) € {0,1}* to denote the state of resource j,
where x;, =1 if and only if resource j is available for use on day ¢. We refer to the interval [a, ]

as a mazimal unavailable interval with respect to x; if and only if resource j is unavailable on all

days in the interval [a, b], but available on days a —1 and b+ 1; that is, «; , =0 for all j € {a,...,b},
Zjq—1 =1, and z,,11 = 1. In the revenue management problem for resource j, given that resource
J is not available on all days over the maximal unavailable interval [a,b], let T'} ;(a,b) be the total
expected revenue obtained over time periods {g,...,Q} from the booking requests for intervals

that start in the interval [a,b]. We can compute the value functions {I'j ;:q € Q} as

q B (

I'5,(a,b Z Z Lsepa,oy A 5&3@}{ Z &; ( } (14)
k=q [s,fleF ieN\{5}

To interpret (14), in the revenue management problem for resource j, we have infinite capacity

for all resources other than resource j. Thus, given that resource j is not available on all days over

the interval [a,b], if a customer makes a booking request for an interval [s, f] that starts in the
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interval [a,b], then we can offer only assortments not including resource j. If the customer makes
a booking for resource i, then the revenue that we obtain is the revenue allocation of itinerary
(i,[s, f]) to resource j. Because resources other than resource j have infinite capacity and we do
not offer resource j, we simply accumulate the expected revenue over time periods {q,...,Q}. On
the other hand, recall that we refer to the interval [a, b] as a maximal available interval with respect
to x; if and only if resource j is available on all days in the interval [a,b], but unavailable on days
a—1 and b+ 1. In the revenue management problem for resource j, given that we do have capacity
for resource j over the maximal available interval [a, b], let ©F ;(a,b) be the total expected revenue
obtained over time periods {q,...,Q} from the booking requests for intervals that start in the

interval [a,b]. We can compute the value functions {©F ;:q € Q} as

Z )\ ]l{seab [s,£1C[a,b]} max{ Z ¢q ﬁq[é

[s,fleF ieN\{j}

£ GUS) By + OB a5 = 1) + OF (F+1,0) + T5(s.1) @q“w)}}

+ AL Macton, s Agla ) maX.{ > 6US) Bl } + 055 (a,b). (15)

N
[s.f]eF SENMUIY e

To interpret (15), given that we have capacity for resource j over the interval [a, b], if we have a
booking request for an interval [s, f] that starts in [a,b] and the interval [s, f] is included in [a,b],
then we have capacity for resource j to serve this booking request. If the customer books resource
i # j, then the revenue that we obtain is the revenue allocation of itinerary (i, [s, f]) to resource j,
but because the resources other than resource j have infinite capacity, we do not account for the
opportunity cost of the capacities that we lose. If, however, the customer books resource j, then
we lose the capacity on days {s,..., f}, so the intervals [a,s — 1] and [f + 1,b] become maximal
available intervals and the interval [s, f| becomes a maximal unavailable interval. Lastly, if the
interval [s, f] is not included in [a, b], then we do not have capacity for resource j to serve a booking

request for the interval [s, f], so we can offer only an assortment not including resource j.

Recall that Z(x;) is the collection of maximal available intervals with respect to ;. Let H(x;)
be the collection of maximal unavailable intervals with respect to «,. In the top portion of Figure 1,
for example, for the value of «; in this figure, we have H(x;) = {[1,1],[5,5],[11,12]}. In the next

theorem, we show that we can solve the dynamic program in (15) to get a solution for (12).
Theorem 6.3 (Intervals) Letting the value function {Vj3 ;:q € Q} be computed through (12), for
each x; €{0,1}7 and q € Q, we have Vi () = Z[a beZ(a, )@Bj(a b) —"_Z[a NeH(e; )PB](CL b).

In Appendix H, we also argue that we can obtain the dynamic program in (12) by using

Lagrangian relaxation on (1), connecting our revenue allocations to Lagrange multipliers.
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7. Computational Experiments

We give two sets of computational experiments. The first set is on synthetic datasets that we
generate. The second set is on a dataset from an actual boutique hotel.
7.1 Results on Synthetic Datasets

Our experiments are for a boutique hotel. Thus, the set of resources corresponds to a set of unique

rooms. Booking resource i over interval [s, f] corresponds to booking room ¢ over days {s,..., f}.

Experimental Setup: We generate our test problems as follows. We have N =5 rooms. The

rooms are available for stay during the days indexed by 7 = {1,...,70}, so we have 10 weeks in the
booking horizon. Customers arrive over time periods Q@ = {1,...,700}. The set of possible intervals
of stay is F = {[a,b] : a <b < a+ Dy — 1}, where D, is the maximum duration of stay parameter
we vary. To come up with the revenue r; [, s for stay in room i over interval [s, f], for each i € N,
we sample a base revenue 1; from the uniform distribution over [0,10]. Letting p; , be the price of
stay in room ¢ on day ¢, if day ¢ is Friday, Saturday, or Sunday, then we set p; , = 1;, whereas if day
¢ is Monday, Tuesday, Wednesday, or Thursday, then we set p; , =6 x v;, where ¢ is the discount

parameter. The revenue for stay in room 4 over interval [s, f] is 7; s ;) = ZLS Dis-

To come up with the arrival probabilities {X[, , : [s, f] € F, q € Q}, for each [s, f] € F and g € Q,

we sample a weight ﬂfi, s from the uniform distribution over [O,U?S’ 7] and normalize the weights by
q

Bls.f] .
Z[a,b]e]: ﬂ[a,b]

if we always offer all rooms, then the total expected demand for the capacity in all rooms on all days

is Demand = 3", > co e pier Vo) @EN) (f — s+ 1). Noting that the total capacity available

setting v{ ., = . In this case, using {7 . :[s, f] € F, ¢ € Q} as the arrival probabilities,
[s,f] [s,f]

in all rooms on all days is NT, we set the arrival probability for a booking request for interval

[s, f] at time period g as A[; = p; where p is the load factor parameter we vary. In this

NT
,f] Demand’
case, if we offer all rooms at all time periods, then the ratio between the total expected demand

for the capacity and the total available capacity is given by p.

Splitting the 700 time periods into three roughly equal segments, we use U([I& 1= Dmax — (f—s)
forg=1,...,233, U([Isyf] =1 for ¢ =234,...,466 and U?s)f] = f—s+1for ¢=467,...,700. Thus, the
requests for shorter intervals tend to have larger arrival probabilities at the earlier time periods,
so we need to carefully reserve the capacity for the requests for longer intervals that tend to
arrive later. In this way, we generate test problems that require carefully allocating the available
capacity to obtain good performance. Choices of the customers are governed by the multinomial
logit model. Thus, using v; to denote the preference weight of room ¢ and v, to denote the preference

weight of the no-purchase option, if we offer the assortment S of rooms, then a customer arriving at

TS S To come up with the preference

time period ¢ chooses room 7 with probability ¢?(S) =
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weights, for each i € N, we sample v; from the uniform distribution over [0, 1] and set vy = % Y ien Vis

so if we offer all rooms, then a customer leaves without a booking with probability 0.1.

Varying the parameters D,,.. € {6,8,10}, p € {1.0,1.2,1.4}, and 6 € {0.7,0.9}, we obtain 18

parameter configurations for our test problems.

Benchmark Policies: Our benchmarks are based on the linear and polynomial value function

approximations, as well as the linear programming approximation.

Linear Approzimations (LIN1, LIN5, LINR). We use three benchmarks based on the linear value

function approximations presented in Section 4. By Theorem 4.1, the resource based static
policy has a performance guarantee of 1/(2D,,.y), but being a static policy, the resource based
static policy may offer an unavailable resource for a booking request, which may not be appropriate
in practice. To overcome this difficulty, we use the greedy policy with respect to the linear
approximations. Replacing J9*!(z) on the right side of (1) with JZ™ (x) = Y ien deTan T, if
the state of the system at time period ¢ is « and there is a booking request for interval
[s, f], then the greedy policy with respect to the linear approximations offers the assortment of
resources S¢(x) = arg maxgc Y oien 91 (S) (ngs Tie) (Tis) — ZLS nfjl). By the discussion given
immediately after (1), this policy never offers an unavailable resource. Using the same outline in the
proof of Theorem 4.1, we can show that the greedy policy with respect to the linear approximations

also has a performance guarantee of 1/(2D,,.). The key is to observe that an analogue of the chain

of inequalities in the proof of Proposition B.5 still holds when we replace Af ; with Si(x).

We use LIN1 to refer to the greedy policy with respect to the linear approximations, where we
emphasize the fact that this policy computes the opportunity costs {n/,:i € N, £& T, q € Q} once
at the beginning of the selling horizon. We also use a version of LIN1 that splits the selling horizon
into five equal segments to recompute the opportunity costs at the beginning of each segment based
on the state of the system at the beginning of the segment. In particular, if the state of the system
at the beginning of the segment is @, then we set 1/, =0 for all i eN,LeT, and g€ Q such that
x;0 = 0. We compute the other opportunity costs using the algorithm in Section 4. We refer to
this benchmark as LIN5. Lastly, we use the rollout policy from the resource based static policy. We
refer to this benchmark as LINR. By the discussion at the end of Section 3, this policy inherits
the performance guarantee of 1/(2D,,.) from the resource based static policy. Furthermore, this
policy never offers an unavailable resource for a booking request. Observe that LIN1 and LIN5 are
greedy policies with respect to linear approximations {J;" : ¢ € Q}, whereas noting that {Jg :q € Q}

in (5) is not separable, LINR does not necessarily use a separable approximation.

Polynomial Approzimations (POLL, POL5, POLR). The benchmarks POL1, POL5, and POLR are

the analogues of LIN1, LIN5, and LINR, but they use the polynomial value function approximations
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presented in Section 5. As in LIN1, POL1 is the greedy policy with respect to the polynomial

1
2+ [(Dmax - 1)/Dmin—‘

based static policy. In POLS, when recomputing the coefficients {~, , :4 eEN, [s,fleF, qe Q}

approximations. We can show that it shares the guarantee of with the itinerary

at the beginning of a segment, if the state of the system is «, then we set ~/ (5.f] = 0 for all i € NV,
[s, f] € F, and g € Q such that HLS x;0 = 0. We compute the other coefficients using the algorithm
in Section 5. Lastly, POLR is the rollout of the itinerary based static policy.

Linear Programming Approzimation (LP1, LP5, LPR). We use three benchmarks based on the

linear program in (11). The first constraint in (11) ensures that the total expected capacity
consumption of each resource on each day does not exceed one. Letting {/i;:i €N, £ € T} be the
optimal values of the dual variables for the first constraint, we use fi;, as the opportunity cost of
the capacity of resource i on day ¢, yielding the value function approximations {jfp :q € Q} with
Jo(x) = Y ien 2vet fie Tie. In this case, LP1 follows the greedy policy with respect to the value
function approximations {J% : ¢ € Q}. Similar to LIN5 and POL5, the benchmark LP5 splits the
selling horizon into five equal segments and recomputes the opportunity costs at the beginning
of each segment by solving problem (11) with the current values of remaining capacities. In LPR,
we extract a static policy from problem (11) and use the rollout policy from this static policy. In
particular, letting {lAzﬁ%f](S) s, fleF, SCN, g€ Q}and {3, ;:i€N, [s, f]€F, ¢€ Q} be an
optimal solution to problem (11), if we have a booking request for interval [s, f] at time period ¢,

then the static policy offers the assortment S of resources with probability ﬁfs f](S )/ X[]s 7+ In this

case, LPR is the rollout policy corresponding to this static policy.

Greedy Policy from the Upper Bound (GUB). This benchmark builds on the dynamic program

in (12). We choose the revenue allocations 3 = {ﬂAZ[S’ij 2, €N, [s,f] € F, g€ Q} by using
problem (13) as discussed in Section 6.2. Using these revenue allocations in the dynamic program
in (12), we compute the value functions {Vg’j :q € Q} for each j € N, yielding the value function
approximations {Jgyg : ¢ € @} with Jg(x) =3,y V'g’j (z;). In this case, GUB follows the greedy

policy with respect to the value function approximations {ngB 1q € Q}.

Dynamic Programming Decomposition (DEC). This benchmark is the standard approach to

heuristically decompose the dynamic program in (1) by each resource and day combination; see,
for example, Liu and van Ryzin (2008). Note that each resource has one unit of capacity on
each day. Thus, DEC constructs linear value function approximations {j,gec :q € Q} of the form
Ji(x) = > ien 2over Gie Tie, for some opportunity costs {¢/,:i € N, £€T, g€ Q}. In this case,

we follow the greedy policy with respect to these approximations.

Comparison of Upper Bounds: The optimal objective value Z{, of the linear programming

approximation in (11) provides an upper bound on the optimal total expected revenue. By
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Params. | % Gap in Params. | % Gap in Params. % Gap in
(Dmax; p,0) | Bounds (Dmax;p,0) | Bounds (Dmax; p,0) | Bounds
(6,1.0,0.9) | 19.59 (8,1.0,09) | 27.16 (10,1.0,09) | 9.28
(6,1.0,0.7) | 27.71 (8,1.0,0.7) | 25.63 (10,1.0,0.7) | 20.14
(6,1.2,0.9) | 15.38 (8,1.2,09) | 25.62 (10,1.2,0.9) | 13.82
(6,1.2,0.7) | 11.99 (8,1.2,0.7) | 15.53 (10,1.2,0.7) | 12.93
(6,1.4,0.0) | 18.39 (8,1.4,0.0) | 24.78 (10,1.4,0.9) | 28.17
(6,1.4,0.7) | 24.66 (8,1.4,0.7) | 24.52 (10,1.4,0.7) |  29.48

Avg. 10.62 Avg. 23.87 Avg. 18.07

Table 1 Percent gap between the upper bounds for the synthetic datasets.

Proposition 6.1, we can solve the dynamic program in (12) to also obtain an upper bound on
the optimal total expected revenue. Furthermore, by Theorem 6.2, we can use the optimal dual
solution to problem (13) to choose the revenue allocations such that the upper bound we obtain
is at least as tight as that provided by Z,. In particular, letting [3' be the optimal values of the
dual variables associated with the third constraint in problem (13), >>. Vél’j(e’ ) is an upper
bound on the optimal total expected revenue, and this upper bound is at least as tight as Z{. In
Table 1, we compare the upper bounds Z], and Zj Y VBAlyj(e’ ). In the table, the first column shows

the parameter configuration for each test problem. The second column shows the percent gap
2= en V5 ,;(€)

100 x Son Vgl,j(e')

from our approach can dramatically improve those from the linear programming approximation.

between the two upper bounds. Our results indicate that the upper bounds

The gaps can reach 29.48%. In our approach, once we allocate the revenue associated with each
itinerary over different resources, the dynamic program that we solve for each resource incorporates

the uncertainty in the customer arrivals and choices, giving our approach its edge.

Another approach to obtain an upper bound in a general revenue management problem is based
on decomposing the dynamic program for the problem by the components of the state vector;
see Topaloglu (2009). Noting that our state vector is € = (z;,:1 €N, £ €T), this general upper
bound uses value function approximations of the form Jg, () = Y ien 2oeer Vie(@ie). In contrast,
our upper bound uses value function approximations of the form Jg () = > ien' Vs (). Thus,
the general upper bound assumes that the value functions are separable by both resources and
days of use, whereas our upper bound assumes that the value functions are separable only by
resources. The optimal value functions are not necessarily separable by resources or days of use, but
the general upper bound takes the separability assumption one step further, losing the interactions
between different days of use. We computed the general upper bound for our test problems and it
was almost as poor as the upper bound from the linear programming approximation. While the
general upper bound applies to any revenue management problem, we exploit the unit capacity of

the resources and the interval structure of the requests to obtain substantially tighter bounds.

Policy Performance: Considering the performance of the benchmark policies given earlier

in this section, we estimate the total expected revenue obtained by each policy by simulating
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Param. Total Exp. Revenue
(Dmax, p, LINI POL1I LP1 [L|N5 POL5 LP5 [ LINR POLR LPR [ GUB [ DEC
(6,1.0,0.9) | 74.46 71.21 73.40 | 77.02 72.56 75.37| 78.00 78.17 78.55 | 78.40 | 74.04
(6,1.0,0.7) | 80.66 75.34 78.17|82.33 76.89 80.48 | 83.41 83.54 83.87 | 84.94 | 80.54
(6,1.2,0.9) | 79.23 75.19 76.99 | 80.89 75.34 78.03 | 81.05 80.29 81.11| 79.83 | 77.27
(6,1.2,0.7) | 70.17 68.57 68.53 | 71.27 69.81 69.67 | 73.00 73.04 173.97 | 72.83 | 67.65
(6,1.4,0.9) | 71.58 71.27 70.47|73.98 72.78 71.10| 75.51 76.04 75.77 | 76.94 | 72.05

75.93 67.21 72.84|77.58 68.68 75.15| 79.13 7841 79.40 |81.11 | 77.27
73.78 69.07 72.72|75.65 69.79 72.71| 7815 77.01 78.64 | 77.73 | 75.96
75.27 66.18 73.88|78.14 69.27 7591 | 7823 77.84 79.29 |79.83 |75.79
70.39 65.71 67.03 | 72.16 66.50 68.56 | 71.07 71.09 73.44 | 72.27 | 68.41
75.66 68.16 74.85|77.78 70.08 75.77| 81.04 79.34 80.41 | 81.29 | 76.88

9)
)
)
)
)
)
(6 1407) 76.93 70.68 75.12|78.84 73.03 77.96 | 80.83 80.22 8101 |82.19 | 77.09
9)
)
9)
)
9)
7) | 72.94 68.66 7321|7644 70.21 73.88| 78.26 76.56 78.33 | 78.16 | 74.42

(10 10 0 9) | 67.04 65.75 62.46 | 68.81 67.20 64.06 | 70.53 70.43 71.54 | 66.73 | 65.28
(10,1.0,0.7) | 73.32 66.82 71.09 | 74.80 68.76 72.32|77.11 74.66 76.79 | 75.56 | 73.26
(10,1.2,0.9) | 68.61 62.56 66.24 | 70.72 63.42 67.95| 73.89 71.43 74.33 | 71.35 | 70.04
(10,1.2,0.7) | 69.95 66.56 67.02 |69.90 68.48 68.98| 73.09 72.90 75.02| 71.52 | 68.76
(10,1.4,0.9) | 76.34 62.40 73.95 | 78.76 64.47 76.14 | 80.92 76.82 80.46 | 82.37 | 76.96
(10,1.4,0.7) | 74.57 67.80 74.84|75.74 68.67 75.50| 80.51 77.52 80.34 | 81.49 | 74.13

Avg. 73.71 68.29 71.82|75.60 69.78 73.31| 77.43 76.41 77.90 | 77.47 | 73.65
Table 2 Total expected revenues obtained by the benchmark policies for the synthetic datasets.

the decisions of the policy over 100 sample paths. In Table 2, we compare the total expected
revenues obtained by the benchmark policies. In the table, the first column shows the parameter
configuration for each test problem. In the second to fourth columns, we focus on the performance
of LIN1, POL1, and LP1, which compute the coefficients of the value function approximations once at
the beginning of the selling horizon. In the fifth to seventh columns, we focus on the performance of
LIN5, POL5, and LP5, which compute the coefficients of the value function approximations five times
over the selling horizon. In the eighth to tenth columns, we focus on the performance of LINR, POLR,
and LPR, which use a rollout policy from a static policy. In the eleventh and twelfth columns, we
focus on the performance of GUB and DEC. For each benchmark policy, we express its total expected
revenue as a percentage of the upper bound on the optimal total expected revenue. In other words,
using Rev to denote the total expected revenue of a benchmark policy and UB to denote the upper

\

bound, we report 100 x Re . We use the upper bound obtained from the dynamic program in (12),
along with the revenue allocatlons provided by an optimal dual solution to problem (13). In each

row, we indicate the best performing policy by using bold typeface.

Regarding the benchmark policies LIN1, POL1, and LP1, which compute the coefficients of the
value function approximations once at the beginning of the selling horizon, our results indicate
that LIN1 consistently provides better performance than the other two policies. When we compute
the coefficients of the value function approximations five times over the selling horizon, on average,
LIN5, POL5, and LP5 improve the performance of LIN1, POL1, and LP1, respectively, by 2.56%,
2.18%, and 2.07%. The performance of LIN5 is still noticeably better than that of POL5 and LP5.
When we use rollout, on average, LINR, POLR, and LPR improve the performance of LIN5, POLS5,
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and LP5, respectively, by 2.42%, 9.50%, and 6.27%. Noting the performance of improvement of
POLR over POL5, even if the static policy on hand is not a superior policy, performing rollout
on the static policy can dramatically improve the static policy. Irrespective of whether the static
policy is obtained by constructing value function approximations or by using a linear programming
approximation, our rollout approach can be quite effective in obtaining even better policies. The
performance of GUB is competitive to the rollout policies, even though we do not have a performance
guarantee for GUB. Computation of the value function approximations for GUB uses ideas similar
to those used for rolling out a static policy. The performance of DEC lags behind all rollout policies,
which is encouraging, as dynamic programming decomposition is known to be one of the strongest
benchmarks for revenue management problems prior to our work. In Appendix I, we compare our
policies with the policy in Baek and Ma (2021). On average, LINR, POLR, and LPR improve on the
policy in Baek and Ma (2021), respectively, by 22.91%, 21.29%, and 23.66%.

Another useful feature of rollout policies is that we can perform ensemble rollout on a collection
of static policies. In particular, letting {ps:k=1,..., K} be a collection of K static policies, we
define the value function approximations {J?, :q € Q} as J¢_ (&) = max,—; g Ji (x), where
{J FARTAS Q} are the value functions of the static policy u* computed through the dynamic program
in (2). In this case, we can show that the total expected revenue from the greedy policy with respect
to the value function approximations {J?__ : g € Q} is at least as large as the total expected revenue
from each of the static policies {p; :k=1,..., K}; see Example 2.3.2 in Bertsekas (2012). Thus,
we can use ensemble rollout to obtain a policy that is at least as good as all of the static policies
on hand. We performed such an ensemble rollout on the collection of the resource based static
policy, itinerary based static policy, and static policy from problem (11). In all of our test problems,

the performance of the ensemble rollout policy was statistically indistinguishable from the best

performing rollout policy in Table 2 for each test problem.

We carry out all of our computational experiments in Java 1.8.0 with 16 GB of RAM and 2.8
GHz Intel Core i7 CPU. For our largest test problems with D,., = 10, the average CPU time
to compute the linear and polynomial value function approximations are, respectively, 16.12 and
30.04 seconds. The average CPU time to compute our upper bound is 4.02 hours. The average CPU
time to perform rollout on a static policy is 5.12 minutes. In Table 1, we give the gap between the
upper bounds from our approach and the linear program in (11), rather than the absolute values
of the upper bounds. Similarly, in Table 2, we give the gap between the total expected revenues
of the benchmarks and the upper bound. In Appendix J, we give the absolute values for all upper

bounds and total expected revenues obtained by all benchmarks. Lastly, we intuitively interpreted

Lieels. 11}
f—s+1

[s, f] evenly over each day ¢ € {s,..., f}. In Appendix K, we test a heuristic modification of LIN1,

the fraction in (7) as a way of spreading the net revenue from a booking request for interval

LIN5 and LINR that explores other ways of spreading the net revenue from a booking request.
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7.2 Results on a Boutique Hotel Dataset

We test the performance of our benchmark policies and upper bounds by using the reservation

data from an actual boutique hotel.

Experimental Setup: In our data, we have access to the bookings from a boutique hotel for

reservations made between May 13, 2020 and September 8, 2020. The bookings are for stays from
June 1, 2020 to October 31, 2020. The hotel has six unique rooms. The price of each room and day
pair is pre-fixed, but the hotel changes the availability of rooms based on real-time information
on booked capacities. In total, the dataset contains 157 bookings. With the exception of three
bookings, all bookings are for one to eight days. We dropped those three bookings in our estimation
procedure. There are 119 days between May 13 and September 8, which is to say that the customers
arrive over a selling horizon of 119 days. We divide each day into 10 time periods. Dividing each
day into 10 time periods is enough to ensure that there is at most one customer arrival at each
time period. In this case, the set of time periods is @ ={1,...,1190}. For each g € Q, we use day(q)
to denote the calendar date corresponding to time period ¢. On the other hand, there are 153 days
between June 1 and October 31, so we use 7 = {1,...,153} to index the days of stay. For each
¢ €T, we use day(f) to denote the calendar date corresponding to day ¢. We use the following

approach to estimate the parameters of our model.

To estimate the arrival probabilities for the booking requests, we proceed with the following
two assumptions. First, at each time period, there is a fixed probability that we have a request
for a booking for a certain number of days into the future. Second, given that we have a booking
request, there is a fixed probability that the booking is for a certain length of stay. In particular,
we let 8, be the probability that we have a booking request for k days into the future. Given that
we have a booking request, we let 1y be the probability that this booking request is for d days.
In this case, the probability that we have a booking request for interval [s, f] at time period g is

given by X/, ;=0

Fay(s)—day(q) X Tf—s+1- Because there are 171 days between May 13 and October 31,

a customer can make a booking as many as 171 days in advance. Thus, we need to estimate the

parameter 6, for all k=1,...,171. Noting that the dataset contains only 157 bookings, we divide

the interval {1,...,171} into the seven subintervals [1,3], [4,7], [8,14], [15, 28], [29,42], [43,56], and

[67,171], assuming that the value of 6 is constant when k takes values in each of these intervals.
171

When estimating the parameters {6 : k=1,...,171}, we impose the constraint that ), 6, <1,
in which case, we have } 7 4z A[ ;<1 forallge Q.

[s,
We use the multinomial logit model to capture the choice process among rooms. Thus, letting

v; be the preference weight of room ¢ and normalizing the preference weight of the no-purchase
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Load | Gap in Total Exp. Revenue
Fact. | Bounds | LINI POLI LPI JLIN5 POL5 LP5 [LINR POLR L[PR] GUB | DEC

0.8 12.25 | 81.50 83.69 81.41 |82.59 83.33 82.05| 83.96 84.43 83.00| 83.26 | 82.10
1.0 11.13 | 84.55 86.96 84.55|85.25 86.77 84.79| 86.91 87.26 85.88 | 86.19 | 85.12
1.2 10.10 | 85.76 87.73 85.69 | 87.34 87.75 86.69 | 88.18 88.70 87.16 | 88.29 | 86.43
1.4 8.95 |86.96 88.63 87.11|88.25 88.76 &87.22| 89.38 89.36 88.31 | 89.70 | 87.34
1.6 8.15 |87.19 89.35 87.47|88.16 89.44 87.58|90.18 89.69 88.85| 90.14 | 87.40
Avg. | 10.11 |85.19 8727 85.25|86.32 87.21 85.67| 87.72 87.89 86.64 | 87.52 | 85.68

Table 3 Computational results for the boutique hotel datasets.

option to one, the choice probability of room ¢ within the assortment S is ¢?(S) = ﬁ We
J J
use maximum likelihood estimation to estimate the parameters of our model. In Appendix L, we

give the details of our estimation procedure.

Computational Results: To broaden our experimental setup, we scaled the arrival

probabilities {)\‘[187 PE [s,f] € F, q € Q} by a constant to obtain test problems with load factors
taking values in {0.8,1.0,1.2,1.4,1.6}. We measure the load factor in the same way we do for our
test problems on the synthetic datasets. We give our results in Table 3. In this table, the first
column shows the load factor. The second column shows the percent gap between the upper bounds
obtained by using the dynamic program in (12) and the linear programming approximation in
(11). The remaining columns give the total expected revenues obtained by our benchmark policies,
each expressed as a percentage of the upper bound on the optimal total expected revenue. Our
results indicate that the upper bounds provided by our approach significantly improve those from
the linear programming approximation. The gaps in the upper bounds can exceed 12%. When
compared with our results on the synthetic datasets, LIN5, POL5, and LP5 obtain more modest
improvements in the total expected revenues by recomputing the coefficients of the value function
approximations five times over the selling horizon, instead of once. On the other hand, similar to our
results on the synthetic datasets, the rollout policies, especially LINR and POLR, perform noticeably
better than DEC. There are test problems in which the total expected revenue improvements over
DEC provided by our rollout policies can reach 3.18%. Thus, our rollout approach continues to
provide effective policies for the datasets based on actual boutique hotel bookings. The performance

of GUB is competitive to that of the rollout policies.

8. Conclusion

We developed policies with performance guarantees by exploiting two features of the underlying
revenue management problem. First, each resource is unique, having a single unit of
capacity. Second, customers book resources for consecutive days. We hope that our study inspires
other work to leverage features of the underlying problem to come up with policies with performance

guarantees. In our computational experiments, performing rollout dramatically improved the
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performance of a static policy on hand and our rollout policies compared very favorably with the
benchmarks. Moreover, the upper bounds on the optimal total expected revenue provided by our
approach significantly tightened those from a linear programming approximation. Thus, our work
provided not only stronger policies but also tighter upper bounds. Nevertheless, there is a remaining
gap between the total expected revenues of our policies and the upper bounds in our test problems.
Thus, one question is whether the performance of the policies can be improved or the upper bounds
can be tightened or both. This question is difficult to answer and it is not unique to us, repeatedly
arising in other settings when the optimal policy is difficult to compute and one makes comparisons
only with an upper bound. In Appendix M, to partially answer this question, we consider problem
instances with a single resource, so that N = 1. Even with a single resource, the state variable
in (1) has T dimensions, but building on the approach in Section 6, we can efficiently solve this
dynamic program by keeping track of the availability of the resource over uninterrupted intervals
of days. In our results in Appendix M, the performance of the rollout policies is within a fraction
of a percent of the optimal total expected revenue. Naturally, this finding does not ascertain that
the performance of our rollout policies is within a fraction of a percent of the optimal when there
is more than one resource, but it is comforting to verify that the rollout policies are essentially

optimal for a case where we can compute the optimal policy.

There are several directions for research. In our model, a customer makes a booking request for
a particular interval of use. This model is consistent with the booking systems of many boutique
hotels and freelancer matching platforms, but it would be interesting to develop a model that
allows the customer to be flexible for her interval of use. Also, we focused on the total expected
revenue over a finite planning horizon. It is common to use a finite planning horizon in hotel
revenue management models, possibly because of the difficulty in estimating demand far into the
future. An interesting avenue for research is to focus on the average revenue per time period over
an infinite planning horizon. It is not clear to us how to incorporate the average revenue and bias
terms into the recursions in (7) and (9). Another direction for research is to extend our results
to the case where each resource has multiple units of capacity. The dynamic program that we
use to compute the value functions of a static policy and the recursion that we use to construct
the resource based static policy use the fact that each resource has unit capacity. Extensions to
multiple units of capacity is nontrivial. One can heuristically use our policies in the presence of
multiple units of capacity, where we deal with C units of capacity for a resource by creating C
copies of the resource, each copy having one unit of capacity. In Appendix N, we experiment with
such an extension. This extension is a heuristic. In particular, consider, for example, the case with

three units of a resource so that we create three copies. The way we construct our value function
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approximations does not capture the fact that if the first copy is booked for days 1 and 2, the
second copy is booked for days 2 and 3, and the third copy is booked for days 3 and 4, then we can
still serve a booking request for days 1, 2, 3 and 4, by shifting the booking for days 3 and 4 from
the third copy to the first copy, opening up the third copy. Although the way we construct our
value function approximations does not capture this shifting possibility, when implementing the
policy, we can heuristically incorporate such shifting possibilities. Extending our work to multiple
units of capacity, while maintaining our rollout results, appears to be not straightforward and a full

treatment of this case is naturally beyond our scope. Lastly, the performance guarantee of m

for the itinerary based static policy reveals a relationship between policy performance and pattern

of resource usage. It would be interesting to explore such relationships in other problems.
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Appendix A: Offering Itineraries Only with Positive Contributions

We establish a lemma that we use throughout the paper to argue that some of our policies never
offer an unavailable resource. In particular, we show that if the net revenue contribution from
making a sale for a resource is nonpositive, then there exists an assortment that maximizes the net
expected revenue from a customer without offering this resource. The proof of the lemma strictly
uses the fact that the choice probabilities of the resources in an assortment decrease as we add
more resources into the assortment; that is, ¢f (S U{j}) < @7(S) for all i € S and j ¢ S. For fixed

net revenue contributions {p; :i € N'}, we focus on the problem
q ,
I&%{{Zgﬁi(s)pz}' (16)
ieN
Lemma A.1 (Offering Only Positive Contributions) There exists an optimal solution S* to

problem (16) such that S* C{ie N :p; >0}.

Proof: Letting S* be an optimal solution to problem (16), we define the assortment S CS* as
S ={ieS*:p;>0}. By the assumption that ¢?(SU{j}) < ¢(S) for all i € S and j € S, we have
$2(5*) < ¢(S) for all i € S. In this case, using the fact that p; <0 for all i € §*\ S, along with
p: >0 for all i € S, we obtain the chain of inequalities

S o p = Y eSmt 3 dS)p < S < 3618 p

ies* i€8 i€s*\S$ icS €S
Thus, the chain of inequalities above shows that S is also an optimal solution to problem (16).

Furthermore, we have S C {i e N: p; > 0}. |

Appendix B: Performance Guarantee for Resource Based Static Policy

We give the proof of Theorem 4.1. The proof is based on giving an upper bound on the performance

of the optimal policy and a lower bound on the performance of the resource based static policy.
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B.1 Preliminary Lemmas

We will need three lemmas. Resource i is available for booking over interval [s, f] if and only if

HLS x; = 1. In the next lemma, we give a lower bound on HLS x;, that is linear in .

Lemma B.1 (Linear Proxy for Resource Availability Condition) For each x € {0,1}V*T,
i€N, and [s, f] € F, we have

ﬁfﬂi,e > (Zf_slﬂie} (=)
—s
t=s
Proof: First, assume that Hz{:s x;0 = 1. Thus, we have z;, =1 for all £ =s,...,f, so that
ZLS x; 0= f—s+1. In this case, the left side of the inequality in the lemma is one, whereas the
right side is 1-‘1-7]10—5 Because 1 > T}_S, the inequality holds whenever Hj::s x; 0 = 1. Second, assume
that Hf;:s x; ¢ = 0. Thus, we have z;, =0 for some ¢ =s,..., f, so that ZLS 20 < f—s. In this
case, noting that ZLS x;0— (f —s) <0, the left side of the inequality in the lemma is zero, whereas

the right side is at most zero, so the inequality holds whenever HLS i 0=0. |

The above lemma requires every resource to be unique so that x € {0,1}"*7. The next lemma

shows that the contribution of each resource to the objective value in (6) is nonnegative.

Lemma B.2 (Nonnegative Contribution of Each Resource) For each i € N, [s,f] € F,
f
and q € Q, we have ¢j(A[, ;) (7o) — Dons nff] > 0.

Proof: For notational brevity, fixing [s, f] € F and q € Q , let p, = r; 5.5 — Ei:s niqf for each
1€ N. Suppose on the contrary that we have ¢Z(A([15,f]) pr < 0 for some k € N. Then, we have
pr <0 and ¢y (Af, ;) > 0. Noting ¢j (A, ;) > 0, since the booking probability of a resource that is
not offered is zero, it must be the case that k € AE’S’ - We partition the assortment of resources

q
A[S,f

ke A~ and ¢} (A[, ;) px <0, we have the chain of inequalities

| into AT ={j € Al ;;:p; >0} and A™ = {j € A] ;:p; <O0}. Using the fact that we have

(a)
STGUAL b= S GHAL Y pik S AL D pe< SO GHAL b S $1(AT) b,

ieN icAt i€EAT i€AT i€eAT
where (a) uses the assumption that ¢7(S U {j}) < ¢{(S) for all i € S and j ¢ S. The chain of

inequalities above contradicts the fact that A‘[IS’ 1l is an optimal solution to problem (6). |

In the next lemma, we give an inequality that will become useful to lower bound the total

expected revenue obtained by the resource based static policy.
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Lemma B.3 (Upper Bound on Net Expected Revenue) Letting {Af ;,:[s,f] € F, ¢ € Q}
and {n},:i €N, LeT, qc Q} be computed through (6) and (7), we have

> Mo oAl ) A ren - Zn | = 2t e - e,

[s.fleF iEN

Proof: Because z/(z + 1) is increasing in x € R, and f — s+ 1 < Dy,ay, we have f{;il < %.

Noting that ¢7(Af, ;) [T 15,51 — S SNt =0 for all i € N and [s, f] € F by Lemma B.2, we get

[; Moo 2,01(A0) f_ﬂ[[ Z”q“}
s, fleF

PEN
< D_ N ST AL 1AL ) [rigen — Zn‘”l}
€N [s,fleF
a max_ ]1 s f
< > > Z )‘[Sf Af f1)7f{f€; - RS
Dimax PEN LET [s,f h—s

(b) rnax_ (¢) Dmax_l A ~
= St =i @ = (o)~ i e)),

max i€EN LeT

where (a) holds by the identity ZZGTME% =1, (b) follows by (7), and (c) follows because we
have JI?( )= Zie/\/’ ZzeTni,é i,0-

We focus on the first part of the proof of Theorem 4.1, which constructs an upper bound on the

optimal total expected revenue.

B.2 Upper Bound on the Optimal Total Expected Revenue

Letting the value functions {J?: ¢ € Q} be computed through (1), it is a standard result that if,
for all & € {0,1}V*T and q € Q, the value function approximations {jq :q € Q} satisty

f
> > M, max {Z $1(S) (Hwi,g> [n,[s, AT @ — e g) — Jq+1(m)}} + Jr (), (17)
l=s

[s,fleF ieN

then we have J(z) > J(x) for all = € {0,1}¥*T and g€ Q; see Section 5.3.3 in Bertsekas
(2017). This result is known as the monotonicity of the dynamic programming operator. Note that
the inequality above is the version of (1) in the greater than or equal to sense. Thus, if the value
function approximations {jq :q € Q} satisfy (1) in the greater than or equal to sense, then they
form an upper bound on the optimal value functions {J?: g € Q} that satisfy (1) in the equality
sense. In the next proposition, we use this result to show that 2j,_1(e) provides an upper bound on
the optimal total expected revenue. Thus, we can use our linear value function approximations to

come up with an upper bound on the optimal total expected revenue.
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Proposition B.4 (Upper Bound on Optimal Performance) Noting that the optimal total
expected revenue is J'(e), we have J'(e) < 2.J!(e).

Proof: Using our linear value function approximations {jf :q € Q} computed through (6) and (7),
let J9(x) = Ji(e) 4 Ji(z). We show that {J?:q e Q} satisfies (17). In particular, we have

/
2 Mun 2y { 201 (H w) [Fitey + T @) = T @ — i) }

[s,f iEN f=s
1
= 3 st Tot( o) foon - o]}
[s,fleF - ieN
(a)
23 %{zm[ znqﬂ}
[s,fleF iEN
(2 Z )\ Z¢ |:7"z [s,f an+1:|
[s,fleF i€EN
(© 2 ver Mees. 1) +1
D IPIR AT [ef])ﬁ[ oot Z”q ]
i€N [s,fleF
1 Le[s, f1} 1
:ZZZA G1(AL ) Sy —znq+]
1l Ti,[s, /]
1EN LET [s,f] f s+1
= > > (le—nit") ZZ nl, =it (L4a) = J(x) - J7 ().
iEN LeT iEN LeT
The inequality (a) holds because Lemma A.1 in Appendix A implies that if r; [, Zh . 77‘”1 <0,

then there exists an optimal solution to the problem on the left side of (a) such that resource ¢ is not
offered. So, if r; 5 s — Zi s 173;1 <0, then we can drop resource 7 from consideration in this problem,
but if 7i 6. — Sh_, ' >0, then we have ([T/_,@ie) [rijon) — Shoomih'] < rijoy — Sooonih'
Moreover, (b) follows from the definition of A}, ; in (6), (c) uses the fact that ZZGT Ngoes, 3 =
f—s+1, and (d) follows from the definition of »{, in (7). Lastly, (¢) holds because we have
o{ (AL 1) [T 1s.5) — Zi s nﬁl] >0 by Lemma B.2, which implies that n/, > 77"+1 by (7).

The chain of inequalities above shows that {Jq q € Q} satisfies (17). Therefore, we have
Jo(x) > J9(z) for all € {0,1}V*T and g€ Q, so J'(e) < J'(e) =2.J}(e). |

We focus on the second part of the proof of Theorem 4.1, which constructs a lower bound on

the total expected revenue of the resource based static policy.

B.3 Lower Bound on the Performance of the Static Policy

We give a dynamic program to compute the total expected revenue of the resource based static

policy. Let U!(x) be the total expected revenue obtained by the resource based static policy over
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time periods {q,...,Q} given that the state of the system at time period ¢ is . We can compute
the value functions {U : ¢ € Q} through the dynamic program

S
=3 M, {Z¢3(Afs,ﬂ><ﬂxi,e> [Fito1 + U (2 esg0) = UL <>}} + U (@), (1)

[s,fleF ieN

with the boundary condition that U2

= 0. The dynamic program above is similar to that in (2),
but under the resource based static policy, a customer making a booking request for interval [s, f]
at time period g chooses resource ¢ with probability qﬁf(A‘[]S’ f]). In the next proposition, we use
the linear value function approximations {jl‘_z :q € Q} to give a lower bound on the performance
of the resource based static policy. Lemma B.1 plays an important role in the proof of the next
proposition. Thus, the lower bound on the performance of the resource based static policy explicitly

uses the fact that the resources are unique so that each has a capacity of one.

Proposition B.5 (Lower Bound on Policy Performance) Letting the wvalue functions

{U!:q € Q} be computed through (18), for each x € {0,1}*T and q € Q, we have

T Dmax -1 -
Uie) > Jilw) — 2= jie)
S oa = (f—s
Proof: We give an inequality that will be useful later in the proof. Because HLS Tip> %
by Lemma B.1 and ¢7(Af ;) [7i s — Zi 8773;21] >0 by Lemma B.2, we have
f
Sq+1 Sg+1
Z Moy Do (AL ) <H~“> [Ti,[s,f] + (@ e g) — AT (m)}
[s,f iEN l=s
f
1
=3 oty et ) (T fen - o]
[s,fleF iEN l=s
Zz 7 Weeps.p)y Tie — (f — ) !
> > An oAl =5 Fostl [U[sf Znﬁ}
[s,fleF 1N
@ 1 Le(s, f1} max ~ 1 - =
> ZZW{ D M) 750 Pien — an“]} P (a(e) — i (e))
iEN LET Dinax

—~

) Dmax -1 . 7
U5 S et - 2t e - )

iEN LET

(0 2 7 Dmax -1 = 2
= Ji(x) - (=) - (Ji(e) = JIT (e)),

Drnax
where (a) follows by arranging the terms on the left side of (a) and using Lemma B.3, (b) uses (7),
and (c) uses the fact that J!(x) = D oien Dovet Mt Tig:

In the rest of the proof, we show the inequality in the proposition by using induction over

the time periods. At time period @ + 1, because we have UQJrl 0=J; J@*! the inequality holds
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at time period @) 4+ 1. Assuming that the inequality holds at time period ¢ 4+ 1, we show that

the inequality holds at time period ¢ as well. Arranging the terms, the coefficient of UEH(:B)

. . . !
on the right side of (18) is 1 =3 1o x Al 5 2ien @5 (AL 1) [Ti=, @ie- Because 30 n 2 AL 4 <1

and -, &7 (Af, ;) <1, this coefficient is nonnegative. Letting a? = DD%’:; J(e) for notational
brevity, by the induction assumption, we have U™ (z) > J™ () — a2 for all z € {0,1}¥*7. In
this case, replacing U/ (z) and U™ (z — €, 5) on the right side of (18) with their corresponding
lower bounds J7™ (x) — a2 and JIH (x — €;s,5) — @, respectively, the right side of (18) gets

smaller, so we get the chain of inequalities

f
Ui(z) =) A, {Z $1(AL 1) (Hmu> [r[ A+ @ — e ) — JfH(x)}} + Jit Y (z) — ot

[s,fleF ieEN l=s

@ . . . )
> Ji(x) = ST () — (o = o) + T (z) ot = J(x) - af,

where (d) uses the chain of inequalities earlier in the proof, along with % (Ji(e)—Ji (e)) =

a? — a1, Thus, the inequality in the proposition holds at time period q. |

Finally, we can use Propositions B.4 and B.5 to give a proof for Theorem 4.1.

Proof of Theorem 4.1:

By Proposition B.4, we have J'(e) > 3J'(e). Using Proposition B.5 with z =e and ¢ =1, we
have Ul(e) > Jl(e) — Dmax—d Jl(e) = - Jl(e), so we get Ul (e) > 5 Jl(e) > oo J'(e). W

Appendix C: Performance Guarantee for Itinerary Based Static Policy
In this section, we give a proof for Theorem 5.1. We will use two preliminary lemmas. The next

lemma is the analogue of Lemma B.2. Its proof is identical to that of Lemma B.2 and omitted.

Lemma C.1 (Nonnegative Contribution of Each Resource) For each i€ N, [s, f] € F and
q € Q, we have (bg(BFs}f]) [rz‘,[s,f] - Z[a,b]e]—' } (s, f] N Clay ‘ ’YZEb]] > 0.

In the next lemma, we give an upper bound on the opportunity cost of the capacities consumed

by using resource i to serve a request for interval [s, f] under the polynomial approximations.

Lemma C.2 (Bound on Opportunity Cost) For each i € N, [s,f] € F and x € {0,1}V*7
such that Hf:g x;0 =1, we have jg(m) — jg(m —€;s,f) < E[a’b]ef ‘ (s, f1NClap |vﬁ[a’b}.
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Proof: Using the previous lemma, by (9), we have /', >0 for all i € N and [s, f] € F. Using the
fact that J8(®) =Y icn 2o sjer Voo H{:S x; ., the difference Ji(x) — Ji(x — €, 5 p) is

Ji@) — Ji(w—eigop) = zij]am@¢m01%0

la,b]leF
> A Yamnisizey < > 871N Clagy | ¥ oy
[a,b]leF [a,bleF

where the last inequality holds because Cj, is intersection preserving, so if [a,b] N [s, f] # @, then

[S, f] N C[a,b] 75 &. In this case, we have ﬂ{[a,b}ﬁ[s,f];é@} < HS, f} N C[@b]‘- |

In the next proposition, we show that we can use the value function approximations {jg 1q€ 9}

to come up with an upper bound on the optimal total expected revenue.

Proposition C.3 (Upper Bound on Optimal Performance) Noting that the optimal total
expected revenue is J'(e), we have J'(e) < (14]/C||) Ji(e).

Proof: Letting B, = >, yjer ﬂ{éec[a,b]ﬂg,[a,b] for notational brevity, we define the linear value

function approximations {V{ : g € Q} as Vid(z) = Ji(e) + > ien 2over Biowie. We have

f
Z Al g max { > lS) (H fff) [ms,ﬂ + Vi (@ - eifog) — V|;1+1(x):| }
s, - (=

[s.. ieEN
f
q 9( g+l
- 5 s S (M) s - S]]
]e]—' i€EN h=s
f
q q+1
25 wam{Sao s - Do)
[s,f ieN h=s
b) g+1
> m{zd» JVED> \CM A}
7f]e]—‘ ieEN [aab]e}-
+1
2N Mg Bl [rien = X |Clenn s A[ 22k
[s,fleF ieN la,b]eF
(@ 7
=YD Gl =iy = Jie) =I5 (e)
i€N [s,fleF
© . - -
< Jh(e) = I &)+ 3D (Bl =Bl wie = V(@) = VT (@),
i€EN LET

Here, (a) follows from the same argument that we use to obtain the inequality (a) in the

proof of Proposition B.4. In (b), we use the definition of 3, and use the interchange of sums
f

D hes 2olapler Tnecr,y = D (abler Zh:s Lneor, = > tanjer |Clan N s, fl]. Also, (¢) follows from

(8), and (d) follows from (9). To see that (e) holds, note that Lemma C.1, along with (9), implies

that 7! in which case, we also have 3¢ 5‘1+1 The chain of inequalities above shows
Vi) 2 Vi f i
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that the value function approximations {qu :q € Q} satisfy (17), in which case, by the discussion
that follows (17), we have V() > J%(a) for all « € {0,1}*7 and ¢ € Q. Thus, we have

T (e) < Vie) = Jie)+D_D 8L, = +Z > D Ve, ) Viten

1EN LT i€N [a,b]€F LeT
= @+ > [Clan| Vs < B@+1C1D. D vuw = (+ICI) T(e),
i€N [a,b]€F 1€N [a,b]EF

where the last inequality holds because ||C|| = max(, e r |Clay|, and the last equality follows from

the fact that Jq( )= ZZENZ[G, b]efy (b [ |

Let Ug(x) be the total expected revenue obtained by the itinerary based static policy over time
periods {gq,...,Q} given that the state of the system at time period ¢ is . We can compute
the value functions {Ug : ¢ € Q} through the dynamic program in (18) after replacing the ideal
assortments {Af, . :[s, f] € F, ¢ € Q} with {B[ ;:[s, f] € F, ¢ € Q}. In the next proposition, we

lower bound the performance of the itinerary based static policy.

Proposition C.4 (Lower Bound on Policy Performance) Letting {Uf:q€ Q} be the value
functions of the itinerary based static policy, for each x € {0,1}N*7 and g€ Q, U(x) > Ji(x).

Proof: We show the result by using induction over the time periods. At time period @ + 1, since
we have U,?H =0= j,?“, the inequality holds at time period @ + 1. Assuming that the inequality
holds at time period ¢ + 1, we show that the inequality holds at time period ¢ as well. By the
induction hypothesis, U¢*"(z) and UZ™ (x — €;s,f]) are, respectively, lower bounded by jg“(:c)
and JE™ (x — e [..f)), s0 by (18), we get

/
ZOEIDY A&,ﬂ{ > _OHBL ) (H ) et + R @ = euge) - (@) } + 7 (@)

[s,fleF iEN {=s

f
2}: )‘([Is,f]{z(bg(BfIs,f]) <H$e> [ﬂy[s,f} - > ‘[Saf]ﬂc[a,b]
s, fleF =

1EN la,bleF

8 S 3 Gl =i (H) @) € ) — @)+ I @) = Je),

€N [s,f

V] } +JE (@)

where (a) follows from Lemma C.2, (b) holds by (9), and (c) holds by the definition of JZ(a). The

chain of inequalities above establishes the result. |

We can use Propositions C.3 and C.4 to give a proof for Theorem 5.1.

Proof of Theorem 5.1:

By Proposition C.3, we have J}(e) > o
we have UL (e) > Jh(e). So, we get Uk(e) >

‘ Ji(e). Usmg Proposition C.4 with x =e and ¢ =1,
(e

J'(e). ]

[
Ji(e) >
»(€) 2 iy
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Appendix D: Tightness of the Performance Guarantee

We show that our performance guarantee for the itinerary based static policy is tight. Consider
a problem instance with N + 1 resources indexed by N ={1,..., N + 1}, where we assume that
N >2. The resources are available for use during the days 7 ={1,...,T}. The set of possible
intervals of use are F = {[t,t]: t € T} U{[1,T]}. Thus, there are T+ 1 possible intervals of use.
Each of the first T possible intervals of use occupies a resource for only one day, whereas the last
possible interval of use occupies the resource for the whole interval [1,T]. The revenue from booking

any resource i over the interval [t,t] is 7 = 75 whereas the revenue from booking any

NV
resource i over the interval [1,7] is r; ;1,77 = 1. Note that the revenues from the booking requests
depend on the interval of use, but not on the specific resource that is used to serve the booking
request. Because N > 2, we have r; ;) > 0. The booking requests arrive over the time periods
Q={1,...,NT +1}. There is one customer arrival at each time period. For t =1,...,T, at each
of the time periods {(t —1) N +1,...,tN}, we have a booking request for the interval [¢,¢] with
probability one, whereas at the last time period NT + 1, we have a booking request for the interval
[1,T] with probability one. In other words, the booking requests for the interval [¢,¢] arrive only
at time periods {(t—1) N +1,...,tN}. There is a single booking request for the interval [1,7] and
it arrives at the last time period. At each of the first NT time periods, given that we offer the
assortment S of resources, the customer chooses each offered resource with an equal probability
of ‘—é‘, never leaving the system without choosing any of the offered resources as along as a resource
is offered to this customer. At the last time period NT + 1, given that we offer the assortment S of

N

resources, the customer chooses among the offered resources with an equal probability of NS

leaving the system without choosing any of the offered resources with a probability of m At
each of the first NT time periods, the customer never leaves without choosing an offered resource,

so offering a single resource ensures that the customer chooses this resource.

We compute the total expected revenue of a benchmark policy, which provides a lower bound
on the optimal total expected revenue. The benchmark policy uses one of the first N resources for
the customers arriving at the first NT time periods, leaving the last resource untouched for the
customer arriving at the last time period. For t =1,...,T, the customers arriving at each of the
time periods {(t—1) N+1,...,tN} make a booking request for the interval [t,t]. Thus, there are N
customers making a booking request for the interval [¢,¢]. The benchmark policy offers only one of
the first N resources to each one of these customers. As discussed earlier, the customers arriving at
one of the first N'T' time periods always chooses the resource offered to them. Thus, the benchmark
policy uses the first N resources to serve the booking requests from the customers arriving at time

periods {(t —1) N +1,...,tN}, in which case, noting that the revenue from a booking request for
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the interval [t,t] is , the benchmark policy obtains a total expected revenue of N —~=== over

(N+1
time perlods {(t—=1)N+1,...,tN}. Thus, the benchmark policy obtains a total expected revenue

of TN

N(N+1)

from the first NT customers. The last resource is left untouched for the customer

N(N+1)
arriving at the last time period NT + 1. The benchmark policy offers only this resource to the

customer at the last time period and the customer chooses the resource with probability HLN The
revenue from a booking request for the interval [1,77] is one, so the benchmark policy obtains a

total expected revenue of ;7% at the last time period. Thus, the total expected revenue of the

N

benchmark policy is T' which is arbitrarily close to T'+ 1 as N gets large. Therefore,

N-—-1
N T T
letting OPT be the optimal total expected revenue, OPT >T +1 — % for large enough N.

The intersection preserving subset for the interval [1,7] must be Cp 7 ={1,...,T}. f t € Cpi my
for some t € T, then we get [1,T]N[t,t] # @ and Cp N [t,t] = @, which violates the definition
of an intersection preserving subset. The only intersection preserving subset for the interval [t,¢]
is Cpg={t}. Thus, there is a unique collection C of intersection preserving subsets for our
problem instance and its norm is 7. Consider (8) for the interval [s, f] = [1,7] at time period

g=NT+1. We have B[Tﬁl = argmaxgcy ;e 1@ € )y 1+N‘S| = argmaxgscy 1+1\‘/|S\ Because

N8|
T+N[S]

that N THN) =
for the interval [1,7] only at the last time period, so %,[1,T]

is increasing in |S |, we get B[jf :’ﬁl N. Plugging the assortment BN T“ =N into (9), noting

and [N|= N +1, we have VN[ITJTA = We get a booking request

I+N N+1 1+N (N+1

—m for alquQ
Consider time period tN. This time period is the last one at which we have a booking request
for the interval [t,¢]. Therefore, by (8), we have

B[t | = argmax{ Z(bq [7“1 [t] — ’Yfﬁjtr]l _’YfJ[\ngTl} }

iEN

1 N—l N
1EN
N-—1 N

where the last equality holds because

NiD T OGN < 0, so any non-empty solution to the
problem above yields a strictly negative objective value. Plugging the assortment B[tt{\i] = @ into
(9) yields ~/f; ; = 0. Moving backwards over the time periods and continuing in the same fashion,
it follows that Bj , =@ and v/, ;=0 for all i € N and g € {(t — 1)N + 1,...,¢tN}. Therefore,
the itinerary based static policy offers the empty assortment of resources to all of the booking
requests for a single day and offers the full assortment of resources to the booking request for the

interval [1,T] that arrives at the last time period. In this case, letting STA be the total expected

revenue of the itinerary based static policy, noting that ¢N" T (N) = m, we get STA =
Sien NN = % which is no larger than one. Thus, we have STA <1.
Noting that OPT > T + 1 —  for large enough N, we get gy} < T+11,, = 1+\|C1H7%' By

STA STA - ST
opT = 1 +” o Thus is arbitrarily close to

Theorem 5.1, we have y Pt

m as N gets large.
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Appendix E: Norm of a Collection of Intersection Preserving Subsets

In this section, we give a proof for Theorem 5.2. To see that the first statement holds, we construct
a feasible solution to problem (10) that provides an objective value of 1+ [(Dyax —1)/Dumin]. In
particular, we set £ =1+ [(Dmax — 1)/Duin | Furthermore, for each [s, f] € F, we set

Clopl = {s+kDmm Ck=0,1,2,..., H);ﬂ - 1} u{f}. (19)

The solution {Cf, s : [s, f] € F} and £ provides an objective value of =1+ [(Dayx — 1)/Duin]|
for problem (10). We proceed to arguing that this solution is feasible for problem (10). Using
the fact that f — s+ 1 < Dy, for all [s, f] € F, we have ‘C'[s,f]‘ < {g{;ﬂ +1< {%1 +1=¢.
Thus, the first constraint is satisfied. The smallest element of CA'[S, s is s. Noting that
s+ ([ f=s -‘ - 1) Dinin < 5+ £=% D,y = £, none of the elements of CA’[S’f] exceeds f, so CA'[S,f] Cls, f]-

Dmin Dmin

Thus, the third constraint is satisfied. To check the second constraint, consider any [a,b] € F such

that [s, f] N [a,b] # @. We show that Cj, ;N [a,b] # @. We consider three cases.

First, consider the case [s, f] C [a,b]. Because Ci, sy C [s, f] by the earlier discussion in the proof,
we get CA'[SVf] Cls, f] Ca,b], so CA'[S’f] Nla,b] # @, as desired.

Second, consider the case [s, f] € [a,b] and [s, f] 2 [a,b]. Because [s, f]N[a,b] # &, we must have
f €la,b] or s € [a,b]. Noting that s € Cy, 5 and f € Cl, p, we get Clq 5N [a,b] # @, as desired.

Third, consider the case [s, f] D [a,b]. To get a contradiction, suppose, on the contrary, that
CA’[S’f] Na,b] = @. Since [s, f] 2 [a,b], we have s <a <b< f, but noting that CA'[S’f] Nla,b] =@ and
s, f€ C'[S,f], there are two successive days ¢y, ¢y in CA'[S,f] such that ¢; < a < b < ¢y. Thus, there are at
least b—a+ 1 days in between days c¢; and c,. Because b —a+ 1 > D,,;,, there must be at least D,
days in between days ¢; and ¢;. On the other hand, by our construction of CA'[& s in (19), there are
at most D,;,, — 1 days in between two successive days in CA'[S’ 7> which is a contradiction! Therefore,

the first statement in the theorem holds.
To see that the second statement holds, we write the second constraint in problem (10) as
| Cls,n M@, 0] > Lyis, infaney for all [s, f],[a,b] € F. Define the constant Zj, ;, as
Zisy) = min{‘C[s,ﬂ‘ : ‘C[s,ﬂﬂ[avb] 2 Y sinaiizey Via,b] € F, C[s,flé[saf]}, (20)
where the only decision variable is Ci, . In this case, problem (10) becomes equivalent to
min{t:¢>Z; , Vs, f| € F}, which has the optimal objective value maxis sjexZ, 4.

In the rest of the proof, we will show that we can compute Zj;  in (20) by solving a minimization

linear program with O(D,,.,) decision variables and O(D? ) constraints. Thus, letting x* be the

max
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optimal objective value of problem (10), by the discussion in the previous paragraph, we have
X" = max(s sjer £, s, which implies that x* is given by the maximum of the optimal objective
values of |F| = O(DpaxT) minimization linear programs, each of the linear programs having
O(Dyax) decision variables are O(D2 ) constraints. In this case, it immediately follows that we can
compute the maximum of the optimal objective values of these linear programs by solving a single
linear program with O(|F|Dpax) = O(D2,,.T) decision variables and O(|F|D2,.) = O(D2,.T)
constraints. To compute Zf, , in (20) by solving a linear program, we use the decision variables
{xp:l=s,...,f} €{0,1}/ = where x, =1 if and only if day /¢ is included in the intersection

preserving subset Cf, ;). We write problem (20) as

f
min Z Ty
l=s
f

st > Mueamy e > Y priopzey V0,0 €F
l=s

x,€{0,1} Vl=s,...,f.

Each row of the constraint matrix above includes only consecutive ones. Such a matrix is called an
interval matrix and it is totally unimodular; see Corollary 2.10 in Chapter III.1 in Nemhauser and
Wolsey (1988). Thus, we can relax the integrality requirements without an integrality gap. Also,
the problem above has a covering constraint and the right side of the constraint never exceeds one,
which implies that even if we did not have an upper bound of one on the decision variables, these
decision variables would never take a value greater than one. Thus, we can drop the constraints
xy<lforalll=s,...,f. Lastly, the right side of the constraint is nonzero for all [a,b] € F such that
[s, f] N ]a,b] # @ and there are only O(D?2, ) such constraints. Thus, the problem above actually

max

has f — s+ 1= 0O(Dy..x) decision variables and O(D? ) constraints.

Appendix F: Examples of Intersection Preserving Subsets

By the discussion in Section 5, setting Ci, 5 = {s,s +1,..., f} trivially yields an intersection
preserving subset for the interval [s, f]. In this case, we immediately obtain a collection of
intersection preserving subsets {{s,s + 1,...,f} : [s, f] € F}. The norm of this collection is
maxis fler{f — 5+ 1} = Diax. Also, by Theorem 5.2, we always have a collection of intersection
preserving subsets with norm at most 1+ [(Dmax — 1)/Dumin]. These results hold for any arbitrary
set of intervals F for which we may get booking requests. In this section, we give examples of
intersection preserving subsets when there is a special structure in the set of intervals for which
we may get booking requests. We may end up with collections of intersection preserving subsets

with smaller norms when there is a special structure in the set of intervals. Smaller norms for the
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collection of intersection preserving subsets translate into better performance guarantees for the

itinerary based static policy. We consider two special settings.

First, consider the setting where there exists a set of days {71,...,7x} such that each booking
request starts on one of these days. In this case, we argue that setting C, 5y =[s, flN{7,...,7x}
yields an intersection preserving subset for the interval [s, f]. With this definition of an intersection
preserving subset, we clearly have Cj, s C [s, f], so the first property of an intersection preserving
subset is satisfied. To check that the second property is satisfied, let the interval [a,b] € F be such
that [s, f] N[a,b] # @. Consider the case s < a. Because [s, f]N[a,b] # &, having s < a implies that
f > a, yielding s <a < f. Thus, we have a € [s, f]. Noting that all booking requests start on one
of the days {7,...,7x}, we have a € {71,..., 7 }. In this case, we obtain a € [s, f]N{r,...,7x},
so a € Cls 5. Thus, we have Cjs 5y N [a,b] # @, so the second property of an intersection preserving

subset is satisfied. We can use the same approach to show that Cj, s N [a,b] # @ when s> a.

Second, consider the setting where each booking request is for the same number of days, so
s— f =L for all [s, f] € F. In this case, we argue that setting C, sy = {s, f} yields an intersection
preserving subset for the interval [s, f]. With this definition of an intersection preserving subset,
we clearly have Ci 5 = {s, f} C[s, f], so the first property of an intersection preserving subset is
satisfied. To check that the second property is satisfied, assume on the contrary that there exists
an interval [a,b] such that [s, f] N [a,b] # @ and C{, ;1 N[a,b] = @. Because Ci, ) = {s, f}, having
Cls,;1N[a,b) = @ implies that s & [a,b] and f & [a,b], in which case, having [s, f] N [a,b] # @ implies
that [a,b] C [s+ 1, f —1]. If [a,b] C [s+ 1, f — 1], then the booking requests for the interval [a,b] are
at most for f —s—1 days, but the booking requests for the interval [s, f] are for f — s+ 1 days,

contradicting the fact that each booking request is for the same number of days.

Appendix G: Upper Bound on the Optimal Policy Performance

In this section, we give the proofs of the three results in Section 6, along with Lemma G.1 that we

use in that section. Here is the proof of Proposition 6.1.

Proof of Proposition 6.1:

We will use a simple manipulation in the proof. In particular, for fixed values {p; :i € N'}, we

have the chain of equalities
Z‘Pi Z Bits.s1i = Z Z i B i = Z Z i Bl s s (21)
JEN i€EN\{j} €N FeN\{i} JEN ieN\{j}

where the first equality holds by interchanging the order of sums and the second equality holds

by interchanging the roles of ¢ and j. We show the proposition by using induction over the time
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periods. At time period @Q + 1, we have JOt! =0 = dien Vﬂ?fl, so the result holds at time
period @ 4+ 1. Assuming that the result holds at time period g + 1, we show that the result holds
at time period ¢ as well. Fixing x € {0,1}*7 and ¢q € Q, let St be an optimal solution to the

maximization problem on the right side of (1). By the induction hypothesis, J9!(x — e, 1) <
yHEN]
ZzeN\{]} V qH( i)+ Lg#(“’j —efs,g) and J7(z) < Zje,/\[ ngl@j)- Using (1), we get

f
Z )\ Z (z) ]) <H -rj,é) [’I“j,[s,f] + Jatl (x — ej,[s,f])) _ Jq+1(w):| + Jq+1(33)

[s,fleF JjEN l=s

/
D An Do H(Shy <H 33]‘,¢> [Tj,[s,fl + Vi —epp) = Vel ] +3 Vit (@
l=s

[s,f]€F JEN JEN

f
2 > A {Z%(SEJJ)(HmZ) [ﬂ}{[s,‘waFng( ) Vg (@ )]
[s,fleF JEN l=s
I
+> D BlSiy) (Ha?f) Biis.sio } > Vi (=
l=s

JEN ieN\{j} JEN

) Z{ 2. {éq s (Hxﬂ> [ S T Vas (@ —epn) = Vg5 (@ >]
JeEN s, fleF
+ D S (Hm)ﬁ[s } q“w}

i€ENM\{s}

< Z { Z >\[s f] glc%({ (Hl'j; [ q (5. f] V[;I’J]fl(mj —6[sf) Vq+1( )i|
JEN s, fleF
+ Z oi(S (H%e) B s } qH(a:j)}
i€EM\{j}
g Z{ Z Ao g gncajs[({ <H$J‘) [ J,ls, 1= +Vﬁj (z; e[s,f])—Vﬁqf(af:j)}

JEN \ [s,fl€F

+ Z d)q ﬁq[é } Vq-i—l( )}

ieN\{s5}

(e)
= ng,j(xjy

JEN

In the chain of inequalities above, (a) uses the induction hypothesis. To see that (b) holds, we

note that 7; 111 =2 Bj (s f1mi = Bis.fiog T 2iean sy Bifs.s1—i and use (21) after identifying ¢,
with ¢7(S}, j) H/ .Zje. Also, (c) holds by rearranging the order of the sums. To get (d), we use
the same argument that we use to obtain inequality (a) in the proof of Proposition B.4. Lastly, (e)

follows from (12). The chain of inequalities above completes the induction argument. [

Next, we state and prove Lemma G.1.
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Lemma G.1 (Equivalence of Linear Programs) Problems (11) and (13) have the same

optimal objective value.

Proof: We let h—{h[ A8 SCWN, [s,fl€F, g€ Q} and g ={gis5:i €N, [s,f] € F}
be an optimal solution to problem (11). For each j € N, we set h[ 12 (8) = IiL'[JS,ﬂ(S). In this
case, we observe that the solution h = {h[s,f]ﬁj( ):jeN, SCN, [s,fle F, ge Q} and g is
feasible to problem (13) and provides the same objective value as the optimal objective value of
problem (11). Therefore, the optimal objective value of problem (13) is at least as large as that
of problem (11). In the rest of the proof, we show that the reverse inequality also holds. We let
h= {hsf]_)]( JiJeEN,SCN, [s,fle F, qe Qtand Yy ={¥; 5.5 : 1 €N, [s, f] € F} be an optimal
solution to problem (13). We define h[ 1(S) as

W5 (9) =% Z his, 515 (S
JjEN

We establish that the solution h = {ﬁ‘[]&f](S) :SCN, [s,fl€F, g€ Q} and g is feasible to
problem (11). Using the definition of quS 1(S) above, we have

> hin(s Z > hgs(S Z Mot = Moy
SCN ]EJ\/ SCN jEN
where (a) holds because the solution (h, ) satisfies the second constraint in problem (13). Thus,

the solution (h,) satisfies the second constraint in problem (11).

To check that the solution (h, §) satisfies the third constraint in problem (11), using the definition

of lAz‘[’S’ 5 (S) once more, we have

> GUS) AL, (S Z > NS AL g Z Yitsy) = Yis.pp (22)
SCN jEN SCN jEN
where (b) holds because the solution (h, §) satisfies the third constraint in problem (13). Thus, the
solution (h,¥) satisfies the third constraint in problem (11).

Lastly, we check that the solution (ﬁ, y) satisfies the first constraint in problem (11). In particular,

we have the chain of inequalities

Z Z Zl{fe[s n 6i(S Z Z 1{5€[sf]}z¢ sf] S)

4€Q [s,fleF SCN 9€Q s, fleF SN
C) (e)
S et By © X D Tuetsn D HHS) hpni(S) < 1.
q€Q [s,fleF q€Q [s,fleF SCN

where (¢) follows from (22), (d) follows from the fact that the solution (h,q) satisfies the third
constraint in problem (13) with i = j, and () holds because the solution (h, §) also satisfies the first
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constraint in problem (13). Therefore, the solution (iz,g’]) satisfies the first constraint in problem
(11). Thus, the solution (h, ) is feasible to problem (11). The solution (k, ) provides the objective
value 35 co D icn 2ois fler Tils ) Ui s 5» Which is the optimal objective value of problem (13). So,
the optimal objective value of problem (11) is at least as large as that of problem (13). |

To write the dual of problem (13), associating the dual variables p={u;c:i €N, LT},
o={o} ;.;17 eEN, [s,fleF, qe Q} and B= {B o0t JEN, [s,f]€F, g€ Q}, we have

noY D et YD, Z Afs.1 9.1 (23)

i€EN LET qeQ jJEN [s,f

st ol = Y 0NS) Bl —¢§(S)Zuj,z VieN, [s,f]€F, SCN, qeQ

iEN l=s

D Blass; = Tisn ViEN, [s,fleF
JEN
u>0, o,3 free.

It is simple to check that problem (13) is feasible and bounded, so by strong duality, problem (23)

also has the optimal objective value Zj,. We use problem (23) to give a proof for Theorem 6.2.

Proof of Theorem 6.2:

Let (@, 0, ,3) be an optimal solution to problem (23). For notational brevity, also letting
A = Z}?:qz:[s,f]e}' Al OL jye We will use induction over the time periods to establish that
Vi (&) &7+ 3 e fije e for all x; € {0, 1}, j € N and g € Q. In this case, using this result with
g=1and @; =€, we obtain 37, V5 (') <3 e a5 +3 00 ZeeTﬂj ¢ = Z{p, where the equality
uses the fact that Zje/\/ é‘jl +Ej€/\f D et e = deN qug Z f]ef f] JEI J1—=d +Zje/\f Dver it
and the last quantity is the optimal objective value of problem (23), which is Z]s. Thus, the desired
result follows. In the rest of the proof, we focus on the induction argument. Noting that g > 0,
for each x; € {0,1}7, at time period @ + 1, we have Vg?;rl(mj) =0<> erfljeTje, so the result
holds at time period @ + 1. Assuming that the result holds at time period ¢+ 1, we show that the
result holds at time period ¢ as well. By the induction hypothesis Vﬁf’;l(a:j) and Vg;l(a}j —€[s.f])

+ > e ey and &I 3T, f e — S e So, by (12),

Z)‘ f]gnc%{ (H“fﬂ>[us Zf: 4* > HS) Bl }

=s iEN\{j}
~Aq1 N
+ ZMM Zj-
LeT

are upper bounded by & Aq+

Following the same argument that we used to obtain the inequality (a) in the proof of

Proposition B.4, we can drop the product H{;:S x; ¢ on the right side above to make the right side of



ecl8 e-companion to Revenue Management with Heterogeneous Resources

the inequality even larger. After dropping the product HLS Tje, let S[’;’ floi be an optimal solution

to the resulting maximization problem. In this case, using the inequality above, we get

< )M f]%nax{ i(9) {a[sf]w Z/‘M]Jr > s f]w}

[s,fl€F ieN\{5}
~q+1 + Zﬂj,é T

eT
(a +1
Z)‘sf]{qbq S[sf—>y [ Jils,f1—j ZMM]"‘Z ¢q S[sf—>g 5 f]_”}+04q +Zﬂgz$]z
fer ZEN\{J} teT
® o )
P PICCTIERNEEII 9 STEES o
ieEN LeT
X @ . X
< D Men Ol H 85 D emie = &5 Y e,
[s,fleF LeT eT

where (a) holds because Sp is an optimal solution to the maximization problem on the left

[s.f]—=J

side of (a), (b) follows by arranging terms, (c) holds because (fi,&,3) satisfies the first constraint
n (23), and (d) follows because a¢ = 44" + > losler A g1 Ol p1;+ So, the induction is complete. B

We focus on the proof of Theorem 6.3. To give an alternative representation of the value functions

{I'5,;:q€ Q} in (14), for each £ € T, define the value function

\I/q — Z Z L=y A f] ngl\fai){(j}{ Z Qb Bk[s f]%]} (24)

k=q [s,fleF ieN\{s}
Directly by comparing (24) with (14), observe that the value functions {T'j; : ¢ € Q} and
{V%,:q € Q} satisfy the relationship I'j ;(a,b) = Zgza W5 ;(¢) for each interval [a,b]. Given that
the state of resource j is @; € {0,1}7, let K(x;) be the set of unavailable days for this resource;
that is £ € K(x;) if and only if z;, = 0. Note that K(x;) is the union of the maximal unavailable
intervals with respect to x;. In other words, we have K(x;) = Ujatjen(z;)[a, b]. In this case, by the
discussion earlier in this paragraph, we obtain the identity

Yo Thilab) = 3 D) = D ()

[a,bleH (x;) [a,bleH(z;) £€[a,b] LeK(x;)

where the last equality holds since K(x;) = Uja sjen(a;)[a, b]. Thus, to establish Theorem 6.3, it is
enough to show that Vg ;(;) =3, yez(a;) ©5.5(0:0) + Xiei(a;) V.5 (0)-

Proof of Theorem 6.3:

In the proof, we will use an induction argument over the time periods to establish that

Vi () = Z[a,b]el(mj) 0% ;(a,b) +ZZEIC(mj) e (0) for all x; € {0,1}" and ¢ € Q. At time period
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Q +1, we have Vﬁc?; 1= @g;l = \Ilgjl =0, so the result holds at time period @ + 1. Assuming that
the result holds at time period g+ 1, we show that the result holds at time period ¢ as well. For
each x; € {0,1}7, the collection of maximal available intervals Z(x;) and the set of unavailable
days K(x;) collectively cover T; that is, T = (Uppez(e,la, b)) UK(x;). Thus, for each s € T, we
have Z[a,b]ez(wj) Niscany + ZZGIC(EJ-) I{s—¢y = 1. In this case, by (12), we get

Vaj(e) = Vil @)+ D A | D lecwmnt D L |

[s,fleF [a,bl€Z(x;) LeK(x;)

mN{ (H%h>[q s T VA @ = et) —VE @)+ 3 (S H}

h=s ieN\{7}

= (Gqﬂab Z Lpseany Ms g
{¢ (H%h>[ o H VAT @ — epon) VT @)+ 2 ol(s ﬁfgﬂﬂ}>

ieN\{j}

+ Y (xyg;j(z) + Y g ALy x
[

LeK(x;) s, fleF
+1 +1
gnc%({¢ <me>[ it Vas (@i~ esn) = Vg } 2 )AL fm})
i€N\{5}

where the second equality follows by wusing the induction hypothesis to mnote that
+1 +1 +1 .
Vi ()= Z[a,b]el(a:j) 05 (a,b) + ZéG)C(mj) U5 (£) and rearranging the order of sums.

Noting the right side of the chain of equalities above, in the rest of the proof, for each [a,b] € Z(x;)
and ¢ € K(x;), we will establish the following two equalities

0% (a,b) = OF ([, b))+ > Npscrarn A

[s,fleF
mN{¢ (Hx]h){ oo Vi @ o) VAT @]+ 32 610S) Bl }<2s>
ieNM\{j}
\If%’j(ﬁ) = \IJ%H Z | - Z})\[sf
[s,fleF
mN{¢ (Hmﬁ][s VA @y — e Vi @)+ S 6HS) B }(%)
ieN\{j}

Thus, by the first displayed equality in the proof, V5 ;(x;) = Z[a,b]EI(mj) 05 ;(a,b) + ZEE}C(:I:J-) v (0),

completing the induction argument.

First, we show that (25) holds for each [a,b] € Z(x;). So, throughout this portion of the discussion,

we focus on the maximal available intervals [a,b] € Z(x;). In (25), we consider s € [a, b]. Note that if



ec20 e-companion to Revenue Management with Heterogeneous Resources

s € [a,b] and f € [a,b], then because [a,b] € Z(x;), we get x;, =1 forall h=s,..., f, so HZZS Tjp=
1. Furthermore, because s € [a,b], we have f € [a,b] if and only if [s, f] C [a,b]. On the other hand,
if s € [a,b] and f & [a,b], then since the interval [a,b] is a maximal available interval, there must be
some h=s+1,..., f such that z;;, =0, so H,{:S xj, = 0. Furthermore, because s € [a,b], we have
f & la,b] if and only if [s, f] £ [a,b]. Thus, using Ngsefa)y = Uisefo.s], s, 1ot} + Liselas), (5,112
we equivalently express the right side of (25) as

+1
O5 (@, b) + Y acan, (o f1Cimbly Mo gy X
[s,fleF

ISHC%( {(bq (H% h) { Jls: fl= Vq+ ( , ) Vq+1 } Z ¢ 6 s, f]*}]}
_l’_

N {5}
D actan), (snglamy Mg X
fleF

[s,

glcajg;{w (nghﬁJ[S,f]qﬁvg,?l(mj—e[ ) = Vai( j} > HS) Bl HJ}

iEN L}
(a) 1
= 05 (ab) + D Lpactan), fsricionn A g X

[s,fleF

gng\}[({cbq(s)[ Jsls, f1— +Vﬁa ( e[s’f]) VB] m]} Z s ﬁq[Sf]_”}

ieNM\{5}

+ Y Uacion), szl Moy Sgﬁ%y}{ > s quf]—n} (27)

i€N\{I}

where (a) holds because if [s, f] C [a,b], then H{L:S xjp =1, whereas if s € [a,b] and [s, f] Z [a,]],

then H£ _, =0, as discussed right before the chain of equalities just above.

From Section 3, recall that Z(x; — e[ 5) = (Z(x;) \ [a,b]) U {[a,s — 1], [f +1,b]} for [s, f] C [a, b].
By definition of K(x;), K(x; —efs,5)) = K(x;) U {s,..., f} So, by the induction hypothesis, we get

+1 +1
Vgt (x; —ep) — Vi ()

= Y eyl + > v - Y eylab) - > W

[(l,b]EI(mj—E[s,f]) EG)C(mj—e[Syf]) [a b]EI(mJ) [EK: j)
f
= 0% (a,s—1) + O (f+1,b) — ©%(a,b) + Z\yg;;(e)
l=s
® 0% (a,5—1) + O (f+1,b) — O%(a,b) + T4 (s, f), (28)

where (b) follows from the discussion right before the proof of the theorem, which shows that the

value functions {I'j; : ¢ € Q} and {¥};:q € Q} computed, respectively, through (14) and (24)
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satisfy the identity Fﬁl( s, f)= Zz s \qu“( ). In this case, plugging (28) into (27), we equivalently

express the right side of (25) as

+1
@Z‘JJ a, b Z ]l{seab [s,f1C [ab]})\([zs,f]x
[s,fleF

max {w )[BT 055 (as=1) + OF(F+1,0) — O (ab) + Th (s, /)]

+ Z ¢ ﬁ[Sf]HJ

e
q
+ D Yselau, o s g ng@}{ > ¢S B[Sf]ﬁj}

[s,fleF EN\{}

H,_/

(o)
= 04 ,(a,b),

where (c) follows from (15). By the equality above, the right side of (25) is equal to ©F ;(a,b),

establishing the equality in (25).

Second, we show that (26) holds for each ¢ € IC(zx;). Thus, we focus on the unavailable days
e K(z;). For £ € K(x;), we have z;,=0, so Hh .xjn =0 for s=/. So, the right side of (26) reads

VA O+ Y Lpmnp ALy X
[s,fleF

glcajf;{qsq (H%h)[ B g1y Vs (@5 = e ) = Va5 ( J} > S) Bl }
ieNM\{s}

[s,fleF ieEM\{5}

(d) T+ (g q q © g
= ‘I’g Z 1= £}>‘gf] Séal/a\}fj}{ Z ®7(S) Bi,[s,f]—m’} = \I’ﬁ,jw)a

[s.fleF i€ENM\{j}

where (d) holds because resource j does not appear in the objective function of the maximization

problem on the left side of (d), and (e) follows by (24). Thus, the equality in (26) holds. |

Appendix H: Connection of the Upper Bound to Lagrangian Relaxation

In this section, we show that we can obtain the dynamic program in (12) through Lagrangian
relaxation in the dynamic program in (1). In this way, we also relate our revenue allocations to
Lagrange multipliers. In the maximization problem in (1), the decision variable S corresponds to

the assortment of resources that we offer to a customer making a booking request for the interval
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[s, f]. Using the decision variables {S;:j € N U{0}} instead of the decision variable S in the

maximization problem in (1), we write the dynamic program in (1) equivalently as

= e, {5 (o) oo a5 - e -0 )]

[s.fleF vjeNU{0} JEN

(Hm>¢qso <Hm> $) w,je/v}m%). (29)

We claim that the maximization problems on the right sides of (1) and (29) have the same
optimal objective value. In particular, if S* is an optimal solution to the maximization problem
on the right side of (1), then setting S; = S§* for all j € AN"U {0} provides a feasible solution
to the maximization problem on the right side of (29). Furthermore, the objective values of the
two maximization problems at these two solutions match. On the other hand, if {S:j € N U{0}}
is an optimal solution to the maximization problem on the right side of (29), then setting S= Sy
provides a feasible solution to the maximization problem on the right side of (1). Furthermore,
noting that [T/_, z;,¢%(S) = [TI_, 2,0 ¢2(S;) = [I)_, ;. #%(S;) for all j € N by the constraints in
(29), the objective values of the two maximization problems at these two solutions match. Thus,
the claim holds, which implies that the dynamic programs in (1) and (29) are equivalent to each
other. Intuitively speaking, the dynamic program in (29) uses N + 1 copies of the decision variable S
n (1). These copies are given by {S;:j € N U{0}}. Even though the dynamic program in (29)
uses N + 1 copies of the decision variable S in (1), the constraints in (29) ensure that the choice
probabilities of all resources that are feasible to offer match under the different copies. We solve
the maximization problem on the right side of (29) for each [s, f] € F. Thus, associating the
Lagrange multipliers {8 , ., 4,7 € N'} with the constraints on the right side of (29), relaxing

these constraints and arranging the terms, we obtain the dynamic program

Z*[s max{2¢q (o) (H%e)[msﬂ > Bl }}

iEN
f ~ ~
1 1
+ D A ?Sf&{gﬁ?(sﬂ <H"CM> [ sy T a8 (@ e ) — 5 (w)}
[s.fleF JENT? t=s

+ Z d)q <HZL‘1€>B[sf]_m}‘FJqul(m),(:sO)

iEN\{5}
where we use the fact that once we relax the constraints in (29), the maximization problem on the

right side of (29) decomposes by the elements of N'U{0}.

Note that we make the dependence of the value functions {jg :q € Q} in (30) on the Lagrange
multipliers 8= {8, ;11,5 €N, [s,f] € F, g€ Q} explicit. The dynamic program in (30) is a
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relaxed version of the dynamic program in (29). It is a standard result that the value functions
in (30) provide upper bounds on those in (29) for any choice of the Lagrange multipliers; see,
for example, Adelman and Mersereau (2008). In other words, for any 3 € RV Ix|F IXIQl " we have
jg(w) > Jo(x) for each = € {0,1}V*T and ¢ € Q. Because of the terms {[[/_,2;,:j € N} in (30),
the value functions {jg :q € Q} can still be computationally difficult to compute. We carry out
two additional forms of relaxation in (30), while making sure that we still obtain upper bounds
on the value functions {J9:q € Q}. First, recalling that we have J 5(x) > J(x) for any choice
of the Lagrange multipliers, we choose our Lagrange multipliers such that »._, ﬁ (5, f]—i = Ti[s./]
for all j € N, [s, f] € F and ¢ € Q. In this case, the objective function of the first maximization
problem in (30) becomes zero, so we can drop this maximization problem. Second, considering the
second maximization problem in (30), by Lemma A.1, if 8} ., <0 for some i€ N\ {j} in the
summation in the objective function of this maximization problem, then there exists an optimal
solution to this maximization problem that does not include resource i. On the other hand, if we

have 8} ;> 0 for some i € N\ {;}, then I Tt Bl o s < B

HLS x;, in the summation in the objective function of the second maximization problem in (30),

=g Thus, if we drop the term
then the optimal objective value of this maximization problem stays at least as large. In this case,
focusing on Lagrange multipliers that satisfy >, B, 5y = Tjils.y) for all j € N, [s, f] € F and
g € Q and dropping the term HLS Z; ¢ in the summation in the objective function of the second

maximization problem in (30), we get the dynamic program

Z Non 2 max { (H% f) [ o1 OB (@) = 9?1(33)}

[s,f jen !

+ Y 84S 5Z[s,f]ﬁj} +05" (). (31)
ieENM\{5}

By the discussion in this paragraph, the value functions {©%: ¢ € Q} in (31) provide upper bounds

on the value functions {jg 1q€ Q}in (30), aslong as >, B oy = Tifs.s1-

Summing up the development so far, if the Lagrange multipliers satisfy >, _,- ﬁj (s, f]i = T.[s,]
for all j € NV, [s, f] € F and q € Q, then we have O%(x) > Jﬁ(zr:) > J%(z) for each & € {0,1}*7 and
q € Q. Therefore, we can obtain an upper bound on the value functions {J9:¢ € Q} in (1) by using
the value functions {©%: ¢ € Q} in (31). Furthermore, we obtain the dynamic program in (31)
by using Lagrangian relaxation on the dynamic program in (1). In the next lemma, we show that
the dynamic program in (31) is equivalent to the one in (12). Thus, we can obtain the dynamic
program in (12), which we use to compute an upper bound on the optimal total expected revenue
in Section 6, by using Lagrangian relaxation on the dynamic program in (1). In the next lemma,

recall that we use x; = (x;1,...,2;7) € {0,1}" to capture the state of resource j, where z;, =1 if

and only if resource j is available for use on day /.
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Lemma H.1 (Equivalence of Dynamic Programs) Letting the value functions {V4;:q€ Q}
be computed through (12) and the value functions {©%:q € Q} be computed through (31), for each
x=(z;:jeN)€{0,1}*T and g € Q, we have
=2V, (=)
JEN
Proof: We show the result by using induction over the time periods. At time period Q + 1, we have
@g“ =0= VQJrl so the result holds at time period @ 4 1. Assuming that the result holds at time
period ¢+ 1, we show that the result holds at time period ¢ as well. By the induction argument,
we have @q;l(w) = ZjeN Vq+1( i), so @Z,+1(sc —€js,f]) — @qﬁﬂ(w) = ngl(a:j —ef) — ngl(:nj),

in which case, using the dynamic program in (31), we obtain

Z/\q 2 f] HlaX{ (Hx] E) { FAEN j+Vﬁq;1($j —6[57f]) —V,qul($j)}
[s,fleF JEN
S ORTCEI BS sF I SER A

i€N\{7} JEN JEN

where the last equality follows by arranging the terms and using (12). Thus, the result holds at

time period ¢ as well, completing the induction argument. |

By the lemma above, the dynamic program in (31) decomposes by the resources and the dynamic
program that we solve for each resource j corresponds to the one in (12). Noting that we obtained
the dynamic program in (31) by using Lagrangian relaxation on the dynamic program in (1), the
dynamic program that we solve in Section 6 to compute an upper bound on the optimal total
expected revenue can be obtained by using Lagrangian relaxation on the dynamic program in

(1). The revenue allocations {3 i, €N, [s,f]€F, q€ Q} in Section 6 correspond to the

[s,f1—=J

Lagrange multipliers employed when using Lagrangian relaxation on (1).

Appendix I: Performance of the Constraint Splitting Policy on Synthetic Datasets

In Baek and Ma (2021), the authors consider general revenue management problems with non-unit
resource capacities, as well as booking requests not necessarily over intervals of days. They
split the resource constraints into two groups. In the first group, a booking request consumes
the capacities of at most L different resources. In the second group, they have a matroid
characterization of the capacity consumptions of the booking requests. The authors give a policy

that is guaranteed to obtain at least fraction of the optimal total expected revenue. We

2(1+L
refer to the policy proposed by Baek and Ma (2021) as the constraint splitting policy. The

performance guarantee for the constraint splitting policy applies to general revenue management
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Param. Total Exp. Revenue

Dmax, p,0) | LINR POLR [PR [COSI COS5

(

( ) [78.00 7817 7855 67.57 64.82
( ) | 83.41 83.54 83.87| 71.83 68.97
( ) | 81.05 80.29 81.11| 65.40 63.16
(6,1.2,0.7) | 73.00 73.04 73.97 | 64.92 61.33
(6,1.4,0.9) | 75.51 76.04 75.77 | 67.66 65.62
(6,1.4,0.7) | 80.83 80.22 81.01| 72.13 67.84
( )
( )
( )
( )
( )
( )

6,1.2,0.9

8,1.0,0.9) | 79.13 78.41 79.40| 63.34 59.94
8,1.0,0.7) | 78.15 T77.01 78.64 | 59.47 57.66
7823 T7.84 79.29| 62.82 61.58
71.07 71.09 73.44| 59.86 56.76
81.04 79.34 80.41 | 66.64 65.12

8,1.4,0.7) | 78.26 76.56 78.33 | 63.52 63.79

10,1.0,0.9) | 70.53 70.43 71.54 | 54.67 54.70
10,1.0,0.7) | 77.11 74.66 76.79 | 58.87 54.54
10,1.2,0.9) | 73.89 71.43 74.33 | 53.93 54.13

10,1.4,0.9) | 80.92 76.82 80.46 | 61.49 55.58
10,1.4,0.7) | 80.51 77.52 80.34 | 62.32 61.72
Avg. 77.43 76.41 77.90| 63.00 60.86

Table EC.1 Total expected revenues obtained by the constraint splitting policies.

NN N S N

)
)
)
10,1.2,0.7) | 73.09 72.90 75.02 | 57.47 58.17
)
)

problems, not requiring the resources to be unique or the booking requests to consume capacities
on consecutive days. Furthermore, this performance guarantee is independent of the number of
constraints in the second group. The constraint splitting policy, when applied to our revenue
management problem, provides a performance guarantee of m. Our polynomial value function
approximations improve upon this performance guarantee when D,,;, > 1. In this paper, exploiting
the unit capacities of the resources and the interval structure of the booking requests, we can
further perform rollout on static policies, which dramatically improves the performance of the static
policy on hand. For our synthetic datasets, we compute the parameters of the constraint splitting
policy once or five times over the selling horizon. We refer to the resulting policies, respectively, as
COS1 and COS5, where we emphasize that these policies are based on constraint splitting. In Table
EC.1, we compare the total expected revenues obtained by COS1 and COS5 with those obtained
by LINR, POLR, and LPR. We express the total expected revenue of each benchmark policy as a
percentage of the upper bound on the optimal total expected revenue. The total expected revenues

that we report for LINR, POLR, and LPR in Table EC.1 are taken from Table 2.

Our results indicate that LINR, POLR, and LPR perform significantly better than COS1 and
COS5. On average, the total expected revenues obtained by COS5 lag behind those obtained by
LINR, POLR, and LPR by, respectively, 27.24%, 25.55%, and 28.02%. Thus, exploiting the structure
of our revenue management problem, our rollout policies provide substantial improvements over
COS5. Similarly, the performance of LINR, POLR and LPR is better than that of COS1 by, respectively,
22.91%, 21.29% and 23.66%, on average. Comparing the performance of COS5 with that of LIN5,
POL5, and LP5 from Table 2, the improvements of LIN5, POL5, and LP5 over COS5 are still significant,
reaching, respectively, 24.23%, 14.66%, and 20.46%, on average.
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Param. Upp. Total Exp. Revenue
(Dmax,p,6) | Bnd. Z» | LINIT POL1 LP1 [ LIN5 POL5 LP5 [ LINR POLR LPR [ GUB[ DEC
(6,1.0,0.9) | 3,337 3,990 | 2,485 2,376 2,449 | 2,570 2,421 2,515 2,603 2,608 2,621 | 2,616 | 2,470
(6,1.0,0.7) | 1,195 1,526 | 964 900 934 | 983 919 961 996 998 1,002 | 1,015 | 962
(6,1.2,0.9) | 2,525 2,914 |2,001 1,899 1,944 | 2,043 1,903 1,970 | 2,047 2,027 2,048 | 2,016 | 1,951
(6,1.2,0.7) | 4,120 4,615 | 2,891 2,825 2,824 (2,936 2,877 2,871 3,008 3,010 3,048 | 3,001 | 2,788
(6,1.4,0.9) | 6,029 7,138 |4,316 4,297 4,249 | 4,460 4,388 4,286 | 4,553 4,585 4,568 | 4,639 | 4,344
(6,1.4,0.7) | 3,674 4,580 | 2,826 2,597 2,760 | 2,897 2,683 2,864 | 2,970 2,947 2,976 | 3,020 | 2,832
(8,1.0,0.9) | 3,735 4,749 | 2,836 2,510 2,720 | 2,897 2,565 2,807 | 2,955 2,928 2,965 | 3,029 | 2,886
(8,1.0,0.7) | 3,365 4,227 | 2,483 2,324 2447 | 2,546 2,348 2,446 | 2,630 2,591 2,646 | 2,615 | 2,556
(8,1.2,0.9) | 4,607 5,788 | 3,468 3,049 3,404 | 3,600 3,192 3,497 | 3,604 3,586 3,653 | 3,678 | 3,492
(8,1.2,0.7) | 3,663 4,232 |2,579 2,407 2,456 | 2,644 2436 2,511 | 2,604 2,604 2,690 | 2,648 | 2,506
(8,1.4,0.9) | 4,150 5,179 | 3,140 2,829 3,107 | 3,228 2,909 3,145 | 3,363 3,293 3,337 | 3,374 | 3,191
(8,1.4,0.7) | 5,226 6,507 | 3,811 3,588 3,826 | 3,995 3,669 3,861 | 4,090 4,001 4,093 | 4,084 | 3,889
(10,1.0,0.9) | 6,884 7,523 | 4,615 4,526 4,300 | 4,737 4,626 4,410 | 4,856 4,849 4,925 | 4,594 | 4,494
(10,1.0,0.7) | 5,317 6,387 | 3,898 3,552 3,780 | 3,977 3,656 3,845 | 4,100 3,969 4,082 | 4,017 | 3,895
(10,1.2,0.9) | 5,259 5,986 | 3,608 3,291 3,484 | 3,719 3,336 3,574 | 3,886 3,757 3,909 | 3,752 | 3,684
(10,1.2,0.7) | 5,403 6,102 | 3,780 3,596 3,621 | 3,777 3,700 3,727 | 3,949 3,939 4,054 | 3,864 | 3,715
(10,1.4,0.9) | 5,708 7,316 | 4,357 3,562 4,221 | 4,496 3,680 4,346 | 4,619 4,385 4,593 | 4,702 | 4,393
(10,1.4,0.7) | 3,414 4,421 | 2,546 2,315 2,555 | 2,586 2,345 2,578 | 2,749 2,647 2,743 | 2,783 | 2,531

Table EC.2 Absolute values of the upper bounds and total expected revenues for all benchmark policies.

Appendix J: Absolute Values of Upper Bounds and Total Expected Revenues

In Table 1, we give the gap between the upper bound from our approach and the upper bound
from the linear program in (11). Similarly, in Table 2, we give the total expected revenues of
the benchmark policies as a percentage of the upper bound. In particular, these tables do not
give the absolute values of the upper bounds or total expected revenues. To ensure that our
computational results are transparent, in Table EC.2, we give the absolute values of all upper
bounds and total expected revenues for all of our test problems. In this table, the first and second
columns, respectively, give the upper bounds obtained by using the dynamic program in (12) and
the linear programming approximation in (11). The last eleven columns give the total expected
revenues obtained by the benchmark policies in Section 7.1. Thus, the entries in Table 1 correspond
to the percent gap between the entries in the first and second columns in Table EC.2, whereas
the entries in each column in Table 2 correspond to the entries in each of last eleven columns in

Table EC.2 expressed as a percentage of the entries in the first column in Table EC.2.

Appendix K: Heuristic Modification of the Resource Based Static Policy

Leels, 1}
f—s+1

in (7) as a way of spreading the net revenue from a booking request for interval [s, f] evenly

In our discussion of the resource based static policy, we intuitively interpreted the fraction

over each day ¢ € {s,..., f}. This interpretation is merely a heuristic and the main reason that

this fraction appears in (7) is algebraic, resting on the the fact that we have the relationship

P ) — (s
| = Eksﬁ:f}g U= for any x € {0,1}¥*7 | as established in Lemma B.1. In particular, we

use this relationship in the proof of Proposition B.5 to lower bound the total expected revenue of
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the resource based static policy. Even though the main motivation for the fraction n{ﬁ% in (7)

is algebraic, an interesting question is whether we can use different fractions in (7) to come up
with variants of the resource based static policy. These variants would be heuristics and would not

necessarily inherit the performance guarantee of . We experimented with a variant of the

1
142 Dmax
1 . 1 Gi
{¢€ls, f1} {Lels, f1} 558
with
f—s+1 t=s Ci,t

roughly speaking, the weight that we attach to resource i on day ¢. Letting {fi;,:i €N, L€ T}

resource based static policy, where we replace the fraction

, where (; ¢ is,

be the optimal values of the dual variables associated with the first constraint in problem (11), we
can use fi;, to capture the opportunity cost of the capacity for resource ¢ on day ¢. Thus, we set
the weights {¢;,:i €N, L€ T} as (o= fui, for all i € N and £ € T. We refer to this policy as the
resource based static policy with weights. Once again, we emphasize that the resource based static
policy with weights is a heuristic extension and does not necessarily have a performance guarantee,

. 1 s, f11Gi
because we cannot use the fraction %

to lower bound the total expected revenue of the

t=s Si,t

resource based static policy with weights, as is done in the proof of Proposition B.5.

In our implementation of the resource based static policy with weights, we compute the
opportunity costs {n/,:i €N, £€T, g€ Q} once and five times over the selling horizon, yielding
the benchmark policies LW1 and LW5. We also perform rollout on the resource based static policy
with weights, yielding the benchmark policy LWR. In Table EC.3, we compare the performance
of the resource based static policy with weights against the performance of the original resource
based static policy. Recall that we compute the opportunity costs {n/,:i € N, £€T, q€ Q} for
the original resource based static policy once and five times over the selling horizon, yielding the
benchmark policies LIN1 and LIN5. We also perform rollout on the original resource based static
policy, yielding the benchmark policy LINR. We express all total expected revenues as a percentage
of the upper bound on the optimal total expected revenue. Our results indicate that LW1 and LW5
lag behind LIN1 and LIN5 slightly, but once we perform rollout, the resource based static policy
with weights is comparable to the original resource based static policy, even though the resource

based static policy with weights does not necessarily have a performance guarantee.

Appendix L: Additional Details for the Boutique Hotel Dataset

We explain the details of the parameter estimates for the boutique hotel dataset. Following this

discussion, we check the performance of the policy in Baek and Ma (2021).

Parameter Estimation: Recalling that the values of {0, : k=1,...,171} are the same when k

falls in each of the seven intervals [1,3], [4,7], [8,14], [15,28], [29,42], [43,56] and [57,171], we need

to estimate seven parameters to come up with {6, : k=1,...,171}. The length of stay for a customer

ranges between one and eight days, so we need to estimate eight parameters for {ng:d=1,...,8}.
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Param. Total Exp. Revenue

LINT [WI [LIN5 [W5 [LINR [WR

(D 5)

( ) [74.46 74.92[77.02 75.03 ] 78.00 77.95
( ) | 80.66 79.46 | 82.33 78.69 | 83.41 83.41
( ) | 79.23 77.33|80.89 77.55 | 81.05 79.62
(6,1.2,0.7) | 70.17 70.69 | 71.27 71.60 | 73.00 73.95
(6,1.4,0.9) | 71.58 70.26 | 73.98 72.03 | 75.51 75.53
(6,1.4,0.7) | 76.93 75.62 | 78.84 77.72 | 80.83 80.90
( )

( )

( )

( )

( )

(

max; 0,
6,1.0,0.9
6,1.0,0.7
6,1.2,0.9

8,1.0,0.9) | 75.93 75.13 | 77.58 74.07 | 79.13 79.22
8,1.0,0.7) | 73.78 71.99 | 75.65 71.80 | 78.15 78.34
8,1.2,0.9) | 75.27 74.64 | 78.14 74.93 | 78.23 78.62
8,1.2,0.7) | 70.39 69.67 | 72.16 70.54 | 71.07 72.54
8,1.4,0.9) | 75.66 75.07 | 77.78 74.35| 81.04 81.18
8,1.4,0.7) | 72.94 71.97|76.44 72.89 | 78.26 78.02

(10,1.0,0.9) | 67.04 67.43 | 68.81 65.38 | 70.53 70.29
(10,1.0,0.7) | 73.32 71.57 | 74.80 71.04 | 77.11 76.74
(10,1.2,0.9) | 68.61 69.59 | 70.72 68.07 | 73.89 72.44
(10,1.2,0.7) | 69.95 69.66 | 69.90 68.75 | 73.09 74.03
(10,1.4,0.9) | 76.34 75.47 | 78.76 74.57 | 80.92 80.90
(10,1.4,0.7) | 74.57 73.78 | 75.74 73.98 | 80.51 78.19

Avg. 73.71 73.01 | 75.60 72.94 | 77.43 77.33

Table EC.3 Total expected revenues obtained by the resource based static policy with weights.

Lastly, there are six rooms, which implies that we need to estimate the six preference weights
{v;:i=1,...,6}. Thus, the total number of parameters that we need to estimate is 21. For each one
of the time periods in the selling horizon, the dataset provides the assortment of rooms that was
on offer to the customers and indicates whether there was a booking at the time period. If there
was a booking, then the dataset also provides the room chosen in the booking and the interval
of stay for the booking. Using the dataset, we use standard maximum likelihood estimation to
estimate the parameters of our model. We provide summary statistics for the estimated values of
the parameters. The largest values for 6 occur when k falls in one of the intervals [1, 3], [4,7] and
[8,14]. More than 60% of the booking requests are for intervals of three or fewer days. Lastly, the

largest and smallest preference weights for a room differ by a factor of 2.28.

We carry out five-fold cross-validation for our arrival probability and preference weight
estimates. Recall that we have 1190 time periods in our selling horizon. Some time periods have
bookings, some do not. We split the 1190 time periods in the selling horizon into five equal
segments. After estimating the parameters of our model using four-fifths of the dataset, we validate
the ability of our parameter estimates to predict the arrivals and customer choices in the remaining
one-fifth holdout dataset. To validate the estimated arrival probabilities and preference weights,
we use our model parameters to predict the expected number of weekly bookings made within the
assortments offered in the holdout dataset, and compare our predictions with the actual numbers
of bookings. Over five holdout datasets, the average percent deviation between the predicted and

actual bookings is 23%. For each time period with a reservation in the holdout dataset, we also
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Load Total Exp. Revenue
Fact. [ LINR POLR LPR [COSl COS5

0.8 | 83.96 84.43 83.00| 78.07 78.22
1.0 | 86.91 87.26 85.88 | 81.97 81.93
1.2 | 88.18 88.70 87.16 | 82.93 83.64
1.4 |89.38 89.36 88.31| 83.86 84.45
1.6 |90.18 89.69 88.85| 85.18 84.77
Avg. | 87.72 87.89 86.64 | 82.40 82.60

Table EC.4 Total expected revenues obtained by the constraint splitting policies.

order the offered rooms according to their choice probabilities from the fitted choice model, and
count the fraction of times that the booked room is one of the r rooms with the largest choice
probabilities. We refer to this fraction as the r-hit rate. For example, the 2-hit rate is the fraction
of times that the booked room had one of the top two choice probabilities. The 1-hit and 2-hit
rates, averaged over five holdout datasets, are, respectively, 0.58 and 0.82. Therefore, more than
80% of the time, the booked room is one of the two options with the largest choice probabilities.
Similarly, more than 50% of the time, the booked room is indeed the one with the largest choice
probability. Lastly, the average rank of the booked room, averaged over all holdout datasets and

bookings in each holdout dataset, is 1.75.

Performance of the Constraint Splitting Policy: As discussed in Appendix I, we compute

the parameters of the constraint splitting policy in Baek and Ma (2021) once and five times over the
selling horizon, yielding the policies COS1 and COS5. In Table EC.4, we compare the performance
of these two policies with LINR, POLR, and LPR. Our results indicate that each of the policies LINR,
POLR, and LPR provides noticeable improvements over COS1 and COS5.

Appendix M: Test Problems with a Single Resource

We test the performance of our policies on test problems with a single resource. Our experimental
setup follows the one in Section 7.1 except for the fact that we have a single resource, so that N = 1.
This resource is available for use during the days indexed by 7 ={1,...,70}, corresponding to 10
weeks in the booking horizon. Customers arrive over time periods Q = {1,...,700}. Recalling that
Doax is the maximum number of days that the resource can be booked for, p is the load factor,
and ¢ is the discount parameter for booking the resource on a weekday, we vary the parameters
Dumax € {3,6}, p€{1.2,1.6,2.0} and 0 € {0.7,0.9} to obtain 12 parameter configurations for our
test problems. Since we have one resource, the approach described in Section 6 computes the
optimal total expected revenue for our test problems. In particular, recalling that e’ € {0,1}7
is the vector of all ones and indexing the single resource by j, if we set the revenue allocations
B= {Bj’[s’f]ﬁj s, fleF, g€ Q} as B;'I,[s,f]ﬂj =7;,[s,7) and compute the value functions {ngj :q € Q}
through the dynamic program in (12), then Vél,j(e’ ) is the optimal total expected revenue. We

give our computational results in Table EC.5. The first column in this table gives the parameter
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Param. Gap in Total Exp. Revenue
Bounds | LINI POL1 LP1[L|N5 POL5 LP5[ LINR POLR LPR

(D 5)

( )| 47.79 |94.42 99.87 95.09 | 94.45 99.89 94.40 | 100.00 100.00 100.00
( ) | 47.77 |94.52 100.00 96.73 | 94.44 100.00 95.52 | 100.00 100.00 100.00
( )| 44.37 |97.60 99.38 94.88 | 97.51 99.62 94.60 | 99.77 100.00 99.91
(3,1.6,0.7) | 44.17 |96.64 98.67 95.08 | 96.54 98.85 94.82 | 99.61 99.75  99.43
(3,2.0,0.9) | 41.81 |97.09 97.75 85.84 [96.99 98.04 92.13| 99.11 99.84 99.64
(3,2.0,0.7) | 41.71 |97.14 98.02 86.78 | 96.72 98.25 94.31 | 99.88 100.00 100.00
(6, )

( )

( )

( )

( )

( )

max; 05
3,1.2,0.9
3,1.2,0.7
3,1.6,0.9

6,1.2,0.9 50.39 [95.66 95.87 91.40 | 94.89 96.44 88.05| 100.00 100.00 100.00
6,1.2,0.7 50.27 [94.66 94.99 91.41 |94.11 95.34 87.93| 99.84 99.63 99.76
6,1.6,0.9 47.84 |97.21 92.78 94.62 | 96.74 93.57 93.94 | 100.00 100.00 100.00
6,1.6,0.7 47.63 9596 92.08 93.85]95.34 92.97 92.63| 99.67 99.59 99.86
6,2.0,0.9 45.14 ]96.55 89.82 91.69 | 96.01 90.84 92.80 | 100.00 100.00 100.00
6,2.0,0.7 45.02 | 95.54 87.95 90.34 | 94.88 89.36 91.74 | 99.28 99.02 99.35

Avg. 46.16 | 96.08 95.64 92.31]95.72 96.14 92.74| 99.76 99.82 99.83

Table EC.5 Computational results for the test problems with a single resource.

configuration for each test problem. The second column shows the percent gap between the upper
bounds obtained by using the dynamic program in (12) and the linear program in (11). Since
we can obtain the optimal total expected revenue through the dynamic program in (12), this
column shows how far the upper bound provided by the linear program in (11) is from the optimal
total expected revenue. The remaining columns give the total expected revenues obtained by the

benchmark policies expressed as a percentage of the optimal total expected revenue.

Our results indicate that the total expected revenues obtained by our rollout policies are within
only a fraction of a percent of the optimal total expected revenue even in the worst case. For many
test problems, our rollout policies are optimal. One may conjecture that the rollout policies are
provably optimal when there is a single resource, but it is not difficult to construct counterexamples
to show that this conjecture is not correct. The performance of the policies that do not use rollout
may lag behind the optimal total expected revenue by as much as 14.16%. Lastly, the upper bounds
provided by the linear program in (11) can be rather loose. The gaps between these upper bounds

and the optimal total expected revenue can reach 50.39%.

Appendix N: Heuristic Extension to Multiple Units of Resource Capacity

The performance guarantee for the resource based static policy, as well as our results for rolling
out a static policy, use the fact that each resource has unit capacity. It appears to be nontrivial
to extend these results to the case with multiple units of capacity for a resource. In this section,
we give a heuristic modification of the resource based static policy when there are multiple units
of a resource and test this modification in computational experiments. In particular, we consider
the case where there are C;, units of resource ¢ available on day ¢. In this case, we compute the
opportunity costs {n},:i €N, £ €T, qe Q} for the resource based static policy after replacing
¢{ (Al jy) in (7) with &— d)q( s.5)- The heuristic reasoning behind this modification is that nj,
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characterizes the opportunity cost of a unit of capacity for resource ¢ on day £. Given that we offer
the assortment A?S, 5 at time period g, a customer chooses resource i with probability gbf(A?& f]).
Because there are C;, units of resource 7 available on day ¢, each unit of resource faces demand
with probability é[ 97 (A[, ). At time period g, there actually may not be C;, units of capacity
of resource ¢ available on day ¢ because of the booking requests at the previous time periods, so
this reasoning is a heuristic. Also, Lemma B.1 is critical in establishing a performance guarantee

for the resource based static policy and it holds only when the capacity of each resource is one.

Our computational experiments are for a boutique hotel. The set of resources corresponds to a
set of room types. We have N =3 room types. We have K units of each room type available on
each day, so we have C;, = K for all i € N and ¢ € T. We generate our test problems by using
the same approach in Section 7.1. In all of our computational experiments, we set the discount
parameter as d = 0.7 and the maximum duration of stay parameter as D,,.x = 6. Noting that the

total available capacity that we have in all rooms on all days is K NT', the load factor parameter
)\q
[s,f]

satisfies p = S % for each interval [s, f]. We use the same approach in Section 7.1 to generate
[s,f]

the arrival probabilities for the booking requests for different intervals and the parameters of the

multinomial logit model. Varying the parameters p € {1.2,1.6,2.0} and K = {1,3,5}, we obtain

nine parameter configurations for our test problems.

We compute the opportunity costs {n;,:i € N, LeT, qe Q} for the resource based static policy
once and five times over the selling horizon, yielding the benchmark policies LIN1 and LIN5. In the
linear program in (11), we replace the right side of the first constraint with {C; ,:i € N, £ €T}, in
which case, letting {fi;,:i € N, £ € T} be the optimal values of the dual variables associated with
this constraint, we construct a benchmark policy by using fi; , as the opportunity cost of the unit
of capacity of resource i on day ¢. We compute the opportunity costs once and five times over the
selling horizon, yielding the benchmark policies LP1 and LP5. We also use the constraint splitting
policy in Baek and Ma (2021), where we compute the parameters of this policy once and five times
over the selling horizon, yielding the benchmark policies COS1 and COS5. Lastly, we implement the

dynamic programming decomposition method, yielding the benchmark policy DEC.

We give our computational results in Table EC.6. The first column in this table gives the
parameter configuration for each test problem. The remaining columns give the total expected
revenues obtained by the benchmark policies expressed as a percentage of the upper bound on the
optimal total expected revenue. We use the optimal objective value of the linear program in (11) as
an upper bound on the optimal total expected revenue, because we can efficiently implement the
approach in Section 6 to obtain an upper bound only when we have unit capacities for all of the

resources. Our results indicate that LIN5, LP5 and DEC are the strongest benchmark policies. For
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Param. Total Exp. Revenue

(p,K) [TINT LPI COSIJLINS LP5 COS5]DEC

) | 71.97 73.69 70.34 | 75.34 72.87 67.98 | 72.83
) | 79.31 72.53 77.67 |80.81 78.79 73.29 |81.14
) |80.47 76.54 76.33 | 82.97 80.96 74.34 |80.85
) | 75.61 77.13 66.62 | 79.53 78.95 64.29 | 78.56
)
)

75.07 73.87 74.26 | 77.66 79.03 70.20 | 78.49
76.40 75.94 75.01 | 80.57 80.90 70.53 | 79.68

(1.2,10) | 70.58 72.63 62.14 | 73.12 75.14 58.04 | 74.75
(1.6,10) | 52.34 55.49 49.44 | 55.47 57.35 46.25 | 56.76
(2.0,10) | 43.19 43.19 43.48 | 45.58 46.38 40.14 | 45.86
Avg. ]69.44 69.00 66.14 | 72.34 72.26 62.78 | 72.10

Table EC.6 Total expected revenues obtained by the benchmark policies under multiple units of resource capacity.

this problem class, the constraint splitting policy in Baek and Ma (2021) continues to provide
a performance guarantee of m, but our modification of the resource based static policy is a

heuristic. Nevertheless, LIN1 and LIN5 perform noticeably better than COS1 and COS5.



